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THE ALGEBRAIC THEORY OF DIABOLIC MAGIC SQUARES 


By BarKLEY Rosser AND R. J. WALKER 


1. Introduction. For many centuries magic squares have attracted the 
attention of people interested in mathematics. However, no general theory of 
magic squares has ever been developed, principally because such a theory would 
have to involve partition problems of a peculiarly difficult character. If one 
relaxes the condition that the elements of the square shall be the first n” positive 
integers, the study of magic squares becomes a purely algebraical problem involv- 
ing linear equations in n° variables. For diabolic magic squares, in which all 
diagonals have the same sum, the group of transformations which leave the 
algebraic conditions unchange? is much larger than it is for ordinary magic 
squares, in which only the two main diagonals have this sum, and the resulting 
theory is more interesting. Hence we have confined our attention to diabolic 
squares and their generalizations. 

In the first part of the paper the general algebraic theory of diabolic squares is 
considered. A group of transformations which carries any diabolic square of 
order n into a diabolic square is constructed; for n a prime 27 it is shown that 
this is the largest group carrying the most general diabolic square into a diabolic 
square. The latter result is proved by obtaining, for a square of prime order, 
the general solution of the 4n linear equations which the elements of the square 
must satisfy. 

The latter part of the paper is concerned with the applications of these results 
to squares whose elements are the integers 1, ---,n. The principal result 
here is that there are precisely 28,800 diabolic squares of order 5, all of an easily 
constructed type which we have called regular. The existence or non-existence 
of regular and irregular diabolic squares is demonstrated for squares of all orders. 


2. Some definitions. By a square of order n, S,, we shall mean a square 
matrix of order n whose elements are members of any field K of characteristic 
prime ton. The elements of S, shall be denoted by A;; or by A(z, j), i denoting 
the row and j the column, and whenever i or j is not in the range 1 to n inclusive, 
we shall understand that it is to be reduced to its least positive residue modulo n. 
The square whose elements are A ;; shall often be designated by A. 

A configuration in S,, is any linear combination of elements 


> a,A (i, ’ jz); 


the a, being members of K. S,, is said to admit the configuration if 


Ya Ali +iz,j+j) =NDa 
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for all i and j, N being independent of 7 andj. By summing this equation over 
i and j, we see that necessarily 


if > a,#~QO0. If bm a, = 0, N is not determined and may be given the above 
value. If S, admits a certain set of configurations, so does the square with 
elements 


n 
i= > » 
Ay = 44 - = Ay, 
i, j=l 


and for this square N = 0. Hence, when we are dealing with a square for which 
we have assumed merely that it admits certain configurations, it will involve no 
loss of generality to assume N = 0. 

The configurations with which we are especially concerned are the sums of n 


elements, 
n 
> Ali + az, j + bz), 
z=1 
where (a,b, n) = 1. (We shall use the standard notation (z, y, --- , z) for the 
highest common factor of z, y,---,z.) These are denoted by P(t, 7; a, 6) 


and are called paths. We are often not interested in a particular path P(7, 7; a,b) 
but rather in the whole set of n paths with the given a, b. In this case we shall 
speak of “‘the path P(a, b)”, meaning thereby any one of this set of paths. 

If (c,n) = 1, the paths P(7, 7; a, b) and P(i, 7; ca, cb) contain the same elements, 
so that P(ca, cb) = P(a, b). 

The most important paths are P(0, 1), P(1, 0), P(1, 1), and P(1, —1). These 
are respectively the rows, columns, and two sets of diagonals of S,. If S, 
admits these four paths, it is said to be a diabolic square (d.s.). 

An interesting set of configurations is 


Ai + An — Aa — Ax;. 


A square which admits all these configurations is called a primitive square (p.s.). 
If d is a factor of n, the configuration 


n/d 


> Ali + dz, j + dy) 


z,y=1 


is called a lattice of order n/d, and is denoted by L(i, j;d). When the particular 
i and j do not matter, the lattice is denoted by L(d). We shail also use the word 
“lattice” and the symbol L(i, j; d) to refer to the square of order n/d whose ele- 
ments are B(z, y) = A(i + dz,j + dy). 

THeoreM 2.1. A p.s. of order n admits all paths P(a, b) with (ab, n) = 1 


This follows readily from the definition of a p.s. 
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THEOREM 2.2. Each lattice of a p.s. is a p.s. 
Proof. 
A(i + dx, j + dy) + A(i + ds, j + dt) 
— A(t + dz,j + dt) — A(i + ds,j + dy) = 0. 
THEOREM 2.3. Let a square of order mn admit the paths 
P(a; , bi) (¢ = 1,2,---,8). 


If a square of order n which admits these same paths necessarily admits the con- 
figuration 


Zz Az A (t, ’ jz), 


z=1 


then the square of order mn admits the configuration 


p az: L(iz, jz ; n). 


z=1 
Proof. Let A be a square of order mn admitting the paths 
P(a; , bi) 
Suppose VN = 0. Define a square B, of order n, by 
Bi, 9) = L(t, 7; n). 


To prove our theorem, it is clearly sufficient to prove that B admits the paths 
P(a;, b;). Let Pi(u, v) denote the path P(u, v; a;, 6;) taken from B. Then 


Pu, v) = > DY Alu t+ az + nz, v + biz + ny). 


z=1 z,y=1 


Since P(a;, b;) is a path in A, (a;, b;, mn) = 1. Choose a; and 6; so that 
a8; — ab; = 1 (mod mn). Let Q;(u, v) denote 


m 


) P(u + kan, v + kB n; a; , bs) 


k=1 


taken from A. It is easily shown that there are exactly m°n elements in Q,(u, v), 
and that every element of Q;(u, v) is an element of P;(u, v). As there are at most 
mn elements of P;(u, v), Pi(u, v) and Q,(u, v) are the same. So P;(u, v) = 0. 


TueoreM 2.4. A d.s. of even order admits L(2). 
Proof. Ina d.s. of order 2 with N = 0, 
2An = P(1, 1; 1,1) + P(1, 1;0, 1) — P(1, 2; 1,0) = 0. 


Soa d.s. of order 2 admits A,;. So, by Theorem 2.3, a d.s. of order 2m admits 
Li, j; 2). 
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THEOREM 2.5. A d.s. of order 3m admits L(3). 
Proof. Inad.s. of order 3 with N = 0, 
3An = P(1,1;1, 1) + P(l, 1;1, —1) + P(l, 1; 0, 1) 
— P(i, 2;1,0) — P(1, 3; 1, 0) =0 
So a d.s. of order 3 admits A;;. The theorem follows by Theorem 2.3. 
THEOREM 2.6. A d.s. of order 4m admits L(i, 7; 4) + L(t + 2,7 + 2; 4). 
Proof. <A d.s. of order 4 admits A(i, 7) + A(i + 2,7 + 2)."| The theorem 


follows from Theorem 2.3. 


THEOREM 2.7. Suppose that, for a given d, each lattice L(i, j; d) of a square 4 
is diabolic, the value of a path in L(i, j; d) being Ni;. If the square of order d 
with N;; in the i-th row and j-th column is diabolic, then A is diabolic. 


Proof. Consider, for example, P(1, —1). 


P(i, 31, -1) = DAG +2,j - 2) 
z=1 


d nid 
> DV Ali t+ y + dz, j — y — dz) 


y=1 z=1 


d 
pm Ni+y,i-v- 


y=1 


II 


Hence P(i, 7; 1, —1) is independent of 7 and j. 


3. Transformations. Let 


? « ae 


|b d 


be a matrix of integers with | 7'| prime to n. The transform of the square 4 
by T' is defined to be the square B, where B(ai + cj, bi + dj) = A(i,j). Clearly 
this just amounts to transforming each vector (7, 7) into the vector (az + 9, 
bi + dj) by means of 7’, and so has the usual characteristics of a transformation 
of vectors by matrices; in particular, 

(a) the result of transforming first by 7’ and then by S is the same as the 
result of transforming by the matrix product ST; 

(b) since | 7'| is prime to n, one can find an ¢€ such that e(ad — be) 


| 


(mod n), and so 


| —be ae ||’ 


1 Barkley Rosser and R. J. Walker, On the transformation group for diabolic magic square 
of order four, Bull. Am. Math. Soc., vol. 44(1938), pp. 416-420. See Theorem 2. 
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(c) B(at + cj + (ae + ef)ax, bi + dj + (be + df)zx) 
so that 7’ transforms the path P(e, f) into the path P(ae 
(d) B(at + ej + (ax + cy)f, bi + dj + (bx + dy)f) 
so that 7’ transforms the lattice L(f) into a lattice L(f). 


A(i + ex,j +fz), 
cf, be + df); 
A(t + fx, j + fy), 


I + Il 


THEOREM 3.1. The transform of a p.s. of order n by 


1@ C 
Tei) d | 


is diabolic if abcd(a” — b*)(c’ — d’) is prime to n. 


Proof. The paths which transform into P(O, 1), P(1, 0), P(, 1), PU, —) 
are obtained by transforming these by 7". Removing the factor e¢, since 
(,n) = 1, we see that these are P(—c, a), P(d, —b), P(—c + d, a — b), 
P(e +d, —a — b). The theorem follows from Theorem 2.1. 

A transformation satisfying the conditions of Theorem 3.1 shall be called 
regular. 

Frem its definition, a p.s. remains primitive under any permutation of rows 
and columns among themselves. Two p.s. obtainable from one another by such 
a permutation are said to be of the same type. There are therefore (n!)* p.s. 
of order n of any given type if the elements of the square are all different. 

We wish to determine the number of d.s. obtainable by regular transforma- 
tions from p.s. of a given type whose elements are all different. We first note 
that two different p.s. of the same type may give the same d.s. when acted on by 
two different regular transformations. For if A isa p.s., 7 a regular transforma- 
tion, and 

S= . : ((a8 , n) - 1), 
then SA is primitive and of the same type as A, 7'S is regular, and (7S)A = 
T(SA). Conversely, if A and B are p.s. of the same type and 7,;A = T7:B, 
then A = Ty'T2B, so that 77'T: transforms rows into rows and columns into 
columns. But the only matrix transformations which do this are those of the 
form of S. Hence 77'72 = S, or T: = T;S. Nowif T is regular, we can find 8, 
dsuch that b8 = di = 1 (mod n), and then 


»_ mi|B Ol| _ lap od 
"Fis si} iii 1 


A regular transformation for which b = d = 1 (mod n) shall be called normal. 
Since obviously no two normal transformations can be related by 7; = 72S 
unless S is the identity matrix, the number of d.s. which are regular transforms 
of p.s. of a given type with elements all different is (n!)’@(n), where 0(n) is the 
number of normal transformations of order n. We wish to determine the 
funetion 0(n). 

The following lemma is readily proved. 
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LemMa 3.1. Let F(a, --- ,2x,-) be any function of integers assuming integer 
values such that for all n 


F(a,,---,2tr) = F(m,---, yr) (mod n) 


if x; = yi (mod n). If 0(n) denotes the number of sets (a,, --- , a) (0 S a; s 
n — 1) such that F(a,, --- ,a,) is prime to n, then 

(a) @(mn) = O(m)O(n) if (m, n) = 1; 

(b) 0(p’) = p’™ O(p) if p is prime. 


TuroreM 3.2. There are (n!)’0(n) d.s. which are regular transforms of p.s. of a 
given type whose elements are all different, where 

(a) O(mn) = O(m)A(n) of (m, n) = 1, 

(b) 0(p") = p *(p — 3)(p — 4) of p is an odd prime, 

(ec) 6(2°) = 0. 

Proof. Using the definition of a regular transformation and the fact that the 
determinant of the transformation must be prime to n, we see that the matrix 


defines a regular transformation if and only if 
F(a, c) = ac(a’ — 1)(c’ — 1)(a — ec) 


is prime to n. Any polynomial with integer coefficients satisfies the condition 
of Lemma 3.1, and so we have only to determine the value of @(p) for the fune- 
tion F(a,c). acan have any of the values 2, 3, --- , p — 2, and for each choice 
of a, c can have any of these values except that assumed by a. Hence @(2) =0 
and 6(p) = (p — 3)(p — 4) if p > 2, and the theorem follows. 

It is well known that any d.s. is transformed into a d.s. by rotation throughs 
multiple of 90°, reflection in a diagonal, or a cyclic permutation of the rows and 
columns. The following theorem gives a more complete view of the situation. 

THEOREM 3.3. The permutations of the elements of a square of order n 2 4 
which take rows, columns, and the two sets of diagonals (r, c, d, d’) into r, c, d, d, 
not necessarily in the same order, form a group G which is generated by 


(i =i-] (i =i a 0 
iad Ee , M19 5-1) S. = isc ((a, n) = 1), 
_|l1 0 ,.||o 1 — ae 
C= lo -1]) P=ili oll at | et | 


if n is odd, and by L, M, S,, O, P if n is even. 


Proof. Each of these permutations is easily seen to transform r, c, d, d’ into 
r, c, d, d’. We have to show, conversely, that if a permutation 7’ has this 
property, it is a member of G. 

First of all, if 7 transforms one row into a row, it transforms all rows sim 
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larly; for two rows have no common element and hence their transforms cannot. 
The same is true of columns or diagonals. Let us consider first the case where 7’ 
transforms 7, c, d into r, c, d respectively, nothing being said about what d’ 
goes into. Let 


roll -ae 
J =9,j) 
Since 7’r = r, 7’ must be independent of j, and since 7’c = c, j’ must be inde- 
pendent of 7. Hence 
’ = fli) 
T=. -s 
} = (3) 


If (0) = a, g(0) = 6 are not both zero, consider the transformation 7” = 
L°M’T, which also takes r, c, d into r, c, d respectively. Evidently 


ini K =f'@) 


J = 9) 
and f’(0) = g’(0) = 0. Since 7’d = d, the transform by 7” of the d 
A(i, 0), A(i + l, 1), ee = Ati + J, 9); 


isad. This requires that 
E+ 9) -— 99) =f — 9'O) =f. 
Put i = 0; then f’(j) = g’(j), and we have 
E+) =ILO +I), 

which relation implies f’(i) = ai, and so L°M’T = S,, or T = M°L™’S,. 
Since 7” is a permutation it has an inverse, and this evidently requires that 
(a,n) = 1. 

Now let 7’ take r, c, d, d’ into r, c, d, d’ in any order whatever. If Tr = ec, 
then (PT)r = r. If n is even, Tr # d or a’, for ad and ad’ have two or no 


common elements while an r has only one element in common with any c, d, 


ord’. If nis odd and Tr = d’, then (QT)r = r;if Tr = d, (PQT)r = r. Hence 


in any case there is an element H of G such that if T” = HT, T”’r =r. If 
Tce = cand Td = d’, then (OT”’)r = r, (OTe = c, and (OT’’)d = d, and so 
OT”, and hence 7’, belongs to G by the previous paragraph. If Tc = d, 
Td = d’, then n is odd and WT’, where 
» 2 Of 
Wii =a] 


takes r, c, d into r, c, d, respectively, and hence is an element of G; this is im- 
possible, for since 7’’d’ = ¢ we would have (WT7”’)d’ = We = P(2, 1). If 
Tc = d, Td = c, we have the same result, using WT”O. If Tc = d’ we 
treat OT”’ in the same manner. This exhausts all the possibilities, and in every 
case 7’ is a member of G. 





712 BARKLEY ROSSER AND R. J. WALKER 


THroreM 3.4. The group G is of order 4n’g(n) if n is even and 8n'¢g(n) if n 
is odd, y(n) being the number of integers less than n and prime to n. 


Proof. Suppose n is odd. We shall show that every element of G can be 
expressed in the unique form 


L°M’S,.0°P'Q’, 
whereO SaSn-—-1;50S56085n-1;50<a<nje=0,1;f = 0,159 = 90,1. 
The following relations are easily verified: 











(a) ML = LM, 
¢ eins le ol, 

sa | Ja c| 
|g g|a-sae]e sl. 

(c) SaSp = Sas, 

a IS als-a[6 al, 

(e) PO = S,.0P, 

(f) L"=M"=0=P=&, 

(g) = S:, 

(h) QO = PQ, QP = OQ. 


Now given any product of powers of the generators we can transfer all the Q’s 
to the right end by the use of (b), (d), and (h), and use (g) to reduce the ex- 
ponent of Q to0 or 1. Next we use (b), (d), and (e) to bring the P’s next to 
the Q’s, and by (f) we reduce the exponent of P to either 0 or 1. Then the 0's 
are brought next to the P’s, and again the exponent is reduced toQor1. Finally 
the S’s are brought together and combined, and L, M put in the proper order. 
L and M are both of order n, and there are ¢(n) possibilities for a, so the total 
possible number of such normal forms is 8n’g(n). We have now only to prove 
that no two such normal forms can represent the same element of the group. 
Suppose 
L’M’S,0°P1Q’ = L* M"'S8..0" PQ". 

If g ~ g’, Q can be expressed as a product of L, M, S.,0,P. But these change 
r into r or c, while Q takes r into d. Hence g = g’, and the Q’s can be omitted 
from the equation. If f ¥ f’, P is a product of L, M, S., O, all of which taker 
into r, whereas P takes r into c. Hence f = f’ and the P’s can be omitted. If 
e ~ e’, Ois a product of L, M, S., all of which take d into d, while O takes d 
into d’. Hence e = e’, and the O’s can be omitted. Ss, where Ba’ = | 
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(mod n), is then a product of L, M both of which preserve the cyclic order of the 
rows; this requires a8 = 1 (mod n), or a = a’. Land M are obviously inde- 
pendent. 


If n is even the same argument applies, with the omission of all mention of Q. 
THEOREM 3.5. The set of (n!)°0(n) d.s. of Theorem 3.2 is invariant under G. 


Proof. Let A be a p.s. and R a regular transformation; then RA is diabolic. 
We wish to show that if 7’ is any member of G, there exists a regular transforma- 
tion R’ and a p.s. A’ of the same type as A, such that TRA = R’A’. This 
shall be done by showing that if 7 is any generator of G, there is a regular R’ 
such that 7R = R’T’, where 7” is a permutation of rows and columns. Let 


From (a) and (b) of Theorem 3.4 we obtain 


RL°M® = L**** yp 


Solving aa + Be = 1, ab + Bd = O (mod n), we get a = ed, B = —e, 
e(ad — bc) = 1 (mod n), so that 
LR = RL“M™. 
Similarly, 
MR = RL“M™. 
By matrix multiplication we obtain 
|| @ c || ib d ja+b c+d 
S.R=RS., OR=)| . PR = | |, QR =| I]. 
|—b —d| la cll ‘a-—b c—d|| 


Each of the new matrices is seen to be regular (the last, because n is odd), and 
since L, M, and S, merely permute rows and columns among themselves, the 
theorem is proved. 


4. Squares of prime order. In this section we shall consider some special 
properties of squares whose order is a prime p. 

The stipulation that a square S, admit a given set of configurations implies 
that the elements of S, satisfy a certain set of linear equations. The general 
solution of these equations, the elements being linear functions of a certain 
number of essential, independent parameters, shall be called the general square 
of order n admitting the given configurations. 


9 


an 


LemMa 4.1. The general square of prime order p admitting all paths is A;; = N. 
* This theorem is true for squares of any order. The proof is very complicated, so it is 
not included here. A typewritten copy of the proof has been deposited in the Cornell 


University library as part of a monograph bearing the title Magic Squares, Supplement, 
by J. B. Rosser and R. J. Walker. This monograph will be referred to as ‘‘the supplement’. 
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z 
= 
I 


p p—l1 
> Pi, j;1, 6) — D PG + z, 0;0, 1) 
b=1 z=1 


—l 


p 


+ (Dd AG + 2,7 + be) - = (2 A(i + 2, y)) 


b=1 z=l y=1 
P p—l P p—l1 Pp 
= DAG) + LD (LAG + 2,5 + bz)) — DL (LAG + 2, y)) 
b=1 z=1 b=1 z=1 y=1 
p-l Pp p—l p 
= pA, ) + LD (DAG +2,b) — DO (YL AG + 2, y)) 
z=1 k=l z=1 y=l 
= pA(i, j). 


LeMMA 4.2. The number of essential, independent parameters in the general 
square S, of prime order admitting r sets of paths is p> — (p — 1)r. 

Proof. Let s be the number of independent equations among the pr equa- 
tions expressing the fact that S, admits the r sets of paths in question. Then 
the number of essential, independent parameters in the general solution is 
p —s. Now for S, to admit the path P(a, b) means that for each 7 and j 


} A(i + azx,j + bx) = F > A(u, v). 
Hence we see that if S, admits all but one of the set of paths P(a, b), it auto- 
matically admits the remaining one. Hence at least r of the pr equations are 
dependent, and so s S (p — 1)r. Suppose s < (p — 1)r. If we adjoin the 
equations for the remaining paths, the number of independent equations in the 
resulting set is p>) — 1 by Lemma 4.1. Hence if t is the number of independent 
added equations, s + t = p’ — 1, andsot > (p — 1)(p +1 -— +r). However, 
there are exactly p + 1 sets of paths, namely, P(0, 1), P(1, 0), P(1, 1), ---, 
P(1,p — 1). Therefore p(p + 1 — r) equations were added, of which at least 
p+1-—~vr are dependent, sot S (p — 1)(p +1-—vr). From this contradiction 
s = (p — 1)r, and the lemma follows. 
Lemma 4.3. Ina square of prime order p two paths of different sets have exactly 
one common element. 
Proof. If P(i, j; a, b) and P(k, l; c, d) are in different sets, ad — be # 0 
(mod p). Hence the congruences 
za—-yo=k—-i 
(mod p) 
tb—-yd ewl—j 


have a unique solution. This implies that the two paths have the single element 
A(i + az,j7 + br) = A(k + cy, l + dy) 


in common. 
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Let P(a, , b:), P(a2, be), --- , P(@p41 , bp41) be an ordering of the sets of paths 
of S,. For each s, choose a, and 8, so that a,b, — a8, # 0 (mod p). Then 


define A* for s = 1, 2, --- , p + 1 to be the square such that for all values of z 
A*(za, + Yas , zb, + yBs) = L(p—i)(s—1) + (y - 1, 2, oe oa 1), 
p—l 
A*(za,, zb,) = — De 2p e-D+0- 
y=l1 


That is, each path of the set P(a, , b,) for A* has all its elements filled with 
either 
p-l 
L(p—1)(s—1) +1» V(p—t)(s—1) +25 *** » L(p—t)s, OF — > Z(p—1)(s—1) + - 


Also define A° by 
Ai; = %. 
Clearly A° admits all paths, and by Lemma 4.3, if s = 1, 2, ---,p +1, A’ 
admits all paths except P(a, , b,). 
TueoreM 4.1. If A is defined by 


k 
Ay = > A'(i, j) Osksp+)), 
s=0 


then A is the general square of prime order p admitting all paths P(a; , b;) for which 
k+1stSpt+l. 


Proof. Obviously A admits the paths in question. Also A involves the 
variables 2, 21, --- , 2%(p—»x, and so has the right number of parameters, by 
Lemma 4.2. It merely remains to show that these parameters are independent. 
To do this it suffices to show that proper values can be assigned to the z’s so 
as to make A any arbitrary square admitting the given paths. So let B admit 
the paths P(a,, b,) fork +15 tS p+ 1. Choose 


1 
mH = oi 2 Bus 


Then define C and D by 
C;; = B;; as To, Dd; = Aj; —_ To. 
That is, 


k 
Di; == ye A‘(i, p- 
s=1 
Clearly C admits the same paths that B does, and N = 0 for C. Also it is 
sufficient to show that 2; , 22, --- , 2(p—1x may be chosen so that D and C are 
the same. 


Forl sy S p-1,1 8898 k, choose 2 -1%-14, a8 follows. Superpose 
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A‘ on C; then those elements of A* which consist of 2(p-1)¢.-1+, alone cover a 


path P(i,, jy; as, 6s) of C. Take 
Dee. a 
L(p—-1)(s-1)+y = pi» Ju; Gs, bs). 


With this choice for all the z’s, it is clear that 
p—l 


1 
— Do t-nu-v+0 = = PO, 0; as, b,). 
y=1 Pp 


That is, we can, and do, choose the z’s in such a way that if 1 < s < k, then 
each element of the path P(7, 7; as , bs) in A* equals 


; (the path P(é, j; as, bs) in C). 
It is then clear that 
k 
Dy = ; ti P(i, j; as, bs), 
s=1 


the P(i, 7; a, , b.) being all taken out of C. However, for C, P(a,, b:) = Oif 
k+1stsp+41. So 


pt+l 


Di = : Du Pi, j; as, bs). 


s=1 


That is, pD,;; is the sum of all the paths of C through C;;. Each pair of these 
paths already has C;; in common, and so by Lemma 4.3, no two of them have 
any other element incommon. Hence the sum of all paths through C;; contains 
C;; (p + 1) times and each other element of C;; exactly once, and hence is 


pCi + } Ci —_ pCci;. 


This proves the theorem. 

THEeoreM 4.2. A square of prime order admitting all paths bul rows and 
columns is primitive.’ 

Proof. Take a, = 0, by = 1, a2 = 1, be = 0, a = 1, Bb, = 0, a2 = O, Be = 1. 
Then A, defined by 


2 
Ay > A‘(i, j), 


is clearly primitive. 
Any transform of a p.s. shall be called a regular square. 
Coro.iary 4.1. A square of prime order admitting all but two paths is regular. 


Proof. By the right transformation, the two paths can be carried into rows 


* This theorem is true for squares of any order. The proof is given in the supplement. 
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and columns, and the resulting square must be primitive by Theorem 4.2. 
Applying the inverse transformation proves the corollary. 


CoroLuaRY 4.2. Every d.s. of order 5 is regular. 
For a d.s. of order 5 admits all paths but two. 


THEOREM 4.3. The general d.s. of order 5 admits rows, columns, diagonals, 
the configuration A(1, 1) + A(1, 2) + A(1, 5) + A(2, 1) + A(5, 1), and trans- 
forms of this latter under the group G of Theorem 3.3. It admits no other con- 
figuration which is the sum of five elements. The general d.s. S, of prime order = 7 
admits no configuration C consisting of the sum of p elements, except rows, columns, 
and diagonals.* 


Proof. Take pa prime 2 5, let S, be the general d.s. of order p, and let C 
be a configuration consisting of the sum of p elements. As the elements of A* 
and At (s # ¢) are independent, A* must admit C if S, does and P(a,, b,) is 
not a row, column, or diagonal. Since C is the sum of p elements, A* can 
admit C if and only if C contains exactly one element out of each path of the 
set P(a, ,b,). That is, the only paths of S, which can contain two elements of C 
are rows, columns, or diagonals. Now let C not be a row, column, or diagonal 
and suppose S, admits C. Take three elements of C which are not in the same 
row, column, or diagonal. We have just seen that each pair of elements out of C 
must lie in a row, column, or diagonal. Hence the three pairs of the three ele- 
ments which we chose must lie respectively in either a row, column, and diagonal, 
or a row and one of each kind of diagonal, or a column and each kind of diagonal. 
In the two latter cases we can apply Q of Theorem 3.3 and say that the pairs 
lie in a row, column, and diagonal. By further transformations of G, we can 
take the pair which are in a row to be A(1, 1) and A(1, 2), with the third one 
lying in the column with A(1, 1) and in a diagonal with A(1, 2). Then the 
third is either A(2, 1) or A(p, 1). By a final transformation of G, we take the 
third one to be A(2, 1). Now let A(z, 7) be any other element of C. Then 
A(i, 7) must be in a row, column or diagonal with each of A(1, 1), A(1, 2), and 
A(2,1). That is, P(@¢ — 1,7 — 1), P(@i — 1,7 — 2), and P(t — 2,7 — 1) must 
each be a row, column, or diagonal. By trying all possibilities, we see that 
either? = 1,j = p, ort = p,j = 1, ort = j = 2, ort =j = }(p + 3). 
However, neither A(2, 2) nor A(4(p + 3), 3(p + 3)) is in the same row or 
column with either A(l, p) or A(p, 1). So C must consist of either 
A(1, 1) + A(1, 2) + A(2, 1) + A(1, p) + A(p, 1), or A(1, 1) + A(1, 2) + 
A(2, 1) + A(2, 2) + A(3(p + 3), 3(p + 3)). Applying L°M~'Q of Theorem 


3.3 to the latter, we get the former. Hence the latter is a transform of the 


‘The d.s. of order 5 admits the configuration named, the d.s. of order 4 admits L(2) 
and Ago + Aor + Aro + Au, the d.s. of order 8 admits L(0, 0; 4) + L(2, 2; 4) and the 
d.s. of order 9 admits L(3). So far as we know, these are the only values of n for which 
the general d.s. of order n admits a configuration of n elements other than a row, column, 
or diagonal. 
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former under the group G. This first-named configuration is admitted by S,, 
as can be seen by inspection of the general square of order 5. 


Corotuary 4.3. The only permutations of the elements of a general d.s. of 
prime order = 7 which preserve its diabolicity are those which transform the set of 
rows, columns, and diagonals into rows, columns, and diagonals. 

Coro.uary 4.4. The group of permutations of the general d.s. of prime order 
> 7 into a d.s. is the group G of Theorem 3.3, of order 8p"(p — 1). 

TuHeoreM 4.4. If H is the group generated by the transformation P of Theorem 
3.3 and the permutations of the rows among themselves, and if 


3 32 
1 1] 


then any transformation of the form TUT, where U is in H, will transform a 
d.s. of order 5 into a d.s. of order 5. 

Proof. If Ss; is a d.s., then 7 ‘Ss is a p.s., UT'Ss is a p.s., and TUT''S, 
is a d.s. 

We will show in Corollary 5.2 that any transformation which carries the 
general d.s. of order 5 into a d.s. must have the form T7U7™', where U is in H. 


5. Numerical squares. Any square S, whose elements are the integers 
1, 2, --- ,n’ is called a numerical square (n.s.). Thus we may speak of a nu- 
merical diabolic square (n.d.s.) or a numerical primitive square (n.p.s.). Ina 
n.s. we have 


elt Fp al Mt) _ +1 
n? “j= n? mt n? 2 = 


THEOREM 5.1. There are no n.d.s. of order 3. 
This follows immediately from Lemma 4.1. 
THEOREM 5.2. There are no n.d.s. of order n if n = 2 (mod 4). 


Proof. Let n = 4m + 2, and suppose S, is a n.d.s. Then S, admits the 
lattice L(2) by Theorem 2.4. Since the elements of the square are integers, 
L(2) is an integer. However, L(2) has (2m + 1)’ elements, whose average value 
N is 3(n*> + 1). So 


L(2) = (2m + 1)*4(n’ + 1), 


which is not an integer. 

In the course of showing that there are n.d.s. of all orders not excluded by 
the two preceding theorems, it is convenient to know the possible structure of 
n.p.s. This we now study. 

Until Theorem 5.3, we assume that the arguments of A (i, j) are always in the 
range 1, 2,---,n. 
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From the definition, the property of being primitive is invariant under any 
transformation of H in Theorem 4.4. Hence we may normalize our n.p.s. so 
that 


A(l,1)=1, A(l1,2) < A(2,1), A(1,i) < A(1,i +), 
A(i, 1) < A(@i + j, 1) 


ifl <j. Let &(n) be the number of normalized n.p.s. of order n. Then the 
total number of n.p.s. is 2(n!)*@(n). From 


(2) Ai; + Ant = Ait + Ab; 
and (1), it follows that 
(3) A(i,j) < AZ@itkj+D 


fOsk,0 S11 5k +1. From (3), we see that A(1, 2) = 2. Let mbe 
the greatest value of j such that for 7 S j, A(1, 7) = 7. Then2 S m S n; 
also, from (3), we have A(2,1) = m+ 1. We wish to show first that the ele- 
ments occur in the rows in sets of m consecutive integers. If this is true of the 
first row, it follows for the others by (2). So suppose it is false for the first row. 
Let the first rm elements of the first row occur in such sets, but let 


A(1, mr + 1), A(1, mr + 2), --- , A(1, m(r + 1)) 


not be consecutive integers. Let k be the largest integer such that for all 7 
wthl <jsk 


A(1, mr + j) = A(1, mr + 1) — 14+). 


Then] Sk Sm-—1. Then A(1, mr + 1) + k does not occur in the first row. 
Let it occur in the 7-th row. 
Case 1. There is an l = 1 such that 


A(1, mr + 1) + k = A(t, mr + J). 
Since i => 2, we have 
A(l, mr + 1) + k = A(i, mr + 1) 2 A(t, mr + 1) 
A(1, mr + 1) + A(t, 1) — A(1, 1) 2 A(1, mr + 1) + A(2, 1) — A(1, 1) 
A(1, mr +1) +m+1-—12 A(l,mr+1)+m. 


This contradicts the condition k S m — 1. 
Case 2. Thereisaj (0 Sj Sr — 1) and anl(l S 1 S m) such that 


A(1l, mr + 1) +k = A(t, mj + I) 


Then since the elements of the first rm columns occur in the rows in sets of m 
consecutive integers, 


A(l,mr+1)+k+w-—1= Ali, m + w) 


IV 
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forlswem. Ifl2 
first and 7-th rows. So 


A(1, mr + 1) + m = A(t, mj + m+ 1 — &k). 


2, then A(1, mr + 1) + k — 1 must occur in both the 
l= 1. Hence 


However, 
A(1, 1) + A(2, mr + 1) = A(1, mr + 1) + A(2, 1), 
and A(1, 1) = 1, A(2, 1) = m + 1, so that 
A(2, mr + 1) = A(1, mr + 1) + m = A(i, mj +m+1 — k), 


and the conditions k = 1,7 S r — 1 are contradicted. 

So we conclude that the elements occur in the rows in sets of m consecutive 
integers. Then clearly the elements A(z, mj) must be multiples of m. If we 
define B by 


- 1 — 
B(i, j) = — A(i, mj), 
m 
then clearly the rectangle B is primitive, and 


B(i, 1) = 1, B(2,1)=2, Bij) Ss Bat+kj+) 


f0=k,0s51,1 5k +1. Since the preceding arguments would hold equally 
well for rectangles, we may interchange the rows and columns of B and repeat 
the argument. This process evidently terminates after a finite number of steps. 
Thus the normalized n.p.s. of order four may have the structures 


1| 2| 3| 4 1/2) 9! 10 
5| 6| 7| 8 3) 4/11 12 
9/10 11/12 5 | 6 | 13/14] 
13 14/| 15 | 16 7| 8/15 | 16| 


11 | 12 | 15 | 16 


and no others. 

An important property of a n.p.s. is the fact that the elements 1 and 2 always 
occur in the same row or column. This property shall be of use in the cor 
struction of irregular squares. The exact number #(n) of normalized n.p.s. é 
order n is the number of ways of choosing d; , dz, --- ,d, and fi, fe, --- ,fr® 
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thts =tor¢(+1;aq41ld=nfi¥F l,fi = nidi ¥ din, fi ¥ fis di 
divides di,; ; and f; divides f;,,. This is certainly less than or equal to (n!)’, 
since d; cannot be chosen in more than n ways, d2 cannot be chosen in more 
than n — 1 ways, etc., and the same applies to the f’s. 

For prime orders there is clearly exactly one normalized n.p.s. Hence there 
are exactly two types of n.p.s. of prime order (cf. the discussion following the 
proof of Theorem 3.1), namely, those of the same type as A, where 


Ai; — (¢ ay 1)p + j, 


and those of the same type as PA (P as in Theorem 3.3). If B is got from PA 
by a regular transformation 7’, then B is got from A by the regular transforma- 
tion TP. A n.d.s. cannot be got from either A or PA by an irregular trans- 
formation. Such a transformation of any n.p.s. of prime order must carry 
either rows or columns into rows, columns, or diagonals, and since no two rows 
or columns of a n.p.s. have the same sum, the transformed square would not be 
diabolic. Hence a n.d.s. of prime order is regular if and only if it can be got 
from a n.p.s. of the type of A by a regular transformation, and so by Theorem 
3.2, we have 


THEorEM 5.3. There are exactly (p!)'(p — 3)(p — 4) regular n.d.s. of order p 
if p is an odd prime. 


The regular n.d.s. of odd prime order obtained from normalized n.p.s. are the 
so-called ‘“‘step squares’. The regular n.d.s. are the natural generalization of 
“step squares”. For instance, the generalized “step squares” discussed by A. H. 
Frost’ are all regular n.d.s. 


Corotuary 5.1. There are precisely 28,800 n.d.s. of order 5. 
Use the above theorem and Corollary 4.2. 


Corouiary 5.2. Any transformation which carries the general diabolic square 
a Via ‘ ‘ op rent . m 
of order 5 into a diabolic square must have the form TUT”, where T and U are 
as in Theorem 4.4. 


Proof. Any transformation V which carries the general d.s. of order 5 into 
ad.s. must carry a n.d.s. into a n.d.s. Hence there are at least as many n.d.s. 
as there are transformations V. So there are at most 28,800 transformations V. 
However, 7'U7'" is clearly a V. Also H is of order 28,800 (= 2(5!)°) since one 
can arrange the rows in 5! ways, the columns in 5! ways, and orient the square 
in two ways. So there are exactly 28,800 V’s and each one is a TUT. 

Since n.p.s. of all orders exist, the existence of regular n.d.s. of any order 
prime to 6 follows from Theorem 3.2. We shall construct regular n.d.s. of all 
orders except those excluded by Theorems 5.1 and 5.2. We shall also construct 
irregular n.d.s. of all orders except those excluded by Theorems 5.1, 5.2, and 5.4. 


*A. H. Frost, On the general properties of Nasik squares, Quart. Jour. Math., vol. 15 
(1877), pp. 34-49. 
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THEOREM 5.4. Any d.s. of order 1, 4 or 5 must be regular. 

Proof. The theorem is obvious for n = 1. For n = 5, use Corollary 4.2, 
For a square of order 4, one can find the general square simply by solving the 
equations which say that the square admits rows, columns, and diagonals. The 
general square is then seen to be the transform by 

1 2| 
|2 1 | 
of a p.s. 


Lemma 5.1. If m and n are both odd integers greater than or equal to three, it is 
possible to arrange the integers 0, 1, 2, --- ,mn — 1 in a rectangular array of n 
rows and m columns in such a way that the sum of the n elements in each column 
is the same. 


Proof. Let the first row start with 0 in the first column and increase by a 
unit at a time to m — 1 in the m-th column. Let the second row start with 
$(3m + 1) in the first column and increase by a unit at a time to 2m — 1 in 
the (4(m — 1))-th column, and then start with m in the (3(m + 1))-th column 
and increase by a unit at a time to 3(3m — 1) in the m-th column. Let the 
third row start with 3m — 2 in the first column and decrease by two units ata 
time to 2m + 1 in the (3(m — 1))-th column and then start with 3m — 1 in 
the (4(m + 1))-th column and decrease by two units at a time to 2m in the 
m-th column. Clearly the sum of the first three elements in each column is 
4(9m — 3). If n 2 5, the array may be completed by starting even-numbered 
rows with multiples of m in the first column and increasing a unit at a time to 
the right, and by starting odd-numbered rows with multiples of m in the m-th 
column and increasing a unit at a time to the left. 


TuHeoreM 5.5. There are regular n.d.s. of all orders except those excluded by 
Theorems 5.1 and 5.2. 


Proof. Case 1. If n is prime to 6, use Theorem 3.2. 
Case 2. Let n = 4m, and let 


| 2 -—1| 
: i = | i 

i—-3 2 | 
Put a(i) = i, a(t + 2m) = 4m + 1 — iforl $7 S 2m, and put a(¢ + 4m) = 
a(z), and define A by 

Ai; = na(t) + a(j) — n. 

Then A is clearly a n.p.s. We will show that 7'A is a n.d.s., which is therefore 
regular. 7 transforms the paths P(1, 2), P(2, 3), P(3, 5), P(1, 1) of A inte 
the paths P(0, 1), P(1, 0), P(1, 1), and P(1, —1). So we merely need to show 
that A admits the first set of paths named. The proofs are similar for each 
path, and we will illustrate them by giving the proof for P(2, 3). 
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P(i, 7; 2, 3) = > (na(i + 2x) + a(j + 3x) — n) 


=n >, ali + 22) + > alj + 32) — nr. 
ml zl 
Now 


n 


> ali + 2z) = 2 > ali + 22) = 2D [ai + 2x) + ali + 2x + 2m)] 


z=l1 


2 > (4m + 1) = 2m(4m + 1) = 4n(n + 1). 


If m # 0 (mod 3), 


> a(j + 3x) = p> a(x) = 4n(n + 1). 


za=1 


If m = 3s, 


n ds 2s 
2X aj + 3x) =3 dL alj + 3x) =3 2X lal + 3x) + a(j + 3x + 2m)] 


3-2s(n + 1) = 4n(n + 1). 
In either case, 
P(i, j; 2, 3) = n}(n® + 1) = rN. 


Case 3. n = 3m, modd,m 2 3. Let 


a al 
= jj il. 
| 2 3| 

Arrange the numbers 0, 1, 2, --- , 3m — 1 in the array of Lemma 5.1, taking 3 


columns and m rows. Put a(3z + y) equal to the element in the (x + 1)-th 
row and y-th column of the array and put a(i + n) = a(i). Then 


> a(3z + y) = n(n — 1). 


z=1 


Define A by 
Ai; = na(i) + a(j) + 1. 


Aisan.p.s. T transforms the paths P(1, —1), P(8, —2), P(2, —1), P(4, —3) 
into P(O, 1), P(1, 0), P(1, 1), P(l, —1). A admits P(1, —1) and P(2, —1) 
by Theorem 2.1. We prove that A admits P(4, —3), and the proof that A 
admits P(3, —2) is similar. 


PG, j;4, 3) = >° (nai + 42) + aj — 32) +) 


=n) ali + 4x) + D> al(j — 32) +2. 
rl rl 
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Now 
> ali + 4x) = } is a(x) = $n(n — 1), 
z=1 z=1 

and 


> aj — 3x) =3 > alj + 3x) = 3n(n — 1). 
zl 


z=1 
Hence P(t, 7;4, —3) = nN. 


THEOREM 5.6. There are non-regulor n.d.s. of all orders except those excluded 
by Theorems 5.1, 5.2, and 5.4. 


Case 1. nodd and (n, 6) = 1. 
2 47 38 35 24 20 9 
26 16 8 6 46 42 31 
49 39 33 23 15 : 12 4 
19 11 7 45 4 1 30 22 
37 29 27 17 14 iz 3 48 
10 5 44 36 34 25 21 
32 | 28 18 13 ; 1 43 ; 40 


is a non-regular n.d.s. One can see from the discussion preceding Theorem 5.3 
that if it were regular it would have to be the transform of a n.p.s. in whieh 
one column contained 1, 8, 15, 22, 29, 36, 43. But these do not constitute a 
path in the given square, and hence such a transformation is impossible. 
We now take n 2 11. Let A be defined by 
Ai; = ((-—1)n+a4,;, 

where a; , dz, --+ , ay = 2, 7, 4, 9, 6, 11, 1, 8, 3, 10, 5 respectively, and a; =) 
for 12 Sj Sn. Define B as the square with B(1, 4), B(4, 4), B(4, 2), B(3, 4), 
B(3, 9), B(2, 11), B(2, 9), B(5, 9), B(4( + 7), 2), B(4(m + 5), 4), B(4(m + 5), 2), 
BiA(n + 11), 2), BUA(m + 3), 9), BA(n + 9), 9), BYA(n + 9), 7), and 
B(4(n + 7), 9) equal to +1; B(3, 3), B(2, 5), B(2, 3), B(5, 3), B(1, 10), B(4, 10), 
B(4, 8), B(3, 10), B(3(n + 3), 3), BA(n + 9), 3), BAA(n + 9), 1), BA(n + 7), 3) 
B(4(n + 7), 8), B(A(m + 5), 10), B(A(m + 5), 8), and B(4(n + 11), 8) equal 


to —1; and all other elements equal to zero. Put 
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Then 7A is a n.d.s., since 7 is regular and A is an.p.s. Also it can be readily 
seen that each row, column, or diagonal of 7'B contains as many +1’s as —1’s, 
so that 7'B is diabolic. Hence TA + TB is diabolic. Hence it is a n.d.s. if it 
contains each of the elements 1, 2, ,n. However, 7A + TB = T(A + B), 
and (A + B) is readily seen to be the result. of intere hanging pairs of elements 
A;; and A;,j4¢in A. So TA + TBisands. If 7 + B) were regular, 
A + B would also be regular. We have Ay + By = 1, Ay + By = 2; these 
elements lie on the unique path P(1, 1; 0, 6) = P(1, \ 0, 1) since 7 — 1 = 6 
is prime to n, and so any transform of A + B into a p.s. would take the entire 
first row of A + Bintoarow. Since this row consists of the numbers 1, --- , n, 
the number n + 1 must lie in the same column of the transformed square as 1. 
Since n + 1 = Ao; + Be; lies in the same column of A + B as 1, the trans- 
formation would take rows into rows and columns into columns, so that if the 
transformed square were primitive, A + B would be primitive. But this is 
obviously not so. 

Case2. n= 4m,m 
(8, 16m” — 12), . 
pairs, then 


2. C eye the 2m” pairs (0, 16m” — 4), (4, 16m” — 8), 


> 
(8m 4, 8m*). If (A, C) and (B, D) are two of the 


A+1 | B+4 C+ D+4 
C+2 D+23 A+2 B+3 
Ars B+1 .- D+ 41 


C+3 D+2- A+3 B+2 


is diabolic with N = 3(16m’? + 1). Fill in the L(m)’s of S,» with squares like 
(4), using different sets of pairs for each square. Then the result is a n.d.s. by 
Theorem 2.7. The number of ways of assigning a pair of pairs to each L(m) is 


(2m’)! 
_ 


rn . . € 6 ‘ 
The square composing any L(m) can be arranged in 384 ways.” So there are 
at least 


(5) (192)”"(2m*)! 


n.d.s. of order 4m.’ We will now show that this exceeds the number of regular 
n.d.s. of order 4m. Let ¥(4m) be the number of normalized n.p.s. of order 4m. 
Then there are 2((4m)!)°y(4m) n.p.s. of order 4m. However, by an argument 


* Barkley Rosser and R. J. Walker, loc. cit., Theorem 4. 

7 The squares of order 4m constructed by this method satisfy the conditions that each 
L(m) is a d.s. of order 4. This gives 12m? independent linear conditions on the elements. 
As the general square of order 4m satisfies only 16m — 4 independent linear conditions, 
the number of such squares must be immense. 
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like that preceding Theorem 5.3, we see that all regular n.d.s. are transforms of 
only ((4m)!)*¥(4m) n.p.s. Let 


a eC 
b dll 


By a discussion like that preceding Lemma 3.1, we see that if either b or d is 
prime to 4m, it can be taken as unity. So for m = 2, we may consider the 
following cases: b = d = 1; b = 1, d even; b even, d = 1; b and d both even. 
For each case, a and c can be chosen in at most 8 ways each. So there are at 
most 64 + 4-64 + 4.64 + 16-64 = 1600 transformations which could yield 
different n.d.s. of order 8. As ¥(8) = 10, we see that the number of regular 
n.d.s. of order 8 is less than the number of n.d.s. of order 8 given by (5). For 
m = 3, we may simply take the number of transformations as less than (4m) 
Hence there are at most 


(6) (4m)*((4m)!)*y(4m) 


regular n.d.s. of order 4m. y(12) = 42, so that for m = 3, (6) is less than (5). 
We have shown that ¥(n) < (n!)*. Using this in (6) and using approximate 
values of n!, we see that for m = 4, (5) exceeds (6). 

Case 3. n = 9. 


1 65 | 48 | 41 24 58 | 81 34 17 
7 76 33 | 13 8 70 53 39 20 
68 | 49 | 44 | 27 | 62 | 75 | 28 | 12| 4 
80 | 36 | 16 | 3 | 64 | 47 | 40 | 23 | 60 


is a non-regular n.d.s. For if it were regular, one of the paths containing ! 
and 2 would be the transform of a row of a n.p.s. But the only paths com 
taining 1 and 2 are P(1, 1), P(1, 4), and P(1, 7). Since (7) admits P(1, 1), 
these paths cannot be the rows of a n.p.s. The elements of P(1, 1; 1, 4) are 
1, 2, 3, 4, 5, 6, 7, 8,9. If this were a row of a n.p.s., the numbers 1, 10, 19, 28, 
37, 46, 55, 64, 73 would have to form a column. However, these do not consti 
tute a path in (7). The elements of P(1, 1; 1, 7) are 1, 2, 3, 37, 38, 39, 73, 74, 75. 
These cannot constitute a row of a n.p.s. 
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Case 4. n = 3m, (m, 6) = 1,m 2 5. If a(z, 1), a(x, 2), --- , a(z, m) area 
set of m distinct integers lying between 0 and 9m — 1 inclusive, and if A, is 
defined by 

Ai; = 9mi + a(z, 7) — 9m + 1, 


then by Theorem 3.2 there is a regular transformation T such that 7'A, is a d.s. 
Arrange the numbers 0, 1, 2, --- , 9m — 1 in the array of Lemma 5.1, taking m 
rows and 9 columns. Take a(x, y) to be the element in the y-th row and z-th 
column. Then 7'A,, TAz, --- , TAgare each d.s., and together use the integers 
1,2,---,n. Soif we take the 7'A,’s as lattices L(3) of a square of order n, it 
will be a n.d.s. by Theorem 2.7. The lattices may be inserted in such a way that 
1, 2, and 3 occur as the first three elements of the first row of the n.d.s. of order n. 
Then by inspection of the array of Lemma 5.1, it is seen that the remaining ele- 
ments of the first row are 9ma + 15, 9ma + 16, Ima + 17, IMB + 22, IMB + 24, 
9mB + 26, Imy + 28, Imy + 29, 9my + 30,---. Any transformation taking 
the square into a p.s. would have to take the first row into a row, since it is 
the only path containing 1 and 2. But the row consists of m — 1 triplets of 
consecutive integers and one triplet of non-consecutive integers and this cannot 
be a row of an.p.s. Hence the square in question is irregular. 

Case 5. n = 9m, m odd, m 2 3. Take T as in Case 2 of Theorem 5.5. 
Arrange the numbers 0, 1, 2, --- , 27m — 1 in the array of Lemma 5.1, taking 27 
columns and m rows. Put a(z, 3y + z) equal to the element in the (y + 1)-th 
row and the (x + 9z — 9)-th column (x = 1, 2,--- ,9). Define A, by 


Ay; = 27mi + a(x, j) — 27m + 1. 


By an argument like that of Case 2, Theorem 5.5, TA, is ad.s. Then we can 
use the 7'A,’s as lattices L(3) of a n.d.s. of order n. The argument of the pre- 
ceding case will show that this can be done in such a way that the n.d.s. of 
order n is irregular. This completes the proof of the theorem. 

If A and B are n.d.s. of orders m and n, and we define the lattice L(¢, 7; m) 
of a square D of order mn to be 


Caw = Buy + n(Aj; = 1), 


then D is a n.d.s. by Theorem 2.7. If B is irregular, then D is irregular by 
Theorem 2.2 and the fact that lattices are transformed into lattices. If B is 
regular, one can transform some but not all of the lattices of D by transforma- 
tions of the group G of Theorem 3.3, and the result will usually be irregular. 
In the supplement is described a means of constructing a n.d.s. B of order 3m 
from a n.d.s. A of order m. It is proved that if A is irregular, then B is irregular. 


6. Conclusion. The methods used in obtaining properties of diabolic squares 
can be applied to other similar problems. It is evident that diabolic cubes 
(or hypercubes) can be defined and studied in an analogous manner. In the 
supplement is established the existence or nonexistence of a numerical diabolic 
cube of any given order. 
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Another application is to the theory of latin squares. A latin square is most 
easily defined as a square whose elements are n independent variables each occur- 
ring n times. Thus a diabolic latin square (d.1.s.) must contain each variable 


once in each row, column, and diagonal. The principal results concerning d.Ls. 


proved in the supplement are the following. 
(a) There are no d.l.s. of order divisible by 2 but not by 8, or by 3 but not by 9. 
(b) There are regular d.l.s. of order n if and only if (n, 6) = 1. 
(c) There are irregular d.l.s. of prime order p if and only if p > 11. 
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A MATRIX THEORY OF n-DIMENSIONAL MEASUREMENT 
By Everett H. Larauier, S.J. 


1. Introduction. In 1933 A. H. Copeland’ gave a precise statement of the 
fundamental assumptions of a theory of measurement. It would serve for a 
one-dimensional theory of probability measurement. It is our purpose here to 
extend some of his results to n dimensions, thereby simplifying the treatment of 
n-dimensional probability theory. 

With Copeland, a matrix of the form x = 2", 2, ... , 2, ..- , where the 
k-th term x is an arbitrary number, will be called a variate. If x, , x2, --- , Xn 
is a set of n variates, and if G(s; , se, --- , 8,) is an arbitrary function of the 
variables 8; , 82, --- , 8, then G(x, , Xe, --- , Xn) denotes a variate defined as 
follows: G(x: , X2,--+ , Xe) = G(xt”, xf”, ---, 2), G(z?", cf , .--, 2), «--. 
We shall define the probable value of the matrix x as 

n (k) 


p(x) = lim p(x), where p,(x) = es 


k=1 71 


Sometimes, however, this value p(x) may not exist, as is obvious. 
In a similar manner we shall understand by an n-dimensional variate a variate 
defined by the matrix 


(1) (1) (1) (2) (2) (2) 
(m, Ze, +°*, Bad = (2; ~ were ~ ), (ai were ~yd Seer 


in which the k-th term (x{”, 23", -.- , 2“) designates a point in an n-dimensional 
space. Further we will understand by ¢z(s,, 82, --- , 8.) the fundamental 
function of the point set Z, and this function will have the value 1 or 0 according 
as the point (8; , 82, --- , 8.) isa pointof Hornot. Then 


Plée(xi, ---, Xn)] = lim palge(xi, ---, Xa), 


where p,[2(X: , --- , Xn)] is defined as above. Hence if we let 


plox(x: , dati » Xa) wad F(S,, Se, tie » Sa) 


in which E is the n-dimensional cell defined as follows: —* < s; S S; (i = 
1,2,--- , mn), then F(S,, Sz, --- , S,) will be the probability that the so-called 
digits of the matrix (x; , X2, --- , Xn) will designate a point in the cell Z. This 
function F(s; , 82, --- , 8.) will be called the n-dimensional accumulative proba- 


Received November 12, 1938; presented to the American Mathematical Society, Decem- 
ber 30, 1938. The author wishes to acknowledge his indebtedness to Professor Francis Re- 
gan, of Saint Louis University, for the assistance and guidance he gave during the prepara- 
tion of this paper. 

‘A matriz theory of measurement, Math. Zeit., vol. 37(1933), pp. 542-555. 
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bility function. It will be noted that F(—«, —»,--- , —»%) = Oand F(+~-, 
+o,-.-.,+0) = 1. The function is monotonic non-decreasing with respect 
to each variable, that is to say, F(s;, se, ---,8:) 2 F(si, 8 eS sn), where 
Ss > 8, and s; = s;, 7% ¥ k for all subscripts 1, 2, --- ,. Moreover, when 
X, ,X2, --- ,X, is a set of independent variates,’ then 


F (8, , 8, +--+ ,8n) = Fy(81)F'2(82)F'3(8s) --- Fa(8n), 


where F,(s;) = pldz;(x:)], Zi; being the interval (— ©, s,) in the n-dimensional 
space. Such an n-dimensional variate will be called an independent n-dimen- 


sional variate. If a set of n-dimensional variates (xy , Xi2,--- , Xin), (Xe1, Xe, 
* X2n), eH (Xx » Xe2,°°° » Sad is such that 
Ploe{ (Xu, --+ , Xin)(Kar, --+ , Xen) ++ (Ken, +++ » Xen)}] = 


Ploe(Xu 9° % 9 Xin)] cee Ploe(Xi yt y Xén)l, 


then the set will be termed an independent set of n-dimensional variates. This 
should not be confused with a set of independent n-dimensional variates which 
does not necessarily have this property. 
The condition for n-dimensional admissibility may be expressed as follows: 
An n-dimensional variate (x; , X2 , --- , Xn) 1s said to be admissible with respec 
to a given function, provided’ 


k k 
p| II (2) ent, Xs, yx) | = II f a.F(t 0,0 +0, +++, 5 +0) 
t=1 i=1 “J; 

for every set of integers r,, 72, --- , 7%, m such thatO < 1m <1r2< +--+ <M! Sm 
and for every set of finite n-dimensional cells J; each of which has the property 


Jit ai; < 8; S Di; (¢ = 1,2,--- ,k37 = 1, 2, ---,a) 


In the case that (x; , X2, --- , Xn) is an independent n-dimensional variate, this 
condition becomes 


| > (%) outa, 5%) | = If [. see I dF,(s; + 0) --- dFn(sn + 9), 


oi ni 


where r; and m are as above and F’,(s;) is the accumulative distribution function 
of the variate x; and J,; is any set of finite intervals on the s,-axis, open on the 
left and closed on the right, i.e., Z;;: ai; < 8; S 0;;. 


The variation A2%22*,:""°= F(s, , 82, --- , 8n) shall be defined by the following 
1°42 n 


. 4 
expression: 


2 Copeland, ibid., p. 543. 

3 For the meaning of this integral the reader may consult M. Fréchet, Extension au cas 
des intégrales multiples d’une définition de V’intégrale due a4 Stieltjes, Nouv. Ann. de Math., 
(4), vol. 10(1910), pp. 241-256. The operator (r/m) is such that if x = 2, 2®, ---, thes 
(r/m)x = 2”), art), girtam) oe. 

4 Fréchet, op. cit., p. 242; also E. W. Hobson, Theory of Functions of a Real Variable, 
vol. 1, pp. 343 ff. 
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F(b; , be , Ss » On) 


— [F(a , be, --- , bn) + F (bi, 2,63, --- , bn) +--- + F(b,, --- , bar, Gn)] 
+ [F(a , a2, 6s, = » bn) +--- + F(bi , be, +++ , One, Gna , Gn)] 


+ (—1)""[F(bi , a2, --+ Gn) +--+ + F(a), G2, --- , Qn+, dn)] 
+ (—1)"F(q@ , a2, --- , Gn). 


2. Existence and properties of n-dimensional variates. By a theorem of 
Copeland’ there exists a set of points D which is admissibly ordered with respect 


to the function II(Z) (the Lebesgue n-dimensional measure of E) defined in the 
unit cell 


A: 0sy<1 (¢ = 1,2,---,n). 


A simple method for establishing the existence of an n-dimensional variate with 
respect to a given distribution function is to set up a transformation in terms of 
the distribution function carrying the admissibly ordered points of the unit-cell 
into points of the whole space. To simplify the discussion we will first treat 
the case of a two-dimensional variate.* 

It is desired to set up a transformation which carries the points (y: , y2) of the 
unit square into the points (s; , 82) of the whole plane. We shall first divide the 
unit square into strips by drawing vertical lines. These strips R, will consist of 
points satisfying the inequalities 


(2.1) F(w,n—1) Sm < F(~, n) (0 S ye < 1). 


It will be noted that each strip of the unit square corresponds to a strip of unit 
width and infinite length in the plane. We next divide the strips R, into 
rectangles R,,,, by drawing horizontal lines such that the points of the rectangles 
Ra» Will satisfy the inequalities 


F(~,n—1) Sm < F(@,n), 


(m — 1,n) — Fm —1,n—1) - F(m, n) — F(m, n — 1) 
F(@,n)—F(=,n—1) =< F(a,n)—Fl™,n— 1)’ 

In this way the points of each rectangle R,.», in the unit square correspond to 
the points of a rectangle in the whole plane. Next we subdivide the rectangles 
of the unit square by constructing further vertical and horizontal lines deter- 
mined by a new set of inequalities similar to (2.2). It is to be observed that, at 
each stage of such divisions, there is a correspondence between the rectangles of 
the unit square and the rectangles of the whole plane. This process of division 


(2.2) |, 


* Copeland, Admissible numbers in the theory of geometrical probability, Amer. Journ. of 
Math., vol. 53(1931), pp. 153-162, Theorem 5. 

* This transformation was communicated to the author by Professor A. H. Copeland, 
who kindly examined the first draft of this paper. It obviates a serious difficulty in the 
author’s original transformation. 
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is continued indefinitely. And in the limit R,,, of the unit square defines the 
point (y: , y2) and the corresponding rectangle of the whole plane defines (3; , s) 
in the limit. Hence in this manner we set up a one-to-one correspondence 
between the points of the unit square and the points of the whole plane; that is 
to say, we have defined a transformation carrying the points of the unit square 
into the points of the plane. 

Hence, corresponding to the set of points of the unit square which is ad- 
missibly ordered with respect to II(Z), we can have by means of the trans. 
formation a 2-dimensional variate 


( 
(x: ’ X2) _ (x}”, a3”), (x\”, x5”), a 


which is admissibly ordered with respect to the function F(s; , 82). 

In a similar manner we are able to define a transformation for the case of the 
n-dimensional variate. For the first division we satisfy the following inequali- 
ties, similar to (2.2): 

F(a, Wy 4%, 0, kn iene 1) Ss Yi < F(a, Dg 29% ©, kn), 
Poe, +++ 25 ct — 1y fn) — F(2) +++, hea — 1 be — 

F(a, thie 0, kp) = F(@, git) ©, Ky se 1) 
c Fle, ses) ©, na, hin) — Flo, +++, @, hn — 1) 
” F(m,-++, ©,kn) — F(o,---, ©,k, — 1) 








lA 


Peo, «++, ©, bases — 1, bennésay +++» hn) — Pleo, --+, ©, beaigt — 1, +++ bn — I) 
F(o,.--, ©, kn—i+2, = 

F(,---, © , Ken—s41,°+*, Bn) — F(o,..., ©, Knitty Kn—ite —1, +--+, kn —1) 

F(e, oe ©, Kn-i+2, -++,Kn) _ F(, oe ©, knit — 1, +++) Kn = 1) 











Ssyi< 


P(ky — 1, ke, +++, kn) — Phi — 1, +++, en — 1) 
F (©, ke, -++,kn) — P(e, kp —1,--+,k, — 1) 
F(ky, +++ , kn) — F(ki, ke apes 1, «++, kn — 1) 


< = . 
= ¥* < Fc, ka, -+- ka) —F(©, ky —1,---, kn =I) 


By this means we have quasi-rectangular subcells of the unit cell in correspond- 
ence with quasi-rectangular subcells of the whole space. Continuing this 
process indefinitely by further subdivisions, as was done with the 2-dimensional 
variate, we are able to set up a one-to-one correspondence between the points 
of the unit cell and the points of the whole n-dimensional space, thereby deter- 
mining a transformation 7’ carrying over the points of the unit cell to points of 
the whole space. And hence corresponding to the points of a set D in the unit 
cell A: 0 S y; < 1 (¢ = 1, 2, ---, n), which is admissibly ordered with respect to 
Il(#), we have by means of 7’ an n-dimensional variate 


Ql (1) (1) (1) (2) 2) (2) 
(Xi, X2,--- » Za) — (xi 22 7% » +++ Tn ), (a1 » t3 ptt Fn )ycee 
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which is admissible with respect to the function F(s; , 82, --- ,8,). Therefore 
we have 


THEOREM 1. Given an n-dimensional accumulative probability function F(s, , 
&,*** »8n), there exists an n-dimensional variate (X,, X2,-+--,Xn) which is 
admissible with respect to the given function. 


An interesting property of n-dimensional admissible variates is to be found in 
the following 


THEOREM 2. If (Xu, X12, --- , Xin), (Kor, Xez,--- »Xan)y--* » (Ker, Xe, ---, 
Xin) 18 an independent set of n-dimensional variates such that (Xi , Xi2, --- , Xin) 
is admissible with respect to Fi(8: , 8, --- ,8n) and if gi(s, 82,---, 8) (@ = 
1,2, --- , k) ts any set of continuous real functions in (8; , 82, --- , 8n), then 


rit 
»| II gi(Xia, ++, XindOr, (Xa, +++, x) 


-f gi(s:, -++, Sada Fi(s: + 0, +++, 8a + 0) 


for every set of finite cells I, , In, ---, Ix , each of which has the property I;: a;; < 
5 Sb; = 1, 2, crete kj = 1, 2, ee , 0). 


First we shall prove the theorem for the case when g;(s; , 82, --- , 8) are real 
and non-negative. Let each cell be subdivided as follows: ;; = a3; < aj; <--- 
< aj) = b;; ; let Iz be the subcell of I;: aij’ < s; S$ aj;; and let my and My be 
respectively the minimum and maximum of g;(s; , 82, --- , 8.) inJ. Then 


p[ 11 {S muds.(xa, ---5 20] 


exists and is less than or, at most, equal to 
k 
p| I] gi(Xiu, +++, XindOr, (Xa, +++, x.) |. 
eet 
Thus we have 


ke fri ee ae 
II = Mit Re a a Fils + 0, eee, Sn a »| 


i=] t=] in *  *? in 


lA 


k 
P [ II gi(Xa, eee, Xin) or, (Xa, cee, x) |. 


Similarly, 


k t 
II > Mi | a: t- eed Fi(si + 0, 7% +, 8n + | 


i=] t=] 


=p [11 gi(Xa, sic Xin) Or, (Xa, eee, x.) ° 


i=1 
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And hence 
k 
P | II gi(Xa, eee, Xin) Or, (Xa, see, x) 
k 
= I / gi(si, eee, 8n)dnF (81 + 0,---, 8, + 0). 
i=1 47; 


In like manner we may obtain 


k 
p | 11 gi(Xu, +++, XindOr;(Ka, ---, x.) 


t=] 
k 
- II gi(s1, -++, &n)dnFi(s1 + 0, -++, 8, + 0). 


i=l “7; 


Therefore 
i 
p | II gi(Xian, +++, Xindbr,(Ka, +++, x) 


k 
= [I] gilsi, ---, sn)daFi(s: + 0, ---, 5 +0). 


t=1 “7; 
Now if the functions g;(s; , --- , Sn) are arbitrary real functions, we may let 
i\S1, **°, 8n if gi(si, ---, Sn) 2 O 
yi(81, +++, 8) = gi(81, » 8n) if gi(si, » 8) 2 0, 
0 if gi(81, «++, Sn) <0, 
and 

5 0 if gi(s1, 2+, Sa) = 0, 

8;(81, ++, & = s = 
mn +++, Sn) if gi(s:, 22+, Sn) < 0. 


Then 

gi(81, -+- 8m) = Ysl&i, --- , 8n) — Si(81, --- , Sn). 
Thus this case reduces to the one already treated, with the aid of the additive 
property of the integral and of the operator p(_). 


Another interesting property of admissible n-dimensional variates is given in 
the following 


THEOREM 3. If g(s,--- ,8n,4, +++ , tn) 18 a continuous function of (8, -::; 
8n,t, +--+ , t,) and is bounded throughout the 2n-dimensional space, and if (X; , %:, 

- , Xn) is an admissible n-dimensional variate, then pilg(Xi , --- , Xn, ti, +++ » bed) 
converges to its limit pig(x:,---,Xn, 4, ---,tn)] uniformly throughout any 
finite n-dimensional cell J: a; S t; S Bi (4 = 1,2, --- , m). 

Let B be the least upper bound of the function | g(s;, --- , 8n,t:, «++ ,t)| 
and let F(s;, --- , 8n) be the accumulative probability function of the n-dimen- 


sional variate (x;, X2,--- , Xn). 
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Then, for every « > 0 we can determine a set of numbers a; and another set b; 
such that 


B.[1 — Abeiiits F(a: + 0, «++, 82 + 0)) < 


Also let J be the cell a; < s; S b; (¢ = 1, 2, --- , nm) and CI be the complement 
of J with respect to the cell -~ £8; S +o (¢ = 1, 2,---,m), then we can 
choose a number k, such that 


| pelg(Xi, --- ,Xn,&,--- , tn) dcr(Ki,---, Xa] | <e 
for every (t, , 42, --- , tn), provided k => k,. Hence we have 
peg (x: , eae 5 ae 7? » tn) Gcr(X1 , = » Xn)] =, 


plo(x: , [47 »Xn,h, 7 oN » ta) dcr(X: , stetes » Xn)] | < 2e, 
provided k = k, . 


Now let J; be the n-dimensional cell s;,;. < 8s; S 8s; (¢ = 1,2,---,njj = 
1,2, ---,7), where sj = a; and s;, = b; , and let M;(t,, --- , t,) and m,(4,, ---, 
t,.) be respectively the maximum and the minimum of the function g(s; , --- , 8, 
i, --+ ,¢,) in the cell J;. We may choose the cells J; so that 


Mit, --- , tn) — m(t,---,tas) <e 
forj = 1,2,--- ,rforevery (4, --- ,t,)inJ. Then 


pilg(xi, +++, Xn, tr, +++, tndr(mi, +++, Xn)] 

- >» mit, --+, tn) pe ldr,; (Xi, oo, Xall| <e 
if(4,---,¢,)isinJ. Also there exists a number ke such that 
y mit, ++, tn) px lor; (x1, -++, Xn)] 


— plg(xi, --+, Xn, tiy+ ++, tndbr(Ki, +++, Xn] | <e, 


provided (t,, --- ,¢,) isin J andk = kk. Hence 
pelg(x: , --- , En» tr, --- y tn) Or(Mi, --+ » Kad) 
— pig(xi, --- ,Xn,t,--- tn) G(X, --- Xn} | < e, 
provided (t,, --- ,t,) isin J andk 2 ke. Therefore 
| pelg(xi, --- ,Xnytr,--+,tn)) — plgQm,---,Xn,h,---,bn)]| < 4e, 


provided (t; , --- , tn) isin J andk = K, where K = max [ky , ke]. 

Thus px[g(xi, ---, Xn, &, --+, ¢)] approaches its value in the limit 
wiformly throughout the finite cell J: a; S t S B; (¢ = 1, 2,---,n). And 
therefore the theorem is proved. 
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3. The probability theorem for n dimensions. In an article entitled The 
probability limit theorem, A. H. Copeland proved that the assumption that 
physical measurements behave in accordance with the probability limit theorem 
does not imply any inconsistency in the mathematical sense. This theorem, 
however, was for one-dimensional variates. It is our purpose, therefore, to 
extend his results so as to apply to variates in n dimensions. Hence, his theorem 
may be viewed as a particular case of the theorem to be established in this 
section. The generalized theorem reads as follows: 


THEOREM 4. Let (Xu, Xi2, ~:~ , Xin), (Kor, Xo, --- » Xan), --+ » (Ker, Kee, +++, 
Xin), --- be an infinite independent set of independent n-dimensional variates 
such that p(xi) = 0, where i = 1, 2,---,n;k = 1, 2,---. And let (Xm, 


Xm2, --+ , Xmn) be the n-dimensional variate defined by 


Xis + Xas + c++ + Emi 
, = , 
Bus 
where 

Bux = bi; + D3: + - b; 1 bis = p(xis 
= ls + 2% + lhe + mi an _ p(xii). 

If, given any set of positive numbers «; > 0, there exist a set of numbers a; and a 
number M such that 


plo 8; » a; (Kei) Xiu) < bis -€: 


for every k and 1, and such that bi:/Bni < €: for every k S m whenever m 2 M, then 


1 81 82 8n 1 n 
lim plor,(Xmi, «++, Xmn)] = (Qn) i [. see [ exp | - 5 > é| dt, --- dt, 
< 


m-—*2 


where I, is the n-dimensional cell defined by —~ §& t; s; (@ = 1, 2, ---, a). 


Before proceeding to prove the theorem, we will establish the three following 


lemmas. 


Lemma 1. Under the hypotheses of Theorem 4 


lim p| exp (: > Xt) = exp | -5 _ ‘|. 
mo 1 1 


This follows directly from Lemma 1 of Copeland’s paper’ by the application 
of a well-known theorem on limits. 


7 This Journal, vol. 2(1936), pp. 171-176. 

* An alternative proof which is based on a well-known theorem on limits suggested itself 
to the author. But inasmuch as it would eliminate a direct parallel to Copeland’s work # 
well as a simplification of one of Copeland’s theorems, the method used was thought to be 
more pertinent to the problem under discussion 

* This Journal, vol. 2(1936), p. 173. 
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9 1 ° ° ° ° ° 
Lemma 2." If (x,,---,Xn) is an independent n-dimensional variate whose 
distribution function F (8, , --- , 8n) exists and if 


F(s:, +++, 8n, hi, es, hn) 
1 ie ti me n (= a p(e™***)e —) 
- wal a re o 
(2e2)" La, sary Lhy I ty ” ; 


F(s; — G+ +* ae” €) =e < F(s, re Sn, hy a? > a hn) 
< F(si + €---,sntete 
for every hy = hy (k = 1, 2, --- , n) dependent upon the choice of «. 


The function 
n e'tt es ie) 
k=1 th 


is bounded and continuous in (8, --- ,8.,/1,---,An) throughout the 2n- 
dimensional space. Thus as m— 


Sirens) 


® ll 
converges uniformly” and hence 


1 i thy i th, 7” (e -_ et tktke™ | 
. - ey 
Hf ot Lilie aa Ul ty, 7” 


= F(s,, +++, Sn, i, coe, Ra). 


then 


© It is interesting to note that Copeland's Lemma 2 (ibid., p. 174) may be modified to 
read as follows: 


Ifxis a variate whose distribution function F(s) exists, and if 
1 +h ett “a Xt) —iat 
F(s, h) = = | ee at, 
2mt J, t 
then F(s — €) — e < F(s, hh) < F(s + ©) + efor every hh = h, dependent upon the choice of «. 
The proof of this is briefly as follows: From Copeland’s original lemma we have 
F(s) — 4[F(s + «) — F(s — €)] — 2c < F(s, h) < F(s) + §[F(s + «€) — F(s — ©] + 2e. 
By taking the limit we obtain 


F(s — 0) S lim F(s, hk) S lim F(s, h) S F(s + 0) 
ha hw 


since by (2) (Copeland, ibid., p. 173) 
F(s + 0) — F(s — 0) 


9 


F(s) = F(s — 0) + 


Therefore for every h 2 h, (dependent upon the choice of «) F(s — «) — « < F(s, h) < 
Fis + e) + «. This modified lemma enables us to simplify considerably the proof of the 
ultimate result obtained by Copeland. The revised proof follows directly the method used 
in the present paper. 

"See Theorem 3 above. 
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Now if 
1 +hk eit* — eizhthy tenth 

Rin BS on — | a. he 

ke (Sk, hx) P| m i, dt; |, 
then 

F(8:, «++, 82, i, +++, ha) = IT Fils, hx), 
= 

and by hypothesis 


ee eo I Fi(s:). 


But by the modified lemma, given above in footnote 10, we have 
Fi(se — €-) — € < False, he) < Fel(Ssi + ) +, 
and consequently 
F(s,; — €,-++,8n — €—) — 4 < F(m,--- ,8n, hi, +++ , An) 
< F(s, te ---,o te te 


, 1 8} Sn 1 n 
Lemma 3. If ®(s:, «++, 8x) = Qz)h : tee [. exp| 324] dt; --+ dt,, 
and if 

&(s:, -**, Sn, hi, -++ , Aa) 


re 1 ‘i oa iz Il 2 _ ——-) — 
(2xt)” Lr, hy k=l tk ‘ " 
then 


(38, , --+ , 8n) — € < O(&,--- ,8nyMi,--- , An) < O(3,,--- ,8n) +. 


This follows immediately from Copeland’s Lemma 3 in the same way & 
given above in the proof of our Lemma 2. 
Now if we let ®n(8,, --- , 8n) = Plor,(Xmi, --- » Xmn)], and if 


®,,(81, <— » a, Ma; +++, An) 


a 1 +00 ie n 2) 
- oar Ll. ee n(— t —- 


then from Lemma 1 we have 
@(s,,---,8n,h1,--- » An) ~—~— <=, Dn(81, --- »8n,h,--- » An) 
(3.1) 
= O(8,,--- ,8n,M,--- , An) + 
for every m = M; and by Lemma 2 


@n(8, — 6 +++, Sn — €-) — € < Bali, ++ Sn, I, --- , An) 


(3.2) 
< @n(8: + 6 +--+, 8 +6) +! 
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and by Lemma 3 
(3.3) (81, --- , 8.) — € < O(,---,8n,h1,--+ hn) < O(%,--- , 8) $e. 
Combining (3.1), (3.2) and (3.3) we obtain 
(3.4) Pm(S) — €, +--+, 8, — €-) < O(%,--- , Sx) + Be. 
Substituting s; + « for s; in (3.4) (j = 1, 2, --- , m), we have 

Pm(Si,--- , Sn) < P(%, +--+ 8) + €, 
since 

@(s; + €, ++, 8, +e) — B(8, «++, Sn) <evk. 

Similarly, it may be shown that 

Pm(8i,--- , Sn) > P(%, +++, 8n) — ©. 
Therefore 


lim (81, +++ , 8n) = ®(8, «++, Sn), 


mo 


and the proof of the theorem is complete. 


Saint Louis UNIVERSITY AND SPRING HILL COLLEGE. 








LIMIT POINTS OF SEQUENCES AND THEIR TRANSFORMS 
BY METHODS OF SUMMABILITY 


By Henry G. BARONE 


1. Introduction. Let {s,} be a complex sequence, and let A be its set of 
limit points. The problem which we consider is that of determining, for each 
of several methods of summability, whether the set of limit points of the trans- 
form of each bounded sequence {s,} is a connected set. 

In §2 examples are given which show that if no restrictions are placed on the 
complex sequence {s,}, then the set A of its limit points need not be connected. 
In §3 sufficient conditions that A be connected are given. In §4 theorems 
concerning transforms of bounded complex sequences and their sets of limit 
points are proved. We devote §§5, 6, 7, 8, and 9 to the Hélder, Cesaro, Riesz, 
de la Vallée Poussin, and Euler transforms, respectively, of bounded complex 
sequences {s,}. In each case we determine whether the set of limit points of 
the transform of {s,} is connected. 


2. Some examples. Since A is a closed set, to say that it is connected means 
that A cannot be broken up into two mutually exclusive subsets A; and Ag,, 
both closed, unless either A; = A (empty set) or Az = A. 

To show that A need not be connected, let us consider the following three 
complex sequences: 


(2.1) .& 5,6 8,6. <*, 
(2.2) LER L¢E164---, 
1 l _3 : : 7 82 
a ae as . \ way’ : oa a, ose 
ae (a | taelt pl + 
t 2 . 19 . 18 : . 392 
ite, ita, 1 + 2i, 55 + 21, 55 + 2%, , 2, 
i i a eee. 
30’ 30° °°? 34 gq F 3h 35 + 3H 
i 891 88i 
(2.3) es L+ 31+ gr, 1t ar cech 
i 2i _ 39 _ 38 
, err “i + & S 
l+a,1+2, L + 4i, 7 + 44, 7 + 4 
iia iain 
= 1597 158: 0 


40’ 40’ 


eeoee eee eee eee eeeeeeeeeseeeeeeseeeEseeeeSeFEFESeEESeEeeEEEHSEEHEEEEHH, 
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For sequences (2.1) and (2.2), A = 1, 7; and for (2.3) A consists of all those 
points not below the real axis with real part 0 or 1. These sets are not con- 
nected. 

Sequence (2.1) is bounded, while (2.2) and (2.3) are unbounded. Sequence 
(2.3) has the following property: 


(2.4) lim | Sa41 — Sn | = 0, 


no 


while neither (2.1) nor (2.2) has this property. 


3. Sufficient conditions that A be connected. We now prove the following 
theorem. 


THEOREM 3.1. If {s,} is a bounded complex sequence such that 


lim | Sa42 — Sn | = 0, 


n-?>o 
then the set of its limit points is connected. 
This is a special case of the following theorem. 


THEOREM 3.2. Jf {s,} is a compact sequence in a metric space such that 


(3.21) lim r(8,, 8a41) = 0, 


n-—?oo 


where r(S» , 8n41) denotes the distance between the elements s, and 8,: of the metric 
P ~y* . ° 1 
space, then the set A of its limit points is connected. 


Let us suppose that A is not connected. Then A can be broken up into two 


mutually exclusive subsets A; and A, such that neither A; = A nor Ag = A. 
Since A,Az, = A, and A; and A; are closed and compact, r(A; , A2) = p > 0. 
Also there exist a; € A; , a2 € Ag such that r(a, , a2) = p. 


Since a; , dz ¢ A, there exist subsequences of {s,}, 


(3.22) Sk, » Ske » Skyy °** » 

(3.23) 81, » Big » Big 5 *** 5 

such that lim s,, = a, lim s,, = a, andki < < ke <b <---. Fora 
no n->o2 


given «€ > O and the above p, there exists an N such that 
(3.24) r(sz, , a1) < 4p, r(s:, , 2) < 4p, r(Sm, 8m4i) < tp 


for all kn, l,, m > N. 
For each k, > N let us consider the group 


(3.25) Skyy Skntl » Sky+, °° * » 81 


n 


'The terminology and theorems used in the proof of this theorem are those given in 
H. Hahn, Theorie der Reellen Funktionen, 1921, Chapter 1. 
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of elements of {s,}. Since (3.24) holds, we have for m, k, > N 

(3.26) r(sz,,A1) < 4p, r(si,, As) < 4p, r(Sm  Sm41) < $P. 
Hence there must exist some index p, such that k, < kn + pa < 1, and 
(3.27) 1(Sk,+p, » 41) > 4p, 1(Sin+p, » A2) > 49, k, > N. 


This would mean that, for some elements, r(sx,+p, , Sk,+p,+1) > 30, and this is a 
contradiction. 
We now have an infinite sequence 


(3.28) Sky+p1 » Skot+pe » Sk3t+p3 9 °°" » 


which is a subsequence of {s,} and is such that (3.27) holds. Since {s,} is 
compact, this subsequence has a limit point, say c, such that 


(3.29) r(c, Ay) = ip, r(c, Ae) = ip. 


Thus c « A, but does not belong to A: or Az and therefore A # A; + Az. This 
is a contradiction. Hence A is connected. 
The set of limit points of the sequence {s,} where 


(3.30) s, = e” (n = 0, l, 2, 3, dis -) 


is connected, but condition (2.4) does not hold. Hence (2.4) is not a necessary 
condition that A be connected. 


4. Theorems concerning transforms and their sets of limit points. Givena 
matrix a,, of complex numbers, each complex sequence {s,} has a transform 


(4.01) A: on = + Onk 8k (n = 0, 1, 2, +++). 


k=0 
The transformation A is said to be regular if it transforms each convergent 
sequence into a convergent sequence having the same limit. Also by the 
Silverman-Toeplitz Theorem, necessary and sufficient conditions that the trans- 
formation A be regular are 


n 


(4.02) > lan | <M for all n, 
k=0 
(4.03) lim >> an = 1, 
nc k=0 
(4.04) lim dar = 0 for each k. 


Let us consider the following conditions on the transformations A and B. 


(4.11) > |an| <M for all n, 
k=O 

(4.12) lim 7 |dnk — Gn1,z | = 0 (dn—in = 9), 
no k=0 
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(4.13) lim D0 | @nt — ba | = 0, 
nc k=0 
n—1l 
(4.14) |ann| — 2 lan] >P>0 (n = 0,1, 2, -++), 
k=0 
(4.15) ldnan| >P>O forall n, 
(4.16) lank! / 2 |anpl > 2 asn>o (k=0,1,2,---), 
p=k+1 
(4.17) ank = Jes | Onk | > P > 0, 
(4.18) Ank — TAn-1,k = Sk fork < n, 
(4.19) | fat — @..i8-2 | < p | Onan |. 


We shall prove the following theorems, the first three of which follow almost 
immediately. 


THEOREM 4.2. If the transformation A is such that (4.11) holds, then the 
A4-transform of each bounded sequence {s,} is also bounded. 


THEOREM 4.3. If the transformation A satisfies (4.11) and (4.12), then the 
st of limit points of the A-transform of each bounded sequence {s,} is a con- 
nected set. 


THEOREM 4.4. Jf {s,} is a bounded sequence and the transformations A and B 
are such that (4.13) holds, and if the set of limit points of the A-transform of {s,} 
is connected, then the set of limit points of the B-transform of {s,} is also connected. 


THEOREM 4.5. If the transformation A is such that (4.14) holds, then the set 
of limit points of the A-transform of a bounded sequence {s,} need not be con- 
nected. 


It is sufficient to show that a sequence {¢,} having two limit points is the 
transform of a bounded sequence {s,}. This may be done by showing that if 
\¢n} is bounded, then the sequence {s,} obtained by the inverse transformation 
isalso bounded. This, in turn, may be done by showing that if {s,} is un- 
bounded, then {c,} is unbounded. 

For a given M > 0 there exists an n such that 


(4.51) |s,| > M/P, | S| < | s.| fork <n, 


Then we have 


n—l 


Jon] = —| Dy anese| + | dan |-| 8» | 
k=0 
n—1 
oat > =| 50-2, [ane | + | den || 8 
k=0 
( n—l \ 
> | |-4 | an | -2 jane |p = M, 
k=0 


and the theorem is proved. 
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THEOREM 4.6. If the transformation A is such that (4.15) and (4.16) hold, 
then the set of limit points of the A-transform of a bounded sequence {sn} is 
connected. 

If s, = 0 for all n, then co, = O forall n. If s, + 0 for some n, | s,| <M 
for all n, and if k is the first index such that s, ~ 0, then we have 


Jon | 2 |ane|-|ae|— M2. | any| 
p=k+1 
(4.61) : f : ‘ 
= » jy | a |-h | / >» |any| — Mp, 
p=k+1 p=k+1 


and this becomes infinite as n — «. Hence the theorem follows. 


TuHeoreM 4.7. If the transformation A is such that (4.17) holds, then the se 
of limit points of the A-transform of a bounded sequence {s,} need not be connected, 


The inverse transformation is given by 
- Co On—-1 
(4.71) &@s-s ; 
, a | 77 
hence {s,} is bounded when {¢,} is bounded and so the theorem follows. 


THEOREM 4.8. If the transformation A is such that (4.15), (4.18), and (4.19) 
hold, where r is a complex constant and 0 < p < 1, then the set of limit points of 
the A-transform of a bounded sequence {s,} need not be connected. 


This theorem is proved like Theorem 4.4. For a given M > 0 there exists 
an » such that 


(4.81) | sn | > M/P(1 — p), |se| <|s,.| fork < n. 
We thus have 
Lon — (r + 1)ona + Tone | = | Annl Sn + (faa — Gn—1,n—1)8n—1/Onn} 
(4.82) > | dan |-(| 82 | — | Sea |-| fat — Gn—1.n—1 |/| Onn 
= | Gan |-(| 8 | — p| 8!) > M. 


Therefore {¢,} is unbounded when {s,} is unbounded, and Theorem 4.8 8 
proved. 


5. The Hélder transformation. Given a sequence {s,} of complex number 
such that | s, | < M, let us consider its Hélder transform’ 
(5.1) HS? = {Hy + Ay? +..-+ HE} /n +1) (n=0,1, 2,-» 
where r is a positive integer, HS” = s,, and H%” is the arithmetic mean trans 
form of the sequence {s,}. 


2 See, for example, K. Knopp, Theory and Application of Infinite Series, pp. 465-466. 
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For each positive integer r, the transformation is regular; hence it follows 
from Theorem 4.2 that | H{’| < M. For a positive integer r and for n > 0 


n n—l 
|HE —-H2| =| Da ?’/n+) - DAS? /n 
0 


k=0 k= 
= 1 1 

(5.2) = > as ( om ) + HY? /(n + 1) 
k=0 n+1 n 


IA 


n—1 
b M/|(n + 1)n] + M/(n + 1) S 2M/(n + 1). 
k=0 


We thus have 


THEOREM 5.3. If {s,} is a bounded complex sequence, then the sei of limit 
points of its Holder transform of order r, where r is any positive integer, is 
connected. 


6. The Cesaro transformation. The Cesaro transform’ of any order r, real 
or complex, except a negative real integer, of a sequence {s,} is defined by 


(6.11) Cr: on = D, Gan h (n = 0, 1, 2, ---), 


k=0 


where 


6.12) au = (” +n—k— \/(C + ") - rTl(r +n —k)(n + 1) 
, - n—k n Tin-k+1%(r+n+4+1) 
Since the Cesaro transformation is regular when Re(r) > 0 or r = 0, then, 


for these values of r, {o,} is bounded when {s,} is bounded. 
Let us suppose that Re(r) > 0;i.e., let r = a + 2b,a > 0. We wish to show 


that Z | bar | 27 0 as n— ©, where 
k=0 


Onk — An-1,k, k<n, 
(6.13) bn = 


Fork <n 
— mMmr+n—-—k— Yr) 
aT Tin —k+ 1) (r++ 1) 


(6.14) n f rir +n —k—1) _ T(r) nt > —k+1)™ 
~ (Pn —k+)-(n—k +1) Tr +n4+) 


bn (rk — n) 


(rk — n), 


nrt 


* See, for example, E. Kogbetliantz, Sommation des Séries et Intégrales Divergentes par 
les Moyennes Arithmétiques et Typiques, p. 16. 
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where the expression in braces is uniformly bounded in n and k; and for k = n 
we have 


Tir +n+1)— 
_Ta+)m4+1' TC+D 





— /(°**)- P(r +1)-Ta+)) 
(6.15) " 


Tir+n+ 1) ‘(n+ 


Hence we have 


(6.16) lb | S$ M(n—k+1)*°/n®” (k=0,1,2,---,n); 
and so 
(6.17) S. = Dd l|bu| SMD (n—k + 1)*?/n’. 
k=0 k=0 
For a = 2 


(6.18) Snr 


IA 


M > (n + 1)°?/n* S M(n + 19°" /n’. 
k=0 


For 1 < a < 2, (n — k)*” < 1, hence 


n 


(6.19) S, < >> M/n* < M(n+1)/n’. 
k=0 
For a = l 
(6.20) S, < > M/[n(n — k + 0), 
k=0 


and for0 <a <1 


n 


(6.21) S.sn* > M/(n—k+1)** sn* DO M/k + 1)**, 

k=0 k=0 
where the series converges. In each case S, > 0 as n — ~.* Hence from 
Theorem 4.2 we have 


THEOREM 6.3. The set of limit points of the Cesdro transform of each bounded 
complex sequence is connected when Re(r) > 0. 


For r = 0 we have the identity transformation and example (2.1) shows 
that the set of limit points of the transform of a bounded sequence need not 
be connected. 

For Re(r) s 0, r # O, the Cesaro transformation is not regular since 
. is |ane|—> © asn—» . For these values of r we wish to show that the set 
k=0 
of limit points of the transform of a bounded sequence need not be connected. 
This may be done by showing that a sequence {¢,} having two limit points may 
be transformed by the inverse transformation into a bounded sequence {8n}. 


‘R. G. Cooke, in Proceedings of the London Mathematical Society, (2), vol. 41(1936), 
pp. 117-118, proves this result for r real and > 0. 
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By induction we may show that 


6.31) (") = >» (-»*(?) (" : ie y 


and also 
=, r 2?—p—1 . r + 9” — or 
(6.32) a «(, a = z (—1) A.( aoc ), 
where 
ba sie Mar we A) AH)” Gea) 
(6.33) w"~° THip-rma \Ji/ \Jo Jen)’ 
j<2, je<2, +--+, fpr <2, 


and }°’ denotes the sum of terms where the first two terms have + signs, the 
next two have signs opposite to those of the first two, the next four terms have 
signs opposite to those of the first four, ete. 


Let us suppose r = —a + ib, r * —a,a = 0, and choose an integer p > 0 
such that a < p. We know that 
(6.34) (" : ") = \ a ‘) < M/(n + 1)", 


and hence 
(6.35) ew < M/(n +1)?" < M/(n +1)" (j = 0,1,2,--:). 


From (6.32) and (6.35) we see that 
(a+1)2?—1 
(6.36) fe (, j ‘) < M/{n-— (a+ 1)2?+p+2}?"" 
k= a2? = 
(a = 0, 1, 2, ---). 
From (6.34) and (6.35) it follows that 


(6.37) (" : ") < M/(n + 1)*, 
\ 
which is bounded for a = 0. 
For each a = 0, 1, 2, --- , let o, be defined when 
(6.38) a2 Sn<(a+1)2?—-1 


by the formula 


(6.39) on 


a /(2) 
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where 
Pp 
(6.40) ha or hg ") 


and the signs of the groups of 2” terms as given by (6.39) are as follows: the first 

two terms have signs +, — ; the next two terms have signs opposite to those of 

the first two; the next four terms have signs opposite to those of the first four; ete. 
If we write 


. ilies aS r om di eee — ; 
(6.41) on = +(1 (1 r+n— ) (: ale +r + ) 


it is easily seen that +1 and —1 are limit points of {¢,}. 
Substituting o; in the inverse Cesaro transformation 


(6.42) c:4=<> (-y"( . ) * + ") ie, 
k=0 n—k 


r 


which may be written 


wo ((at+1)2P—1 ’ ” ) 
(6.43) m=) 2 -y(, = ‘) (* . " eof 


a=0 | k=a2? 


we get 


oo ( (a+1)2?—1 
. os ) ’ , 
(6.44) ii > Ac \ R >a + (, _ i) 


Applying (6.36) and (6.37) to (6.44), we find 


x (a+1)2P—1 
Isal SD lAcl-| 2’ + ( : ) 
one k= a2? n —k; 
(6.45) © 
<> M/(k +1)”, 
a=0 


] 


the last series being convergent since p > a. Thus the sequence {s,} is bounded 
and we have 

TueoreM 6.5. The set of limit points of the Cesdro transform of a bounded 
sequence need not be connected when Re(r) S 0. 


a 
7. The Riesz transformation. A series > u, is said to be summable by th 
k=0 


method of Riesz’ if 


(7.01) 1, = } Unk Ur, du = (1 ae ) (n = 0, 1, 2, -« 
k=0 n+ 1 


5 See M. Riesz, Comptes Rendus, vol. 194(1909), pp. 18-21. 
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approaches a limit as n — ©. To convert this to a sequence-to-sequence 
transformation, let s, = uw + w+ --- + ua, then 


dank — On, e+1; k <n, 
(7.02) Qnk = 
Gea; k = n, 
and from (6.13) and (7.02) we have 
dnk — Anni — Anak + dares, k<n-1, 
(7.03) bur = daa — dan — dy1.9-1; k 


n— 1, 


daa; k= n. 


Since the Riesz transformation is regular when Re(r) > 0 or r = 0, and is the 
identity transformation when r = 0, we wish to prove that if r = a + 7b with 
n 


a> 0, then >> lb | —7Oasn—->o. Fork<n-1 
k=0 


(n—k +1)" 


(7.04) Dak = nt? — Aes rAn(n mat ° + a} 


| Ain — 24m + AAs i n+ 1 


where An, Anz, Ans are defined by 

—_ 1 a 

(7.05) (1 - + :) = 1 7 + 1’ 

to 1 as - r An 

(7.06) (1 <n)" s-8sl Gobet 


2 ¢ 2r Ank 
77) _ = om 
(7.07) (1 a k + :) I eo — k + l + (n aa k + 1)? 


and are uniformly bounded in x and k. It then follows that fork < n — 1 


(7.08) | bar | S M(n — k + 1)**/n’*. 


n 


This also holds for k = n — 1 and n and so (6.16) holds. Hence Zz. | Dax | > 0 


k=0 
asn—> ©, and we have 


THEOREM 7.1. The set of limit points of the Riesz transform of each bounded 
complex sequence is connected when Re(r) > 0. 


For r reai and < 0 we have for the Riesz transformation 


{(n — k)’ — (n—k +1)3/(n + 0), k <a, 
(7.11) |@nz | = 
(1/(m+ 1)’, k= n. 
Then 
n—l 
(7.12) > |an| = /(n+1)'-1 


k=O 
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and 
n—l 


(7.13) | ann | — Do | ane | = 1, 


hence from Theorem 4.5 follows 





THEOREM 7.2. The set of limit points of the Riesz transform of a bounded % 


quence need not be connected when r is real and S 0. 


8. The de la Vallée Poussin transformation. A series 


x2 


> Uz iS said to b 


k=0 


summable by the method of de la Vallée Poussin’ to the value s if 


n'n! 


B11) om 2ydum, de = Bie FB 


approaches sasn— ~., 


(n = 0, 1, 2, «-.] 


Since the de la Vallée Poussin transformation is regular, we wish to prove 


> | be | ~Oasn— ~. From (7.03) and (8.11) we have 
k=0 
( (m — 1)1(n — 1)! (2k + 1)(K* +k — n) 
(n—k)!(n +1+4+ hk)! 


| 
| 

ba: = } (@ = DMM - 1m - 2) 
} 


2(2n — 2)! : 
n In! 
(2n)!’ 


] 


We notice that for n > 2, b,. is real and > 0 when k > 3 


k<n-1, 
k=n-1, 
k=n. 

[—1 + (1 + 4n)! 


If we let a = a(n) be the greatest integer S$ 3[—1 + (1 + 4n)'], then 


< 0, k Sa, 


> 0, b> «a. 


Since we have 


n n n—l 
(8.14) >. Dui = > Qai ~ ) Ga-1,k = 0, 
k=0 


k=0 k=0 


we obtain 


S, = > |b | = 2 — ba + DS dns 
k=0 k=0 kwatl 
(8.15) 
= 2 >> (an-1,x — Ont). 
k=O 


¢T. H. Gronwall, Annals of Mathematics, (2), vol. 33(1932), p. 101. 
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This then simplifies to 


S, 2(d, atl An—1,a+1) 


8.16 i772 
sl+G+9] 
2in n? n 


Hence, S, — 0 as n — ~, and we have 


IIA 
| 


THEOREM 8.2. The set of limit points of the de la Vallée Poussin transform of 
each bounded complex sequence is connected. 


9. The Euler transformation. The Euler transformation’ of order r, where r 
is any complex number, is‘defined by 


k=0 


(9.11) E,: on = > (7) (1 — r)"*r's, (n = 0, 1, 2, ---), 
E,; being interpreted as the identity. 

The Euler transformation is regular for 0 < r S$ 1. For r = 0 we have 
o, = 8 and o, — on. = 0. For0 < r < 1 we wish to show that : | bne | 0 
asn—> ©. We have wi 

—r(1 —r)"™, k = 0, 


n 


(9.12) bar = (; a ') (l—r)"**r(k—rn)/k, O<k <n, 


n 


a k =n, 


where b,x is real and > Ofork > rn. If we let a = a(n) be the greatest integer 
< rnand | s, | < M, then again (8.13), (8.14), and (8.15) hold. Hence we have 


(9.13) S, = 2 pe (Gn—1,x - nk) = 2(" ¥ ‘) ql _ r)"* wr 
k=0 a 


and so 


— 1)" 
M(n — 1) — 0<rs}, 
(o-1-*) 
n-—-1l— 
, 
(9.14) Snr S} , 
M(n — 1) % src. 
n-l1- : 
( i- ) 





Hence S, > 0 asn— ©, and we have 
THEOREM 9.2. The set of limit points of the Euler transform of a bounded complex 
sequence is connected for 0 Sr < 1. 


™See, for example, W. A. Hurwitz, Bulletin of the American Mathematical Society, 
vol, 28(1922), p. 22. 
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Let us next consider the inverse Euler transformation for r = a + ib, denoted 


by 


n n—k k 
(9.21) f= Fy,:3, = >, (”) I ') ') i 
k=o \k r r 


and the sequence 


(9.22) o= 0", o=erl™ (n = 0, 1, 2, ---), 
where m is an integer ~ 0, + 1. Substituting in (9.21) we have 
1 4 n 
(9.23) 3 = (1 —--+ ) ; 
r r 
which is bounded if and only if 
(9.24) ju seeeiee 
r r 
or if 
(9.25) a—bcot”™ =1 
m 


For each fixed r except r real and < 1, there exists an integer m ¥ 0, +1 
such that (9.25) holds and {s,} is bounded. The set of limit points of the 
transform (9.22) contains exactly | m | points, and so is not connected. Hence 
we have 

THEOREM 9.3. If r is any complex number except a real number < 1, then the 
set of limit points of the Euler transform (of order r) of a bounded sequence need nal 
be connected. 
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FUNCTIONS OF BOUNDED VARIATION AND NON-ABSOLUTELY 
CONVERGENT INTEGRALS IN TWO OR MORE DIMENSIONS 


By R. L. JEFFERY 


1. Introduction. This paper originated in an attempt to extend to two or 
more dimensions a property which completely characterizes a function of 
bounded variation in one dimension. It has been shown elsewhere’ that a 
necessary and sufficient condition that a function F(x) be of bounded variation 
is that there exist a summable function f(z) and a sequence of summable func- 


tions s(x) tending to f(x) with | s, dz bounded in n and e for which 
e 


(1) F(x) = lim | s,dz. 

na-?O 4a 
We carry this idea over to a function F(z, y) of the two real variables z and y by 
saying that F(z, y) is in class V; on the rectangle R = (0, 0; a, b) if there exist a 
single-valued function f(z, y) and a sequence of summable functions s,(z, y) 


tending to f(x, y) such that | s,dzxdy is bounded in n and e, and for which 


y z 
(2) F(x, y) = lim [ / 8, dx dy. 
neo #0 0 
The corresponding statement for functions of more than two variables is obvious. 
Since the function f(z, y) is the limit of a sequence of measurable functions, it is 
measurable, and it will be shown that f(z, y) issummable. Hence (2) is a direct 
extension of (1). It will also be shown that a function in class V; on R has what 
have come to be called bounded variation properties: It can be represented as 
the difference of two non-decreasing’ functions; consequently the set of dis- 
continuities of F(x, y) has zero measure, and the surface z = F(z, y) has a tangent 
plane almost everywhere; if w is a rectangular interval with sides parallel to the 
coordinate axes, then the function of intervals F@) associated with F(z, y) 


by the relation F@) = lim / s, dx dy is additive,’ of bounded variation, and 


w 


Received December 10, 1938; in revised form, October 11, 1939. 

1 Jeffery, Functions defined by a sequence of integrals and the inversion of approximate 
derived numbers, Transactions of the American Mathematical Society, vol. 41(1937), p. 175, 
Theorem IV. 

* Non-decreasing in the sense of Hobson. If x2 2 21, y2 2 yi, then F(22, y2) 2 F(x, ys). 

*A function of intervals F(w) is additive on R if F(w: + w:) = F(w:) + F(w2) whenever 
@ , w , and w; + w: are intervals on R. A function of sets F(e) is additive if for every pair 
of disjunct sets e; , e2 , P(e: + e2) = F(e:1) + F(e2). F(e) is completely additive if for every 
infinite sequence e; , €2, --: of disjunct sets F(Z e;) = J Fei). 
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F’(x, y) the derivative’ of F(w) at the point (x, y) exists almost everywhere 
R and is summable’ over R. Since (2) is a direct extension of (1), and sing 
F(x, y) has the bounded variation properties just listed, it seems appropriate to 
call functions F(z, y) in class V, on R functions of bounded variation in the two 
variables z and y. There are already in the literature several definitions fo 
functions of bounded variation in two or more variables. An investigation 9 
these definitions and the relations among them has been carried out by J. A 
Clarkson and C. R. Adams.° Since functions in class V; can be written as th 
difference of two monotone functions, they are in class A (Arzela). It can aly 
be shown that such functions are in class H (Hardy-Krause). Kiistermany 
has constructed an example which is in A but notin H. Hence A> V,. Fo 
the present we must leave the question open as to whether or not H = V,. 
At this stage modifications in the definition of functions in class V,; began & 
suggest themselves, e.g., the removal of the restriction that [+ dx dy be bounde 


e 


in n and e. Would this allow the introduction of associated functions f(z, y 





which were not summable? A consideration of these and related questions le 
straight to a theory of non-absolutely convergent integrals in two or mor 
dimensions. It was with a view to the development of this theory that th 
following notation and definitions were laid down. 

A function F(z, y) in class V; on R is completely additive over a measurabh 
set E < R if F(e) = lim [« dx dy exists and is completely additive, where: 


€ 


is the class of measurable sets e ¢ E. It will be shown that a necessary ang 
sufficient condition that F(e) = [sac dy for every measurable set e & E is that 


F(z, y) is completely additive over E. 
Let the function f(z, y) be single valued on R, and let s,(z, y) be a sequenced 
summable functions tending tof. The function F(z, y) is in class V2 on R if 


7] z 
F(z, y) = lim [ [ s, dx dy. 
0 0 


n—?o 


The function f(z, y) is measurable, since it is the limit of a sequence of measurabk 
functions. We also call attention to the fact that the function f need not & 


summable, nor is it necessary that [ dz dy be bounded in n and e. 

4 F'(z, y) is the derivative of F(w) at the point (z, y) if itis the limit as mw tends to zen 
of F(w)/(mw), where \ the ratio of the shorter side of w to the longer side is bounded from 
zero. If there are no restrictions on X, this limit is the strong derivative F's of F(w). 

5 Saks, Theory of the Integral, Warsaw, 1937, pp. 115, 119. 

6 Transactions of the American Mathematical Society, vol. 35(1933), pp. 824-854; vd 
36(1934), pp. 711-730. A statement of the various definitions is given in the first of ther 
papers. 

7 Funktionen von beschrankter Schwankung in zwei reellen Verdnderlichen, Mathematiselt 
Annalen, vol. 77(1916), pp. 474-481. 
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A function F(z, y) in class V2 on R is in class V, on a measurable set EC R 
if for every measurable set e C E the limit of [s. dz dy exists, and [s dx dy 


is bounded inn ande. It will be shown that if F(z, y) is in class Vz on R, and in 
class V; over E C R, then f(z, y) is summable over E. 

Let E be any closed set on R, and let F(x, y) be a function in class V2 on R. 
The function F(z, y) is then in class V, at a point (zx, y) of E, if for every suffi- 
ciently small interval w containing (z, y) either as an interior point or boundary 
point the function F(z, y) is in class V, over wE. Let C(R, E) be a non-over- 
lapping set of rectangles c; , cz, --- (to be explicitly defined later) which covers 
CE, the complement of E. The function F(z, y) in class Vz on R is completely 
additive at a point (x, y) of the closed set E if, for every sufficiently small interval w 
containing (xz, y) either as an interior point or a boundary point, F(e) = lim 


[« dx dy exists for every measurable set e & wE, F(e) is completely additive over 
wE, and F(>> ui) = . m F(u;), where u; are the intervals and parts of intervals 
of the set C(R, E) which are on w and F(>; u;) = lim [ s,dxdy. F(x, y) is 


absolutely additive at (x, y) if it is completely additive at (x, y) and >> w; con- 
verges, where w; is the least upper bound of | F(w) | forw on u; . 

Let Fw) be a function of intervals on R, and (z, y) a point of R. If in any 
way a sequence of intervals w; can be specified which are such that w; > (2, y), 
the greatest diameter of w; tends to zero, and F(w;) /(mw;) tends to a limit, then 
this limit is a specialized derivative, F;,,(2, y), of F(w) at the point (2, y). 

In terms of these definitions the following theorems will be proved: 


THeorEM VIII. If the function F(x, y) is in class Vz on R and is such that if 
Eis any closed set on R then the points of E at which F(x, y) is not of class V, and 
completely additive are non-dense on E, then F.,,(x, y) exists almost everywhere 
om R and is equal to f(z, y). 


THEOREM IX. [If the function F(x, y) is in class Vz on R and is such that if 
E is any closed set on R then the points of E at which F(x, y) is not of class V; and 
absolutely additive are non-dense on E, then F’(x, y) exists almost everywhere on R 
and is equal to f(x, y). 


If the continuous function F(z, y) is in class Vz on R, and satisfies the hypoth- 
eses of Theorem VIII, or of Theorem IX, with respect to a given function 
f(z, y), then the function F(x, y) is the non-absolutely convergent integral of 
fiz, y). There are two motives back of this definition: The first is that if R is 
interpreted as a linear interval and C(R, E) is the set of open intervals comple- 
mentary to the closed set EZ on R, then the function F(x) corresponding to the 
function F(x, y) in Theorem VIII is the Denjoy-Khintchine-Young integral of 
the function f(x) which corresponds to f(x, y), and F{,, becomes the approximate 
derivative of F(x). Similarly, in Theorem IX the function F(x) becomes the 
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special Denjoy integral of f(x), and F’(x, y) becomes the derivative of F(z). 
These statements we have proved elsewhere.’ The second motive is that if 
F(z, y) and ¢g(z, y) are two functions which are continuous and satisfy the 
hypotheses of Theorem VIII, or of Theorem IX, with respect to a given function 
f(z, y), then F(x, y) = g(x,y). It is easy to show this if we assume, what will be 
proved later, that if F(z, y) is in class V; and completely additive over E, then 


F(E) = [ saz dy. Let E, be the points of R at which at least one of the functions 
E 

F(z, y) and ¢(z, y) is not of class V; and completely additive. Then £, is non- 

dense on R, and if w is an interval on CE;, then F@) = [ sax dy = gw). Let 


E; be the points of EZ; at which at least one of the functions F(z, y) and ¢(z, y) 
is not of class V; and completely additive. Then EH, is non-dense on E,. Letw 
be an interval on CE, , and e the part of E; onw. Then F and ¢ are of class V; 


and completely additive over e, and consequently F(e) = [savay = ¢(e). 
Furthermore, since F(e) and ¢g(e) are additive functions of sets, 
Fw) = F(e) + F(>> Ui), ow) = gfe) + (>, Ui), 


where u; are the intervals and parts of intervals of C(R, E,) onw. Also, since 
F and ¢ are completely additive at each point of FE; on CEz, it follows that 


F(>> u;) = 7. F(ui), (>> uu) = > g(u;). 


In the definition of C(R, EZ) the intervals c; , which are to have sides parallel to 
the coérdinate axes, are not precluded from having points of E as boundary 
points. Hence an interval u; may have points of £, on its boundary, and it is 
not known that F(u;) = ¢(u;). But if w’ is an interval interior to u;, then 
F(w’) = gw’), and on account of the continuity of F and ¢ it follows that as 
w’ > u;, Fw’) > F(u,) and gw’) > ¢g(u;). It then follows that F(u;) = ¢(ui), 
and this, with the foregoing, shows that F(w) = ¢(w), where w is any interval on 
CE,. This argument can be continued. If a set EZ, is not reached in a finite 
number of steps which is such that #4: is empty, let E, be the set common to 
all the sets E,, Ez, ---. Then #, is closed, and every interval w on CE) is on 
CE, for some sufficiently great value of n. Consequently in the process of 
obtaining E, it has been shown that F(w) = g(w) for every interval w on CE. 
Let E,s; be the points of E, at which at least one of the functions F(x, y) and 
g(z, y) is not of class V; and completely additive. Then 2,4; is non-dense on 
E, and the foregoing method can be used to show that /() = g(w) for every 
interval w on CE,,,. Since each of the sets Fy, Be, ---, Bx, Bayi, +++ 184 
proper subset of all the sets that precede it, there exists a set H,, where ais 4 
transfinite number of the first or second class, which is such that F,4, is empty. 


* Bulletin of the American Mathematical Society, vol. 44(1938), pp. 840-845 
* Hobson, Theory of Functions of a Real Variable, vol. 1, 3d edition, §82. 
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The set CE.4: is the rectangle R, and at this stage it is possible to show that 
F(@) = ¢) for every interval w on R. 

We have thus given descriptive definitions of non-absolutely convergent 
integrals in two dimensions, and the corresponding statements for more than two 
dimensions are obvious. It is possible to give constructive definitions based on 
closed sets E and coverings C(R, E) of CE. We denote such an integral over an 
interval w by I(w, f), or simply 7(@), and state the definition as follows: 


If fis summable over w, then J(w) = [ favay. If I(w’) exists for every interval 


w’ interior to an interval w, then the limit as w’ — w of I(w’) exists, and this limit is 
I@). Let E be any closed set on R which is such that I(w) exists for every 
interval w on CE. Let w be an interval containing points of E for which f is 
summable over wH, and for every interval w’ interior to or coincident with 
w, let >> w; converge, where w; is the least upper bound of | F(w) | for w on u; , the 
intervals and parts of intervals of C(R, EZ) on w’. Then i> u;) = y (uz), 


and I(w’) = / fdxdy+ >> I(u;). If f is such that this interval w exists for 
w'E 


every closed set E on R, the usual methods of transfinite induction apply to 
establish the existence of J(w) for every interval w on R. 

That the function /(0, 0; 2, y) is in class Vz on R can be shown by the methods 
used in the proof of Theorem XI, which theorem we now state: 


TurorEM XI. If the additive function of intervals F@) is continuous on R 
and is such that F(x, y) exists and is finite at each point of R, then F(0, 0; x, y) is 
inclass Vz on R. 


With J(0, 0; x, y) shown to be in class Vz on R, it is evident from the construc- 
tion of Jw) that 7(0, 0; 2, y) satisfies the conditions of Theorem IX. If in the 
definition of I(w) we replace the convergence of >> w; by the convergence of 
> | (ui) |, we arrive at a constructive definition of IJ() corresponding to 
Theorem VIII. We have not been able to show that for this definition J(0, 0; 
z, y) is in class V2, nor have we been able to replace F,(x, y) by F’(z, y) in 
Theorem XI. 

In §4 we consider the problem of inverting derivatives of functions of intervals. 
In particular we prove 


m > 10 . ° . is ° ‘ . 

THxoreM X.- If Fw) is a continuous additive function of intervals defined on 
R, and F’ is finite at each point of R, then it is possible to determine Fw) in at most a 
denumerable set of operations on F’. 


” Results similar to this have been obtained by others, the first of whom was Looman, 
Fundamenta Mathematicae, vol. 4(1932), pp. 246-285. He defines 

" F(x +h, y +k) — F(a t+h,y) — Fla, y + k) + F(z, y) 

F'(z,y) = lim ‘ 

h-+0,k-00 hk 

and shows that when F’ is finite everywhere F(z, y) can be determined in at most a denumer- 

able set of operations. Later Krzyzansky and Kempisti, Comptes Rendus, Paris, vol 

198(1934), pp. 2058-2062, gave descriptive definitions of non-absolutely convergent integrals 
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We now introduce some further notation and some results which are essential 
in the proofs of the foregoing theorems. 

Let D = D,, De, --- be a sequence of nets on R for which D,,4; is obtained 
by subdividing D, , and for which the greatest diameter of any mesh of D, 
tends to zero as n increases. 


LemMa I. Let E be any closed set on R. If for each point (x, y) of E there 
exists nz, such thatifn > nz, any mesh of D, which contains (x, y) has a property P, 
then there exists a finite set K = k, , ke, --- of meshes of D which contain all of E 
either as interior points or boundary points, each of which has property P, and for 
which mK — mE < «. 


This lemma is of interest apart from its applications in the present paper on 
account of its close analogy to Vitali’s covering theorem. In the present case 
there is no restriction on the ratio of the sides of the meshes of D. In Vitali’s 
theorem, where the family of intervals covering E are not necessarily meshesofa 
sequence of nets, it is essential that A, the ratio of the shorter side to the longer 
side of the meshes, be bounded from zero.” 

If the sequence of nets D is further restricted to be such that \ is bounded from 
zero, it is possible to prove 


Lemma V. Let F(w) be a continuous additive function of intervals on R, and F’ 
be finite at each point of R. Let E be the points of non-summability of F’ over 
R. If F' is summable over E, there exists a sequence ¢, , C2, - - - of non-overlapping 
meshes of D which cever CE, and for which 


F(R) = >> F(c) + / F’ dz dy. 


Many of the foregoing results involve a consideration of a covering for CE, 
the complement of the closed set E on R. If R is interpreted as a linear interval 
there is a unique covering for CE, viz., the open intervals complementary to £. 
There is nothing comparable to this in the way of a unique covering in two or 
more dimensions. We complete the necessary notation for this paper with a 
description of a covering for CE which is completely determined when the two- 
dimensional interval R and the closed set FE on R are given. In some situations 4 


based on the idea of generalized absolute continuity, and showed respectively that Loo- 
man’s derivative and Looman’s derivative restricted by a S h/k S 1/a are integrable to 
F(z, y) by their respective definitions. In the present paper there is an entirely different 
approach to the problem of inverting derivatives. 

At this point we mention an interesting paper by Ridder, C. R. Soc. Sci., Varsovie, 
Class III, vol. 28(1935), pp. 5-16. Some of his results are comparable to results in the last 
section of the present paper, where strong derivatives are considered. Here also the 
methods are very different. 

1! Carathéodory, Vorlesungen wiber reelle Funktionen, Leipzig and Berlin, 1927, pp. 
689-692. 
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simpler covering would serve; but the one described seems to have the minimum 
of essential properties for the work in the last section of this paper which deals 
with strong derivatives. 

Operation A(R, E). Let R be a rectangle with sides parallel to the coérdinate 
axes, and let EF be a closed set on R. Let e; be the left-hand end or the 
upper end of R according as the long sides of R are horizontal or vertical. 
Start at e,, and by lines perpendicular to the long sides of R divide R into 
squares, or into squares and one rectangle with } < \ < 1, where this rectangle 
is in the end of R remote from e,. Let gq, g2, --- be the intervals of the finite 
set into which R has been divided which have points of E as interior points. 
If two or more of the remaining intervals of the set can be combined to form a 
single interval which has no points of E on its interior, let this be done, to 
obtain a set h; , he, --- of intervals on R which have no points of £ as interior 
points. If R isasquare, ora rectangle with } < \ < 1, no subdivisions are made. 
Nevertheless one still considers that the operation A(R, E) has been performed. 

For the set g; we have } < A <1. If h’ is an interval of the set h, , he, - -- 
which has no points of F as boundary points, then h’ is adjacent to aninterval 
q' of the set q@1, @2, --- and mq’ < 2mh’. 

Operation B(R, E). Let the origin of coérdinates be at the center of R. The 
coordinate axes divide R into four rectangles r; , re , 7s , 7s , Where the subscripts 
correspond to the quadrants. Let r’’ be the first of these which has no points of 
E on its interior. Enlarge r”’ to get r’ by moving the perpendicular side of r’’ 
parallel to itself until it encounters a point of E or aside of R. Enlarge r’ to get 
r by moving the horizontal side of r’ (not including end points) parallel to itself 
until it encounters a point of EZ or a side of R. There are now two cases to 
consider: (i) no corner of r interior to R; (ii) a corner K of r interior to R. In 
case (i) R is divided into rectangles r and 7. In case (ii) produce the perpendic- 
ular side of r through K until it intersects a side of R in a second point. Then 
R is divided into three rectangles r;, r:, 73, where r; = r and the ordering is 
counterclockwise about K. In both cases the rectangle r has at least one point 
of E on its boundary. If each of the rectangles r; , re, 73, 7s has points of E 
on its interior, the operation B(R, E) consists of dividing R into these four 
rectangles. 

Given R and E the various intervals arising in the operations A(R, EZ) and 
B(R, E) are uniquely defined. We now proceed to define a covering for CE. 
Starting with R and E, perform the operation A(R, E). Let Q: and H, be the 
sets gi, g@2, --- and hj, h3, --- arising from this first application of A(R, B). 
On each interval g of the set Q; perform the operation B(q, Z) and then perform 
the operations A(7, E), A(r:, E), A(r3, EZ) on all of the rectangles 7, r}, rs 
arising from any operation B(q, E). Let Q» be the intervals gj, ¢3, --- and Hy 
be the intervals r arising from the operations B(q, E), together with the set 
hi, ht, --. which arise from any of the operations A(?, EZ), A(r:, E), A(rs, BE). 
Continuing this process, we denote by C(R, EZ) = ce: , c:, --- the intervals of the 
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sets H,, Hz, ---. Theset C(R, EZ) is uniquely defined in terms of R and E, and 
covers CE. For the set C(R, E£) and the sets Q; , Qe , -- - the following properties 
hold: 

A. Every interval c of the set C(R, Z) = c, ce, --- has a point of £ on its 
boundary, or is adjacent to an interval q of the set Q; , Qe, - - - which has points 
of E on its interior and is such that mq < 2mc and q + c forms a rectangle. 

B. Every interval g of any of the sets Q, ,Q2, --- has} <A <1. If EH’ is the 
part of E which is on some interval of the set Q, for every n, then E’ is closed and 
m(E — E’) = 0. Every point of E — E’ is on a side of some interval of the set 
C(R, E). 


2. Functions of class V,. We recall that a function F(z, y) is in class V, 


7] z 
on R if F(z, y) = lim | [ 8, dx dy, where s, is a sequence of summable functions 
0 0 


tending to a measurable function f(z, y), and [« dx dy is bounded in n and e. 
e 
Further properties of functions in class V; are embodied in the following theorems. 


TueoreM I. [If the function F(x, y) is in class V, on R, then the associated 
measurable function f(x, y) is summable. 


This follows from Fatou’s Lemma.” 
TueoreM II. [If the function F(x, y) is in class V,; on R, it is in class H on R. 


F(O, y) = 0. Let 


Il 
Il 


From the definition of F(z, y) it follows that F(z, 0) 
A= (2; » i411 5 Yi, Y i413), int > Vi, Yi > Yi, and 


AF = F(xisi, Yixs) — F(tinr, yi) — F(@i, yirs) + FC, ys). 


Then AF = lim / s,dxdy, and it follows from the fact that | s, dx dy is bounded 
4 e 
in n and e that >> | AF | is bounded. Consequently F is in H. 


TueorEM III. If the function F(z, y) is in class V; on R, it can be written as the 
difference of two monotone functions on R. 


This follows from the fact that F is in H.” 
The fact that if F is in V, it is in H permits the statement of the following 
two theorems. 


TueoreM IV.“ A function F(z, y) in class V; is totally differentiable almost 
everywhere. 


12 Saks, loc. cit., p. 29. 

13 Adams and Clarkson, loc. cit., vol. 36(1934), p. 718, Theorem 6. 

4 Burkill and Haslam-Jones, Notes on the differentiability of functions of two variables, 
Journal of the London Mathematical Society, vol. 7(1932), pp. 297-305. 
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TueorEeM V.” A function F(z, y) in class V, is continuous almost everywhere. 
The function Fw) associated with F(z, y) by the relation F@) = lim | s,dzrdy 


is of bounded variation, since otherwise / 8, dxdy would not be bounded in n 
ao 


and e. As we have pointed out in the introduction, F’(z, y) exists and is sum- 
mable. We next prove 


TueorEeM VI. If F(x, y) is in class V; and is completely additive on R, then 
F(R) = [ Fracay. 

Since F’ is summable, it follows that at almost all points of R 
(1) = [ F’ dx dy — F’ 


asmw — 0, provided the intervals w are such that \ is bounded from zero. Hence 
fora point (z, y) for which (1) holds there exists a sequence of intervals 
w,@2,--- With mw; — 0 such that 


(2) Fe) vin i F’ dxdy| < «. 

| Ma; MO; Fw; | 

Since, for the intervals w;, \ is bounded from zero, it is possible to use Vitali’s 
covering theorem to select a finite non-overlapping set Ki = w , w2, --- of these 
intervals such that mK, > 3mR. This argument can be repeated to get a 
similar set of intervals K, with mK, > 3mCK,, where K; is a set of non-over- 
lapping intervals on CK,. Getting a similar set K; on C(K, + Ke), and con- 
tinuing, we obtain the infinite sequence of sets of non-overlapping intervals 
K = K,, Ke, ---. The intervals of these sets can be arranged in single order 
ki, ke, --- and for each k; (2) is satisfied. Hence 


> Fk) - > I. F' de dy| < emR. 
We have >> mk; = mK = mR. Then, since F(w) is completely additive and 
F’ is summable, >> F(ki) = F(>> ki) = F(K), and| F(K) — / F'dxdy| < 
mR. But F(R) = F(K) + F(CK) = F(K), since mCK = 0 onl F(CK) = 
lim [. s, dx dy. Since eis arbitrary, we conclude that F(R) = [F da dy.” 


% Adams and Clarkson, loc. cit., vol. 36(1934), p. 723. 

* This result could also be obtained as follows: If me = 0, then F(e) = lim f, s, dx dy = 0. 
From this and the fact that F(e) is completely additive it follows that F(e) is absolutely 
continuous. (Saks, Theory of the Integral, Warsaw, 1937; definition of additivity, §5, p. 8, 
and definition of absolute continuity, §13, p. 30.) That F(R) = J, F’ dx dy follows from the 
absolute continuity of F(e). (Saks, loc. cit., Theorem (7.8), p. 121.) 

It is important to note that Saks’ definition of additivity is what we are calling in this 
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THeoreM VII. Let the function F(x, y) be of class V; on R, and let E be any 
measurable seton R. <A necessary and sufficient condition that F(e) = / f dz dy 
for every measurable set e & E is that F be completely additive over E. 


The condition is necessary. By Theorem I f is summable on R. Let 
€1, €2, --- be any sequence of disjunct measurable sets with e; C #. If F(e) = 


[s dx dy for every e & E, it follows that 


F(>> e) = [ fdzxdy = x | fdxdy = > Fe). 


This shows that F is completely additive over E. To show that the condition 
is sufficient, let » be given, let e(l, 7) be the part of e for which | s, — f| <4, 
n2l. Let 


&) = e(l; ’ n), &; = e(l; ’ n) - e(lin ’ n) (z > 1, l; > l; 1,» l; —_ %), 


Then >> m&; = me, and 


F(&,) = lim [ s, dx dy = lim : (f + t,) dx dy = [ fdxrdy +n, 


n-?o n—-?o £ & 


where | 4: | < nm&;. Since 7 can be taken arbitrarily small, P(e) = F(>> &;) = 
> F,), and, since f is summable, x / fdxdy = [ saz dy, we have 


F(e) = [saz dy. 


3. Functions of class V,, and the proof of Theorems VIII and IX. If the 


function F(z, y) is of class V2. on R, then [ dz dy is not necessarily bounded 


e 
in n and e; and furthermore the associated measurable function f(z, y) is not 
necessarily summable. We do have, however, 


paper complete additivity. Furthermore, Saks’ definition of absolute continuity is: (I) 
F(e) is absolutely continuous if for every set e with me = 0 we have F(e) = 0. The usual 
definition is: (2) F(e) is absolutely continuous if corresponding to « > 0 there is a 6 >0 
such that | F(e) | < «when me < 6. These definitions are equivalent if F(e) is completely 
additive (Saks, loc. cit., Theorem (13.2), p. 31). They are not equivalent if F(e) is additive 
without being completely additive, as a simple example shows: Let E, be the interval 
Os2sn",ande, = E,— Eni. Lets, = nonE£,, ands, = Oelsewhere on (0, 1). Ltt 
F(e) = lim f, s,dz. F(e) is additive. For if e: and e: are any two disjunct measurable 
sets, then F(e, + e:) = F(e:) + F(e2). If eis any set with me = 0, then F(e) = 0, and 
thus F(e) is absolutely continuous according to definition (1). Since mE, — 0 and F(E,)= 
1 for every n, it follows that F(e) is not absolutely continuous according to definition (2). 
F(Z en) = land F(e,) = 0, and this shows that F(e) is not completely additive. 
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THEeoreM I’. If the function F(x, y) is of class Vz on R, and of class V, over a 
measurable set E C R, then the associated measurable function f(x, y) is sum- 


mable on E. 


The proof is that of Theorem I with E replacing R. 

We now prove Theorem VIII stated in the introduction. First let R be the 
closed set E of the theorem. Then the points EF; of R at which F(z, y) is not 
of class V, and completely additive are non-dense on R. If w is an interval 
on CE, , F(x, y) is completely additive and of class V; on w, and consequently 


it follows from Theorem VII that F@) = [ saz dy. It then follows that at 


almost all points of CE, F’ = f. Next let Ey be the points of Z, at which 
F(z, y) is not of class V; and completely additive. Let e be the points of EF, 
on CE, which are on an infinite sequence q:, g2, --- of intervals of the sets 
Q,, Q2, --- arising in the construction of C(R, E;). Since F(z, y) is of class V; 
and completely additive at a point (2, y) of e, there exists g; on CE, containing 
(z, y) such that f is summable over E,g;, and >> F(ci) = F(> ci), where c’ 


7 ? 
are the intervals of C(R, E,) on q; (there are only whole intervals of C(R, E;) 
on qi). Then 


rq) [faa & Fle) 


mq; mq mq 


(1) 


For almost all points of e the first term on the right tends to f as mq; tends to 
zro. We show that for almost all of e the second term on the right tends to 
xro. Suppose there exists e’ C e with mie’ > 0, me’ the outer measure of e’, 


for which 
DX | Fc) | 
(2) lim > d >. 


mq;—*0 mqi 
Since F(x, y) is completely additive at each point of e’, there exists an interval 
w With #iwe’ > 0 such that if c, are the intervals of C(R, £,) with points on w, 
then >> F(c.) = F(2o c). Since F(>> cx) is independent of the ordering of the 
intervals c,, it follows that >. | F(c.) | converges. Hence there exists 6 > 0 
such that if cy are the intervals of c, with mc, < 4, then 


(3) DX | F(ck) | < dite’. 
It follows from (2) that each point of we’ is on an infinite sequence q; of the 
intervals of the sets Q,, Q2, --- which arise in the construction ‘of C(R, E,), 


for which mq; < 6 for all 7, mq; tends to zero, and > | F(c}) | > dma. 
? 


Since for each g; we have $ < d S 1, Vitali’s covering theorem can be used to 
select a non-overlapping set g; of these intervals q; with >> mq: > mwe’ — «. 
Then from (2) 


DD | F(c}) | > d LL magi > d(itiwe’ — ¢). 
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Since mq; < 6 for every 7, it follows that me; <6 for alliandj. Hence from (3) 
> >) | F(ci) | < ditwe’. Since « is arbitrary this gives a contradiction, and 
t 7 


the desired result is established. We can now conclude that F(q:)/(mqi) > f 
for almost all of e’, and consequently for almost all of E; on CE,. In other 
words, at almost all of CE, the special derivative F;, exists and is equal to f. 
This process can be continued, as in the transfinite argument above, to es- 
tablish the existence of F;, = f for almost all points of R. 

At this point the question arises as to the possibility of proving the existence 
of F’. This involves replacing g; in (1) by w; with \ bounded from zero, and 
c: by u;. This could be done in such a way that >» | F(ui) | converges for 


2 
each 7, but the conditions of Theorem VIII do not insure that this convergence 
is uniform in i. In Theorem IX it is assumed that >> w; converges. This is 
sufficient to permit the necessary modifications in the proof of Theorem VIII 
to establish the existence of F’ almost everywhere for functions satisfying the 
conditions of Theorem IX. 


4. The inversion of F’(x, y). In this section we make constant use of a 
sequence of nets D = D,, Dz, --- on R where Dyas; is obtained by subdividing 
D,, , where the greatest diameter of the meshes of D, tends to zero as n increases, 
and where \ the ratio of the shorter side to the longer side of the meshes of D 
is bounded from zero. For the proof of Lemma I, as was stated in the intro- 
duction, this restriction on \ is not necessary; but it is essential for some of the 
results based on Lemma I. 

To proceed with the proof of Lemma I we first put Z in a set of open regions 0 
with mO — mE < . Each point of E is on the interior of a mesh G of some D, 
where the mesh G has property P and is on O, or is on the interior of a region G 
formed by a group of not more than four meshes of some D, where each mesh 
of the group has property P and is on O. Thus each point of £ is on at least 
one region of a set of open regions which are on O. The Heine-Borel theorem” 
‘an now be used to select a finite set O,,--- ,O, of these regions which are 
on O, and which contain all of Z. Two or more of these regions may have 
points in common. They can, however, be reduced to a non-overlapping set 
in the following way: Let m , m2, --- , m, be the values of n arranged in increasing 
order of magnitude which are such that there are meshes of D, in the sets 
O,,---,O,. Let Hi, --- ,H, represent the meshes of D,, , --- , Da, respec- 
tively which go to make up the regions 0,, ---,O0,. Since nm <m<--- <M, 
every mesh of the sets H;, --- , H, is either wholly interior to or wholly ex- 
terior to the meshes of the set H,. Delete from Hz, --- , H, ali meshes which 
are on H,. We thus arrive at the set H,, H:,---,H,. Now delete from 
H;, --- , Hj all meshes which are on any interval of the set H:. This gives 
the set Hi, Hz, H3, --- i of Continuing this process, we arrive at the set 


7 Hobson, Theory of Functions of a Real Variable, 3d edition, vol. 1, p. 109. 
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A, H:, Hs, --- ,HS*” of non-overlapping regions which contain all of E, 
which are such that each region consists of a group of not more than four meshes 
of D, and such that each mesh of any group has property P and is on O. If 
the separate meshes of these regions are denoted by K = k,, ke, --- , then the 
set K satisfies the requirements of the lemma. 


Lemma II. Let D be a sequence of nets on R with \ bounded from zero. Let 
F(@) be an additive function of intervals defined on R such that F’ is finite at 
each point of a closed set E and summable over E. Corresponding to a given 
e > O there exists a finite set K = ky, ke, --- of non-overlapping meshes of D 
which are such that each point of E is on K, either as an interior point or as a 
boundary point, and for which 


DP) | < [Pde dy +6 ond mK -a8 << 


Let ao, @,--- be a subdivision of (0, ©), e; the part of E for which 
a, <|F’| < a;, and a; an open set containing e; with ma; — me; << «. A 
mesh k of D which contains a point (2, y) of e; has property P if k is on a; and 

F(k) |/(mk) < a;. Lemma I then applies to give a finite non-overlapping set 
K = ky, ke, --- of intervals of D which contains E and each interval of the 
set K has property P. Hence 


y | F(ki) | < >> aymk; < > a;yma; < pm (me; + €)a;. 
The lemma follows if first a; and then ¢; are suitably chosen. 


Lemma III. Jf D is a sequence of nets with X bounded from zero, and F’ is 
finite at each point of a closed set E and summable over E, there exists a finite non- 
werlapping set K = k,, ke, --- of meshes of D for which 


> F(k) - / F’dxdy|<« |mE—mKE|<e, and |mK—mE|<e. 
E 


To prove this we let (a;: , ai) be a subdivision of (— ~, ©), e; the part of E 
for which a; < F’ < a; , and a; an open set containing e;. Since d is bounded 
from zero for the set of meshes of D, there exists about each point (zx, y) of e; 
an infinite sequence k} of meshes of D such that kj is on a;, mk; — 0, and 
a, — €; < F(k;)/(mk}) < a;. Vitali’s covering theorem can then be used 
to select a finite non-overlapping set of these intervals with | >> mk; — me; |< 

? 


«, and | me; — >. mkie;| <<. With adequate attention to detail, this 


? 
process can be carried out for a finite number of the sets e; in such a way that 
the sets k? and k? have no points except boundary points in common if p # q. 
We then have 


> Dd mki(a — «) < dD DF) < DS mkia,. 
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If the quantities a; and ¢; are suitably chosen, this inequality shows that 
LE Uerki) - f Pracdy| <e, 
i ij 
and if K = p ps k;, then | mE — mKE| < ¢, and |mK — mE\ < «. This 
i i 


establishes the lemma. 


Lemma IV. If F(@) is an additive function of intervals on R and F’ is finite 


at each point of R and summable over R, then F(R) = / F’ dz dy. 
R 


Let « be given, and let 6 be fixed so that if me < 6 then / |F’| dady <« 


Let D be a sequence of nets on R with the greatest diameter of the meshes 
tending to zero and with \ bounded from zero. It follows from Lemma III 
that there exists a finite non-overlapping set K = k,, ke, --- of meshes of D 
with mR — mK < é6and 


> Fk) — i F' dxdy| <e. 
R 


Let G be the closed set complementary to the interior points of K, and let n' 
be the greatest value of n for which there are meshes of the net D, of D in the 
set K. It now follows from Lemma II that there exists a finite non-over- 
lapping set g = g;, g2, --- of meshes of D chosen from nets D, with n > 1, 
where g contains all of G either as interior points or boundary points, and 


Li F@)|< fF lardy +6 


Since n > n’ every mesh of g’ is wholly interior to K or wholly exterior to K, 
except possibly for boundary points. If the meshes of g’ which are interior to K 
are deleted from g’, there remains a set g = g: , gz, --- with the same properties 
relatively to the closed set G as the set g’. Since F(w) is additive, F(R) = 
> F(ki) + > F(g,), and consequently 


F(R) — / F’ dx dy| < 2. 
J | 


Since ¢ is arbitrary, we have F(R) = / F’ dz dy,” and this is the lemma. 
R 


We complete this sequence of results with the proof of Lemma V stated it 
the introduction. Applying Lemma III we get the finite set of meshes K = 


18 It is to be noted that this fundamental result has been obtained without any assump 
tion as to the absolute continuity, continuity, or complete additivity of F(w). Compare 
with Theorem VI, where F’ is not required to be finite. That the function of intervals 
F(w) is absolutely continuous follows from Lemma II, and this could be used to lead to 
proof of Lemma IV. 
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ky, --+ , k,n of D with 
> Fk) — / F’ dxdy| < a4, 
gE 


and mE — >> mk:E < «. Let E’ be the part of E which is exterior to and 
on the boundary of the set K = k,, ---,k,. Then E’ is closed and mE’ < «,. 
It is now possible to apply Lemma II and get a finite set 1, , . , --- of meshes 
of D which contain all of E’ either as interior points or boundary points and 
for which 


LT iPW\< fl P lardy +4, 


with | D0 ml; — mE’| < «. Furthermore, if n’ is the largest value of n for 
which the net D, of the sequence of nets D has meshes in the set k;, --- , kn, 
then every mesh of the set J, , , , --- can be chosen from nets D, with n > n’. 
This insures that no mesh of the set l;, k,--- contains a mesh of the set 
k,--+,k,. Drop from ,, i, --- all meshes which are contained by a mesh 
of the set ki, ---,k,. The remaining set will still satisfy 


CDiP@i< ||P ldrdy +a. 


Let ki, --- ,k, be the combined sets k; + l;. Then ki, --- , k, contains all 
of E either as interior points or boundary points and 


> F(ki) — / F’ dz dy| < 2a, 
gE | 


provided the set k,, ke, --- has been so chosen that / |F’|dzdy < «. 
* 


Now let n’ be the largest value of n for which D, has meshes in the set 
ki,---,k,. Take any net D, with n > n’, and let ci, ch, --- be the finite 
number of meshes of D, which are not interior tok}. Then >> ct + > ki = R. 
A mesh c; has no points of E on its interior. Let w’ be an interval interior to c} . 


Then Fw’) = / F’ dx dy, and F(c;) = lim F@’) as w’ > ci. Hence F(c}) 
can be determined from F’, and we have 
(1) F(R) = D Fei) + X F (ki). 


Consequently 
F(R) = SF) + [ F’ dz dy +m, 


where | m | < 3e. This process can be repeated on the set ki to get c; and 
p 


Ki both on k} with >> c? + DK = Dk, and 


> F® — i F’ de dy | < 3. 
| gE 
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We then have 
(2) F(R) = D F(e}) + D Fe) + DL Fk), 


and consequently 


F(R) = DFC) + UFC) + f Pracdy + m, 


where | 72| < 2e. If the sequence «, &,--- is such that «¢; — 0 and q, 
. 1 1 2 2 
C2, --- is the sequence ¢; --- Cn, , C1 -++ Cn, ,--+ , then 


(3) F(R) = DF) + | Fr dz dy. 


It should be emphasized here that the ordering of the sequence ¢;, ¢2, --: 
cannot be changed. 

We are now in a position to complete the proof of Theorem X stated in the 
introduction. In the first place, if E is any closed set on R, the points of F 
at which F’ is not bounded over E are non-dense on EZ. This is obvious if EF 
consists of isolated points and the limit points of isolated points. Let E be 
perfect, and let w be an interval containing points of Z on its interior. If the 
assertion is not true, there exists a point P of E interior to w, and an interval 
containing P on its interior with | F(w:) |/(mo:) > M,. Similarly there exists 
we interior to w, containing points of E and such that | F(we) |/(mwe) > Mz. 
This process can be continued with M, — ©, wna: D wa, Mw, — 0, and h 
bounded from zero for the set w:, we,---. If (&, 9) is the point common to 
these intervals, then (£, 7) belongs to E, and at this point F’ is infinite or does 
not exist. This contradicts the fact that F’ is finite at each point of Z, and 
the assertion is proved. It follows at once from this that the points of E at 
which F’ is not summable over E are non-dense on E. Let E, be the points of 
non-summability of F’ over R. Then £;, is non-dense on R, and if w is an 


interval on CE,, then by Lemma IV F(@) = / F’ dzxdy: Let E; be the points 


of non-summability of F’ over E,.. Then EF; is non-dense on F; , and if w is ap 
interval on CE, containing points of E,, it is possible to place a sequence 
nets D on w and determine F(w) by the methods used in the proof of Lemma V. 
This process can be continued by finite and transfinite induction to show that 
for any interval w on R, F(w) can be determined in at most a denumerable set 
of operations, and this is Theorem X. 


5. The inversion of strong derivatives and the proof of Theorem XI. Ass 
preliminary to the proof of Theorem XI we give a method for inverting the 
strong derivative of a continuous additive function of intervals F(w) which é 
the analogue of the Denjoy process for functions of a single variable. Let J 
be a closed set on R. Let c,, c2, --- be the intervals of C(R, E), and w; th 
least upper bound of | F(@) | for w on c¢;. A point P of E is a point of cor 
vergence of ss w, if there exists an interval w about P for which >> w; cor 
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hs - > 
verges, Where w; is the least upper bound of | F(@’) | for w’ on we;. If no such 
interval exists, then P is a point of divergence of >> w;. We prove 


Lemma VI. Let F(w) be a continuous additive function of intervals for which 
F. is finite at each point of R. If E is any closed set on R, then the points of E 
which are not points of summability of F; and points of convergence of > w; are 
non-dense on E. 


For the first part of the assertion we refer to the proof of Theorem X. The 
second part is obvious if E consists of isolated points and the limit points of iso- 
lated points. Let E be perfect, and let w be an interval containing a point P 
of E on its interior. If > w; diverges at P, then w;/(me;) is unbounded at P. 
Hence we can find c; interior to w such that the distance between the bound- 
ary of c; and the boundary of w is not less than twice the greatest diameter 
of c¢;, and such that if M, is an arbitrary positive number w,/(me;) > M,. 
This implies the existence of an interval r on c; with | F(r) |/(me;) > M,. 
From the manner of construction of C(R, EZ), the interval c; either has a point 
of E on its boundary, or forms with some interval gq; of the sets Q, , Qe, 
which enter into the construction of C(R, EZ) an interval c; + gq; which has a 
point of # on its interior. Furthermore, mq; < 2me;, and from this and the 
above distance condition between c; and a, it follows that c; + q; is interior to w. 
Ifa point P of E is fixed on the boundary of ¢;, or interior to g;, then one 
possibility is a rectangle r’ with one corner at P and with the rectangle r for 
which F(r)/(me;) > M, in the corner diagonally opposite to P, with r’ on 
¢; + q;, and consequently interior tow. Let the origin of coérdinates be at P, 
let r’ = (0, 0; xe, ye), and r = (21, 1} Ze, ye). Then 


l) or (0, 0; te, ye) — (0, 0; te, yx) — (0, 0; 21 , ye) + (0, 0; 21, ys). 


We now have | F(r) |/(me,;) > Mi, r’ one; + qi, mqi < 2me; , and consequently 
F(r) |/(mr’) > 4M,. Hence for at least one of the rectangles r’”’ on the right 
side of (1), | F(r’’) |/(mr’) > y4yM,. Other possible situations can be handled 
inasimilar way. Then, since r’ Dr”, | F(r’’) |/(mr”’) > +sM,. The interval 
r’ is interior to w and has one corner at P. From this and the continuity of 
P@) it follows that there exists an interval w interior to w, containing points 
of E on its interior, for which | F(@;) |/(mw;) > yyM,. The foregoing reasoning 
tan be repeated on w,, and the process continued to get | F(w,) |/(mw,) > 
iM, , with M, — ©, w, D way, and the greatest diameter of w, tending to 
wro. If then P’ is the point contained in every interval of the set w,, P’ 
belongs to EZ, and at P’ either F; is infinite or does not exist. This is a contra- 
diction, and the truth of the assertion follows. 

Lemma VII. If the interval w contains points of E, if F; is summable over wE 


and if Zz | F(u;) |, where u; are the intervals and parts of intervals of C(R, E) 
nw, converges, then 


Fw) = X Fw) + / Pde dy. 








770 R. L. JEFFERY 


Let e’ be the points of wf which are on the sides of the intervals u; but which 
are not limit points of the set u;. Let e = wk — e’. Then e is closed, and 


me = mwk. Let vj , ve, --- be the intervals and parts of intervals on w of 
the set Q, which enter at the n-th stage in the construction of C(R, FE). Then 
each point of e is on an interval of the set vj , vz , --- for all values of n. At 
the n-th stage in the construction of C(R, E) the finite set um, ---,u,, 
vt , --- , v, forms a net D, onw, and D,4; is obtained by subdividing oj , - -- , v} 
and leaving u,---,u, unchanged. The sequence of nets D = D,, Dz, --. 


thus obtained differs from the sequence used in Lemmas I-IV in that the greatest 
diameter of all the meshes of D, does not tend to zero as n increases, and } is 
not bounded from zero for the whole set of meshes. Nevertheless, the sequence 
of meshes vj , v2 , --- does satisfy both these conditions, and each point of the 
closed set e is on a mesh of this sequence for all values of n. It then follows 
that the methods of Lemmas I-IV are available to select a finite set 1, --- , 0, 
of the meshes of the sets vj , ve , --- which contain all of e either as interior 
points or as boundary points, and for which | 2 u% — me| < e and 


> F(x) - [F: dx dy <. If now the construction of C(R, E) is modified 


to the extent of not subdividing an interval of any Q, which is an interval of 
the set» , --- , U or which overlaps w to form an interval of this set uy) , --- , om, 
a stage is reached in a finite number of steps in the modified construction of 


C(R, E) at which 
o=m+t--- +UtwHt+--- +m, 


where u,,--- , wu, are meshes and parts of meshes of C(R, E). We then have 
i ™ 

(1) F(w) = > Fu) + d& Fo), 
i=] i=l 


and hence 


l 

F(w) — > F(u) — [ Piardy <4, 
t=] € 

The number « is arbitrary, }> F(u,) converges, and the intervals v; , --- , 0 

can be chosen in such a way that the smallest value of n for which any interval 

of this set belongs to Q, is arbitrarily great. As this value of n increases, the 

first term on the right side of (1) tends to include all the intervals of the set 


From these considerations we have 
F(w) = >> F(u) + | Fi, dx dy, 
wk 


and the lemma is proved. 


Turonem X’. Let F. be the strong derivative of a continuous additive function 
of intervals and finite at each point of R. Then F(w) can be determined from F’ 
ly a process which is the analogue of the Denjoy process for inverting the fin 
derivative F'(x) of a function F(z) of a real variable x. 
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By Lemma VI the points FE; of non-summability of F; over R aré non-dense 
on R. If then w is an interval on CE, , it follows from Lemma IV that F(w) = 


[ Fi dxdy. If Ez is the part of FE, at which we do not have both F, summable 


over E, and >> w; converging, where w,; is the least upper bound of | F(w) | 
for w on the interval c; of the set C(R, E;), then by Lemma VI Eis non-dense on 
E,. If then w is an interval on CE, , it follows from Lemma VII that 


Fo) = + F(u) + / _ Fidzdy, 


where u; are the intervals and parts of intervals of the covering C(R, £,) which 
are on w. The argument now proceeds as in the previous cases in which we 
have used transfinite induction to the stage where it is possible to determine 
F@) for every interval w on R. A comparison with the methods developed by 
Denjoy’’ reveals that the two processes are the same. 


We are now in a position to concern ourselves directly with the proof of 
Theorem XI. We first prove 


LemMA VIII. Let F(w) be a continuous additive function of intervals on R, 
and E a closed set on R. Relatively to these let the following conditions hold: 
(1) F; is finite at each point of E and summable over E. (2) > wi converges, 
where w; 78 the least upper bound of | F(w) | for w on c;, an interval of C(R, EB). 
(3) The sequence 8; , 82, --- of summable functions is defined on CE in such a way 
that 8, — F, , and if w is an interval on CE then for w' on w / 8, dx dy > F(w’) 


— 


uniformly in w’. If these conditions hold, there exists a sequence of summable 
functions on R with s, — Fi and such that for the intervals w on R / 8, dx dy —> 
« 
Fw) uniformly in w. 
By Lemma VII 


F(R) = Fle) + i F’ dedy. 
; 


Let a, wae, ct be intervals interior to ¢ , --- , cx, respectively, for which the 
following hold: (4) ci — ¢;, tt Deb. (5) If w is any interval on ¢;, then 
F(we;) — F(wes)| < &, where DD & = &, & < a, and g@ —>0. Withk 
fixed the continuity of F(w) permits this. Let s,. = s, on c 8a = F; on the 
part of E for which —n < F. < n, 8,4 = O elsewhere on R. If k is fixed and n 
is sufficiently great, (3) gives 


6) F(w) - / tu dzdy| <a 


w 


"See Hobson, Theory of Functions of a Real Variable, 3d edition, vol. 1, $8464, 465 
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forwonc:. Ifw is any interval on R, Lemma VII gives 
(7) F(w) = >> F(u) + / Fi dz dy, 
wk 
where u; are the intervals and parts of intervals of C(R, EZ) = a, @,--. 
on w. If ui is the part of u; on c:, then from (4) uk — u;; from (6) 


F(ui) - [ona dxdy| < é&; from (5) | F(u;)) — F(ut)| < &; from (2) 


a 
i 


x 
> | F(us) | = m, where » — 0 as k > ~; from the definition of s,, on E, 
kyl 


/ Snr dxdy — Fi dx dy | = €n, 
wE wk 


where «, — 0 as n — ~, uniformly in w; these considerations, together with (7), 
show that 


F(w) — | sudedy <2Ddtmten 


. ‘ k ‘ ‘ 
uniformly in w, where ts €;, ™, €, tend to zero as n and k tend to infinity: 
7 


As things now stand, when n and k tend to infinity, s,, — F, almost every- 
where, the exceptional set being the boundaries of the rectangles of the set 
C(R, E) = «1, @,---. On this exceptional set change the definition of sy 
so that s,. = F. for all values of n and k. If now a single sequence 8,4 = 8» 
is chosen where k, — ~ as n — «, this sequence s, satisfies the requirements 
of the lemma. 


Now let E,, E:,---, Ey, Eyxsi,--+ be the sets entering into the proof of 
Theorem X’. If s, = F. on the part of CE, for which —n < Fi< n, and 
s, = 0 elsewhere on R, then this sequence satisfies condition (3) of Lemma 


VIII relatively to the set E,. Let D = D,, De, --- be a sequence of nets on R 
with the greatest diameter of the meshes of D, tending to zero. Let G, be 
the set di, dt, --- of meshes of D, which do not have points of Ez, either as 
interior points or as boundary points. On each interval d‘ of the set G;, all 
the conditions of Lemma VIII are satisfied, dj replacing R, and E,d} replacing E. 
Then, since the intervals of G, are finite in number, there exists a sequence 


’ . y/ . 
8,4 on G, with 8,, — F, and such that for the intervals w on G, / Snx dx dy > 


w 
F(w) asn — «, uniformly inw. If now s, = 81 on Gy, 8 = 82 on G, — GH, 
8, = 83 0n G; — Go, --- , and 8, = 0 on E;, then this sequence satisfies condi- 
tion (3) of Lemma VIII relatively to CE,. This process can be continued. 
Let Ey be the set common to all the sets F,, E.,---. On CE, there exists 4 


»/ ° 
sequence 8,, — F, such that, for w on CE, and for w’ the intervals on «, 


/ Sn. dx dy — F(w’) uniformly in w’ as n > ~. Let & = CH,, & = 


w 
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CE; — CE, , &3 = CE; o- CE: , COO» Let &s, = Sn1 ON & , Sp = Sng ON &e , Gor, 
Then s, is defined on CE,. We have CE, = & + & +.--- + &. Since 
the uniformity condition just stated (which is condition (3) of Lemma VIII) 
holds for s, on each of the finite number of sets &,, ---, &, it holds for the 
set CE, = & + .--- + &. Any interval w on CE, is on CE, for some suffi- 
ciently great value of k. It then follows that the sequence s, = 8 on &;, 
& = Sno On &, --- satisfies condition (3) of Lemma VIII on CER, . 

If we start anew with £) , this process can be continued as in the situations 
above where transfinite induction is used, until a stage is reached at which a 
sequence s, of summable functions is defined on R such that s, — F, and 


[ dx dy — F@) uniformly in w for w on R. This completes the proof of 


‘ 
Theorem XI. 

This process for inverting the strong derivative of a function of intervals may 
be made the basis of a constructive definition of a non-absolutely convergent 
integral of a measurable function f(z, y). A comparison with the definition of 
I, f) given in the introduction reveals that the two definitions are the same. 
It is not possible to show that J, = f almost everywhere on R, for this is not 


necessarily true, even when f is summable on R and I(w, f) = [ saz dy. 
_ 


. . . +/ . nr r 
However, it is possible to replace F, by f in the proof of Theorem XI and thus 
arrive at the conclusion that there exists a sequence of summable functions on R 


with s, tending to f and / s, dx dy tending to Jw) for every interval w on R. 
we 


In other words, the function J(0, 0; 2, y) is in class Vz on R. It then follows 
that Iw, f) satisfies all the conditions of Theorem IX, and we have the theorem: 


If the measurable function f(x, y) is such that I(w, f) exists for every interval w 
on R, then I'(x, y) exists and is equal to f(x, y) almost everywhere on R. 


With the understanding that the definitions of functions in classes V,; and V. 
have been stated in terms of intervals rather than in terms of the two variables 
rand y, we restate the descriptive definition of a non-absolutely convergent 
integral implied in Theorem IX. 


Let the function f(x, y) be measurable on R. If there exists a continuous additive 
function of intervals on R such that 

(1) F’(x, y) = f(x, y) almost everywhere; 

(2) Fw) is in class V2; 

(3) of E is any closed set on R the points of E at which F(w) ts not of class V, 
and completely additive are non-dense on E; 
then F(w) ts the non-absolutely convergent integral of f(x, y). 
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That FW) and I(@, f) are identical was shown in the introduction, since it 
was there shown that any two functions satisfying the conditions of Theorem IX 
are identical. 

We mention two questions we have not answered. Let Fw) be a continuous 
additive function of intervals on R for which F’ is finite at each point of R. |s 
there a process for inverting F’ which is analogous to that given by Theorem 
X’ for inverting F;? Is F(w), or what is the same thing, F(0, 0; z, y) in class Y, 
on R? 

All the results of this paper are valid in any number of dimensions. It is 
only necessary to replace two-dimensional intervals by n-dimensional interval 
and to give a detailed description of C(R, E) for R an n-dimensional interval. 


Acapia UNIVERSITY AND THE UNIVERSITY OF SASKATCHEWAN. 
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CAYLEY NUMBERS AND NORMAL SIMPLE LIE ALGEBRAS OF TYPE ( 


By N. JACOBSON 


° 1 . . . . ° 
In an earlier paper we discussed the set D(%) of derivations in an arbitrary 
algebra Y% (not necessarily associative), i.e., the operators D in % such that 


(¢+y)D = cD + yD, (ra)D = (xD)a, (xy)D = x(yD) + (xD)y, 


a being in the underlying field @. We noted that D is closed with respect to 
addition, scalar multiplication and commutation [D, EF] = DE — ED. Hence TP 
isa Lie algebra over ®. We shall show here that if % is a generalized Cayley 
algebra and ® is of characteristic 0, then D is normal simple of type G and all 
such Lie algebras may be obtained in this way. The derivation algebras are 
isomorphic if and only if the Cayley systems are. If # is algebraically closed, 
these results have been indicated by Cartan.” The extension to the general 
case given here depends essentially on the determination of the automorphisms 
of D in the algebraically closed case. The structure of Cayley systems has 
been obtained by Zorn.’ We give several extensions of his theory. 

We require below the theorem that if %{p is the algebra obtained by extending 
bto P, then D(Mp) = Dp .* We note also that if S is either an automorphism 
or anti-automorphism in % such that (ra)S = (xS)a’, where a — a’ is an auto- 
morphism in @, then S~'DS is a derivation for every Din D. If a’ = a, D> 
S"DS is an automorphism of D over ®. 


1. Let Q be a (generalized) quaternion algebra over a field of characteristic 
#2. We do not exclude the possibility that Q = 4,, the 2-rowed matrix algebra. 
A (generalized) Cayley algebra Y is a vector space of order 2overQ, U = Q1 + Qes, 
in which 


(1) (a + bes)(c + des) = (ac + dbay) + (da + bé)e,, 

where ay ~ 0. If Q has basis (1, ¢; , 2 , ¢3) such that e} = a, e: = a2, a ¥ 0, 
C2 = — ee; = ¢3 and ey = ay, then 1, ¢, --- , eis a basis for W if es = eres, 
( = Co, C7 = OC3ty. (1, €:, Ca, Cs), (1, Ca, C2, Ce), (1, C3, 4, C2), (1, €1, C6, €2), 
(1, @2, 5 , €7) and (1, es , & , —ésa) are quaternion algebras. If e;, e; , ex do not 
belong to one of these algebras, then (ee;eg = —e(ejex). It is sometimes 


Received December 28, 1938; presented to the American Mathematical Society, De- 
tember 28, 1938. 
' Abstract derivation and Lie algebras, Trans. Amer. Math. Soc., vol, 42(1937), pp. 206-224 
* Les groupes réels simples el continus, Ann. de 'Reole Normale, vol, 31(1914), p. 298 
Allternativkérper und quadratische Systeme, Hamb. Abhandl., vol. 9(1933), pp. 395-402 


‘Loe. cit. (footnote 1), p. 213 
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convenient to use 
(2) (aes)b = (ab)e, , a(bes) = (ba)e, , (aes)(bes) = bag 
in place of (1). 

Abstract characterizations of &% have been given by Zorn.’ We recall the 
following properties. Any two elements of % generate an associative algebra, 
If z = a + be,, define Z = a — bes. Then the correspondence x — Z is a 


involutorial anti-automorphism in Y%. if N(x) = 2% = faz, tr (x) = r +7 
these belong to @ and x — tr (x)z + N(x) = 0. We have N(zy) = N(x)N(y), 
tr (x) is linear and tr zy = tr yx. Hence the function (2, y) = 3} tr 27 isa 


symmetric non-degenerate bilinear form whose corresponding quadratic form 
is N(z). 

We call the elements of trace 0 (¢ = —z) vectors and let %’ denote their 
totality. Relative to (z, y) andz X y = 3(ry — yx) we obtain a vector calculus 
whose fundamental properties are 


(3) (xX y, x X y) = (2, z)ly, y) — (a, y)’, 
(4) (xX y) Xz+2X (y Xz) = 2y(z, z) — rly, z) — 2(2, y). 


Equation (4) may be proved by noting the linearity and verifying for the basis ¢; 
% is determined by the structure of YW’ since ry = —(z, y) + x X y and hene 


(a+2z)(B + y) = oB + ya + 2B — (t,y) +2 X y. 


Suppose f, , fe are vectors such that (f;, fi) ¥ 0, (f2, fo) ¥ 0, (fi, fe) =0 

Let fs = fi X fo. Then by (3) and (4) 

fo XK fs = Hilfe, fo), fs Xh=hlh, hy), 

(fe, fs) = (fa, fi) = 9, (fs, fs) = (fi, fid(fe, fo). 
We may choose an f, orthogonal ((f;, fs) = 0) to fi, fo, fs. The vector 
fo =f K hi, fe = fa X fe, fr = fa K fx together with f, , fo, fs are mutually 
orthogonal and their vector and scalar products are determined by (fi, fi 
(fe, fe) and (fi, fs). fi, --- , fr) is a basis of the same type as (1, e, --- 6 
and A= R+ kf, R = ,fi,fe,fs). R may be taken as any quaternion sub 
algebra of &%. Hence in the original notation we may suppose that Q is am 
quaternion algebra in %. 

In the generation (Q, &) we may replace e, by deg. Then ay is replaced by 
aN(d). Conversely, if ¢ + de, satisfies the first two conditions in (2), 
obtain by the linearity that ¢ also satisfies them and hence c = 0. If Q 2% 
any clement is a norm in 4, and hence we may suppose cy 1. If (a, x) 49 
x has an inverse. On the other hand, if there exists an 2 # O such thé 
(x, cz) = 0, either Q is matric or a4 is a norm in Q, and we may then suppoe 
a, = 1. We readily obtain a matric subalgebra of Y% and a normalized gener 
tion of the type deseribed. 


* Loc. eit. (footnote 3). Cf. also Zorn, Theorie der alternativen Ringe, Hamb. Abhand 
vol. 8(1931), pp. 123-147 
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THEOREM. Any two Cayley algebras which are not division algebras are iso- 
morphic. 


If % = (@, +--+, 7) and %» = (fo, --- , fz) are isomorphic Cayley algebras, 
the matrices (e;, e;), (fi, f;) are cogredient. Suppose conversely that these 
norm forms are equivalent; i.e., their matrices are cogredient. Choose ¢ , é2 
in %; such that (e; , e2) = 0, (e:, e:) ¥ 0, (e2, e2) ¥ Oand fi, fein Az such that 
(fi,fi)) = (ei, e;). By (3) and (4), (1, e:, e, es = e: X e) and (I, fi, fe, fs = 
fi X fe) are isomorphic under the correspondence e; — f;. If the other e’s 
and f’s are orthogonal to these, the matrices determined by them are cogredient.* 
Hence we may suppose that (e,, e) = (fs, fs) and then the correspondence 
¢; — f, will determine an extension of the isomorphism between Y%; and Y%, . 

THEOREM. Any two Cayley algebras which have equivalent norm forms are iso- 
morphic. 


THEOREM. If Q and R are quaternion subalgebras of a Cayley algebra X, 
e—f = eS an isomorphism between them, then S may be extended to an auto- 
morphism in YI. 


If ® is extended to P, %p the extended algebra is evidently a Cayley algebra. 
Conversely, if %{p is a Cayley algebra, % has a non-degenerate form (x, y) defined 
init. It follows that % contains a quaternion subalgebra Q and an element e, 
orthogonal to Q, (es , es) # 0 and hence Y is a Cayley algebra. 


2. Suppose D is a derivation in %. 1D = 0 and hence (1) the set of mul- 
tiples la is an invariant subspace relative to the derivation algebra D. Let 
re’ and set zD = x’. Since x = —N(zx), rx’ + a'r = 0, a(2’l? = (2’)e. 
From (x’)” = 2’ tr (x’) — N(zx’), we obtain xz’ tr (x’) = 0. If. 2 = 0 and 
r' #0,2° = 0. We may generate &’ by elements x such that 2° ¥ 0 and for 
these we obtain tr x’ = 0. It follows that this holds for every z in 4%’. Thus 
4 is also invariant relative to D and YW is mapped into A’ by D. If re W, 
ID = —xD = xD. Since 1D = 1D, D commutes with the anti-automorphism 
r— Zin W. 

If A is a linear transformation in the vector space Yt’, we define its adjoint 
as the linear transformation A* such that (7, yA) = (xA*, y) for all x, y.’ 
The correspondence A — A* is an involutorial anti-automorphism in the algebra 
of linear transformations. Since (77)D eM’, 0 = tr (27g)D = tr (xD)g + tr 
ryD) = (xD, y) + (2, yD). Thus D* = —D, ie., every derivation is a skew- 
symmetric linear transformation. 

If (Q, es) and D is a derivation in Q,° it follows from (2) that we obtain 
all possible extensions of D to derivations in Y% by setting eg) = cey, ¢ any 


*This is proved by Witt, Theorie der quadratischen Formen in beliebigen Kérpern, Jour 
fir Math., vol. 176(1936), p. 34 

"CE. Jacobson, Normal semi-linear transformations, Amer. Jour, of Math., vol, 61(1939), 
p. 48 

* The derivations in Q are all inner, i.e., 2D = xd — dx for a fixed element din Q. See 
Jacobson, loc. cit. (footnote 1), p. 215. 
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element in Q’ = Y%' 1 Q. Any D is determined by its effect on e , ¢; and &. 
We shall show that D has the form 


(5) eD= Y ers, e2D = Pi «gD = + én, 
1 1 1 


where 
(6) Ay = wo = M4 = may + eae = yA, + Asay = Vo + pace 
= Agayae + usa a4 — V304a2 = 0), 


Equations (6) are obtained from e,(esD) + (eD)e; = 0 (¢ = 1, 2, 4), tr (e1¢2)D = 
tr (ee;)D = tr (e2e;)D = tr (e3e3)D = 0. Now suppose D satisfies (5) and 
define esD = (e,D)e. + e(e2D), esD = (eD)es + ex(e,D), etc. By subtracting 
a suitable derivation obtained by extending a derivation in (1, @& , 2, és) by 
€, — ces, we obtain an E of the type (5) for which A, = As = wm = 

ve = vy = 0. Similarly, if we use (1, & , es, ez) with e,, we may obtain an F 
for which Ay = A; = ve = v3 = Oalso. Then by (6) uw, = ws = 0. If we use 
(1, &; , &4, @s) With eg we obtain \y = As = we = wr = » = O. Thus Disa sum 
of derivations and hence is itself a derivation. D has order 14 over ®. 

We wish to show next that D is an irreducible set of linear transformations 
in %’. For this purpose we consider the enveloping algebra §®, i.e., the smallest 
algebra of linear transformations containing the operators of D in YW’. The 
derivations defined by 


eD = €20,X + €3é, é2D = — €,a10X — Cs), e,D = () 


have the matrices 


relative to the basis (e, , 2, --- 
0 — ae pa 
Ly; =| Aq 0 — vay 
m —y 0) 
and J, is a 4-rowed matrix. It is readily verified that the enveloping algebn 
of these matrices includes the matrices 


(* 4): 


where A is an arbitrary 3-rowed matrix. Furthermore, if 2 is the derivatiot 
> , , ’ 1 py? ° 
defined by ek ésk 0, eh ¢,, then a; KE” has the matrix 


’ 


(’ ;): 


‘The matri Vo of a linear transformation A relative to the basis (ce, 


defined by A, €:A nA) (¢ C2, , €,)M 
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Thus R contains the linear transformations whose matrices are 


(“ )-( 5)-@ aX a): 


In particular 8 contains the linear transformation Ey, such that q£y = e, 
eEn = 0 and Ey» such that aH. = e2:, eH» = 0 fori + 1. If we replace 
e; , €2 by the pair e; , e;, we see that ®R contains Z#;; and E;; and hence & is the 
complete set of linear transformations in Y%’. Evidently this implies that %’ 
contains no proper subspace invariant under all the transformations of PD. 


3. Assume from now on that ® has characteristic 0. The irreducibility of T 
implies that D = D, ® D2 @ --- @ D, a direct sum of simple Lie algebras." 
If D is any element of D, D = >> D;, D;in D;. The condition that two such 
elements be commutative is that their components D; be commutative. It fol- 
lows that the subalgebra €(D) of derivations commutative with a fixed D is a 
direct sum of r subalgebras €(D) M D; # 0. Now let D be the derivation 
defined by 4D = ea; , @D = —ea.,eD = 0. Then 


(e,D, e2D, --- , erD) = (e2a, , —eyae , 0, O, —egcy , Csae , 0) 
and the conditions e,[D, E] = e|D, E] = e{D, E] = 0 imply that 
EF = e€er2 + e5A5 + C6rs6, CoH = eu, + sus + Cous , esE = e3vs + erv7. 
where 
Mia + Acae = usa, — Agae = ws + As = vsaQy, — ZWgay = O. 
It follows that €(D) has the basis D, FE, , BE: , Es , where 


(ey , e2fy,---, er) = (@;, —@s, —2ez, O, ey, —egary , —Qesara), 


’ ae ay aye 
(eK ’ eels ere » e7E2) = |e, & » 2esae , 2es —, C304, Cy ,O)}, 
Qa) Qi Qi 
(e,E3 , eos, --- , e7Hs) (€ga, , —@yaq , O, ez , Cgay, , — sae , — Zeyerare), 


whence 


[E,, Es] = 2K, “, [E:, Es] = —2Eias, [E;, Ei] = —2E wn. 


a i 

This table shows that the only ideals in €(D) are (D) and (£,, B:, Bs) and 
QD) = (D) @ (F., Ey, Es). Hence r S 2 and if r = 2, De D, and (A, 
E;, E;) © De. The derivation D’ = 4(D — Es) satisfies eD’ = —e, eD’ = 
tama, , 4D’ = 0. Hence if we replace e , ¢:, e by es, er, & , the above argu- 
ment shows that D’«D, or D’eT,. Either case contradicts D, N Ds 0. 
Hence r = 1 and we have proved the following theorem. 

* The irreducibility implies that D = S @ D’, where S is a commutative algebra and 
VY issemi-simple (Jacobson, Rational methods in the theory of Lie algebras, Annals of Math., 
vol. 36(1935), p. 877). By Cartan’s theorem TY is a direct sum of simple algebras (Thase 
». 33). Evidently any commutative algebra is a direet sum of simple algebras of order | 


~ 
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THEOREM. ® is a simple Lie algebra. 


—~ 


Thus if ® is algebraically closed, D is the simple Lie algebra of order 14 
in the Killing-Cartan list." We may now apply Cartan’s theory of repre- 
sentations.” The weights of any representation of D have the form 
mi + Mere + Mrz, Where m + Me + m; = 0, 3m; and m; — m; are integers, 
If A is a weight, so are all the forms A — w;, A — 2w;,---,A — 3m; = 
—mMdrx + (m+ my)A; + (mM: + M,)AK, wi = FAL — FA; — FA, and A 
A — Q0i;,--+,A — (m — mMj)wi;j = Mri + MA; + MAL, wij = Xi 
The last equation shows that if A is a weight, so are all the forms obtained by 
permuting the m’s in A. The highest weight of an irreducible representation 
satisfies my 2 mz, = mz, mM S 0. 


Lemma 1. The representation in %' is the only one (in the sense of similarity) 
of order S 7. 

Suppose A is the highest weight of such a representation. We distinguish 
three cases: 

(1) me < 0, mz > ms. Here | m;| ¥ | m;\, 7 # j and hence we obtain at 
least 12 distinct weights. 

(2) m, = 0. Then A = k(Ay — de) and k is an integer. Again we obtain 
more than 7 distinct weights. 

(3) me < O and m, = ms. Here A = k(¥\, — 4d2 — 4A3) and we obtain 
more than 7 distinct weights unless k = 1. In this case we obtain 6 distinet 
weights # 0 and the highest is $A; — 42 — 4)z;. 

Since the highest weights of any two representations under consideration are 
equal, these representations are similar. 

Let D— D® = D be an automorphism in D. This correspondence defines 
second irreducible representation of D in %’, and hence by Lemma | there exists 
a linear transformation S in %’ such that D = S''DS for all D restricted to 
Since D, D are skew, D = S*D(S*)™ and SS*D = DSS*. Since the enveloping 
algebra of D is the complete set of linear transformations, SS* lo,o #0. 


We may replace S by S, = Sr, 7° = o ' and obtain that S, is orthogonal, ie, 
xrS;, yS:) = (2, y). Define 18; = 1. Then D = S;'DS, in % and S, és 
orthogonal. Let (1, @&,---,é) be a basis as in §1 and f; eS. Then 
e:, &) = (fi, f;) and hence ef = fi. Let D be the derivation such that (eD, 
éeD, . e7D) = (a, , —ya2, 0, —€7, — Desay , Zesare , Cyarycra). Kvidently the 
multiples of e, are the only elements in Y’ annihilated by D, and hence the 
multiples of f; are the only elements annihilated by D. Since 


(fife)D = (fiD)fe + filfeD) = fia — fia, = 0, 
She Jp, and since 
Ja, Ja) 3, &%) (ey , &y) (2 , 2) (fi, fi) fe , fe) (fife, fifa) 
Cartan, These, Paris, 1894, p. 94 


Cf. Cartan, Les groupes projectifs qui ne laissent invariante aucune mulliplicilé plan 
gull. Soc. Math. de France, vol. 41(1913), pp. 53-06 
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we have p = +1, or fife = +fs. Similarly fif; = fioije:; , ej = +1 if ee; = 
e@pij. By changing the sign of 7 if necessary, we may suppose fife = fs. Then 
fofs = friar, Safi = foo. and e; — fi, 2 — fe, es — fa leads to an automorphism 
S in % such that 7’ = S,Sz" satisfies 
eT = @:&, & -{ ft= 1, 2,3, 4, 
+1 if 7 5, 6, 7 


? ? 


and D, = 1’ "DT «Dif D does. Using our special D, we obtain 


é5D, e571" ‘DT = — Qegesesari 
(e:¢4)D, = —ee(er + loa, 


and hence e; = 1, 6 = 1. If we use the derivation E such that eF = e;, 
qh = eae, &H = e. and compute eH, in two ways, we obtain « = « = 1. 
Thus 7 = 1, 8S, = &. 
Lemma 2. If D — D* is an automorphism of D(A), A the Cayley algebra over 
an algebraically closed field ©, then there is a unique automorphism S in A such 
8 Ing 
that D* = SDS. 
If S’ and S” both satisfy this condition, 1S’ = 18” = 1 and S’ and S” send 
S 
A 


a’ into itself. (S’)S” commutes with all D in %’. Hence S” = pS’. It 
follows immediately that p = 1. 


4. Suppose % = (1, a, ---,e7) and % = (1, fi, --- , fz) are two Cayley 
algebras over ® of characteristic 0 such that D(%,) 2 D(%e), where, say, 
D— E gives the isomorphism. If © is the algebraic closure of #, there is just 
one Cayley algebra % over 2 and we may regard %, and Ws as subrings of % 
and 1, e,,---,ée, and 1, f,, --- , fz as bases for M over Q Let D,, --- , Dus 
and EF, , --- , Ey be corresponding bases for D(%,) and D(%_). Either of these 


D 


sets forms a basis for D(Y%) over Q. If 
cD = Deuw?, fiEe = DSv?, (i,j =1,+:. 


the matrices }> Moy and >> N“w,, M“ = (us), N® = (oS) correspond 
in different representations of D(%). Hence there exists a matrix Q with ele- 
ments in @ such that Q'M“’Q = N°’. Since the M’s and N’s have elements 
in, we may suppose that Q has elements in ® also and by choosing the basis 
hy-++ fr in iH suitably, we may assume M“” = NN“. Let T be the linear 
transformation defined by 17° = 1, e:7’ = fi. Then Dy > T° “D,T defines an 
wtomorphism in D(%). By the proof of Lemma 2, there exists a r = O such 
that 1, fir, --- , for satisfies the same multiplication table as 1, « , » er 
Since e¢2 = ¢3, fifer = fy and re®. Thus 


R l in (1), 
; Tr =n’ 
. . ’ vol ’ 
induces an isomorphism between Yi, over ® and Y%y over ® such that FE = S “DS. 
Sis unique since its extension is an automorphism in % over ©. 
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THEoREM. If %, and %, are Cayley algebras over & such that there exists an 
isomorphism D — E between their derivation algebras, then there exists a unique 
isomorphism S between %, and A, such that E = S'DS. 


~ 


TueoreM. If A is a Cayley algebra over &, D its derivation algebra, then the 
group of automorphisms of D is isomorphic to the group of automorphisms of 4. 


Y: : . y—1 Y 5: . ~ 
If S is an automorphism in U%, D— SDS = D* is one in D. By the pre. 
ceding theorem any S has this form and the corresponding S is unique. 


5. A Lie algebra ¥ is of type G if %o is isomorphic to the derivation algebra 
of the Cayley algebra over 2. The latter is one of the five exceptional algebras 
in Cartan’s list of the simple Lie algebras over 2. If % is any Cayley algebra 
over &, we have noted that De = D(Y%e) so that D is of type G. 

Now suppose % is an arbitrary Lie algebra of type G. The elements of 
may be represented as derivations in (1, e, --- , 7) over 2, where a, = ay = 


14 
a, = 1 in the notation of §2. Thus &% = the set > Divi, yin ®, and > Dja;, 
1 


w in @, give all the derivations in the algebra over 2. The D’s are determined 
as in (5) and the A;, ui, v; obtained by the derivations _ D;y; generate a finite 
algebraic extension of @ and may be taken as elements in a finite Galois exten- 
sion P of @. Thus &p is isomorphic to the Cayley algebra of (1, e, --- 
over P. 


If s¢@ the Galois group of P over %, the correspondence z = > epi > 
0 


> ew! = 2S (& = 1) is an automorphism of (1, e, --- , es) over P regarded 
as an algebra over @ and (zp)S = (zS)p". It follows that E; = S 'DjS are 
linearly independent (over P) derivations and have the same multiplication 
table as the D;. Hence > Di, y E,o;, ¢ in P, is an automorphism in the 
derivation algebra and there exists an automorphism 8 of (1, a, --- ,4@) 
over P such that > Ew: = § (> Dya)8. In particular, if S; = SS” 
S; (> Diy) 8; = F Diy;. Let Abe the subset of elements y such that yS; =y 
for allsin @. Wis an algebra over # containing |. 
If ¢ = uin G, ST = U and 


O°DO = U'DU = T'S"DST = T'S "DST 
= 7T'3° TT 'D7)T ST = (T'S 'T)T'D,TT'ST) 
U and T(1T S37) are automorphisms in (1, ¢ , , ér) over P and hence by 
the uniqueness noted above they are equal. If U, = UU", 7, = TT”, it 
follows that S,;7; = U,. We require the 
Lemma. Let R be a vector space of order n over P, a separable Galois field over 4% 
Suppose s —> 8, 1s a (1-1) representation of the Galois group & of P over # by 


semi-lincar transformations such that pS; = Sy’. Then the order over & of We 


the set of elements invariant under all 8S, 18 n and its extension oP 
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The set of operators > Siu, , usin P, is a cross product (P, S; , 1) and hence 
is isomorphic to 4 the k-rowed matrix algebra over ®. We may regard 8 as a 
vector space over ®. Then its order will be nk and the operators in (P, S;, 1) 
are linear transformations and therefore determine matrices in ®,;,. Thus we 
obtain a representation of 4, in ®,, such that the identities correspond. It is 
well known that this representation decomposes into n irreducible parts all 
equivalent to®,. Hence we may write any z in ® uniquely as 7, + --- +2, 
where the x; form an invariant subspace Xt" relative to all }> Syu,. The con- 
dition rS,; = x is equivalent to z;S,; = x; and therefore Ry = SS” 4. ... te ee 
if)” = R” A Re. Because of the similarity of the transformations induced 
by S; in RW" and RMR” the order (Mo" :&) = (Ro” :) and hence (Mp :%) = 
n(Ro :*). Now if we consider the special case where n = 1 and the operators 
§, are the elements of the Galois group, we see that the elements left invariant 
by S, form a 1-dimensional subspace, namely, © itself."* It follows that Mp has 
order n over ®. If y; is a vector in ®*" such that y,S; = y; , RK" consists of the 
multiples yio and hence R = MoP. 

Returning to our special case, we see that % has order 8 over @ and AP = 
(lé:,---,@7) over P. Hence AP => Ap and A is a Cayley algebra. If D 
d Divi, (yD)S, = yD, i.e., yD eA and hence ) D,y; is a derivation in YW. 
Since the D; are independent, we obtain here all the derivations in 4. 


THEoreEM. A necessary and sufficient condition that a Lie algebra ¥ over & le 
of type G is that ¥ = D(%), Ma Cayley algebra over %. 


6. The above results establish a complete equivalence between the problems 
of classifying and obtaining the automorphisms of Lie algebras of type G and the 
analogous problems for Cayley algebras. As was noted also the classification 


of Cayley algebras can be reduced to a question of equivalence of certain quad- 


ratic forms in eight variables. For certain special fields, this is readily accom- 
plished. In particular, if ® is real closed, there are two Cayley algebras and 
if? is an algebraic number field, there are 2"' such algebras, where r;, is the 
number of real conjugate fields. 

We remark finally that the arguments above are quite general. The special 
considerations are all contained in the study of the structure and automorphisms 
for the algebras over an algebraically closed field. We hope to apply this 
method to other types of Lie algebras in a later paper. 


University or Norrn Carouina 
* This method may be used to prove that (P, S, 1) > @ For we obtain here a realiza 


hon of the cross product by linear transformations in P over ® Since the order of 


PS. 1) = k*, this set includes all linear transformations and hence is isomorphic to @» 








THE FIRST CANONICAL PENCIL 
By P. O. BELL 


I. Introduction 


Among the most important covariant lines which lie in the tangent plane to a 
surface S at a point P, are the first canonical edge of Green [5],' the first directrix 
of Wilezynski [7], the reciprocal [5] with respect to the surface S of the projective 
normal [4], and the reciprocal with respect to S of the axis of Cech [3]. In view 
of the fact that these covariant lines, each of which was discovered by a different 
author, were characterized by apparently unrelated properties, it has been con- 
sidered remarkable that they all should pass through a common point of the 
tangent plane. This point has been called the canonical point. Wilezynski [7] 
and Green [5] have referred to lines in the tangent plane to S at P, as lines of the 
first kind. Accordingly, a covariant line which passes through the canonical 
point has been called a canonical line of the first kind. The totality of canonical 
lines of the first kind form the first canonical pencil [1]. The primary purpose of 
the author in this note is to present a new geometric characterization of a general 
canonical line of the first kind. For this purpose the projective normal is first 
constructed in a new way. 


II. The projective normal 


Let the surface S be referred to its asymptotic net as parametric, and let us 
choose the associated fundamental differential equations in Fubini’s canonical 
form 


(1) {uu = px + Outu + Bro, 

\ teu = QE + Eu t+ Ode, 
where 6 = log By. Let 1 denote an arbitrarily chosen line of the first kind. The 
line | therefore intersects the u- and v-tangents to S at P, in points p and o whose 
general coérdinates are of the forms p = z, — bx, ¢ = 2, — az, in which a and b 
are functions of u and v. Let l’ denote the reciprocal of | with respect to S at 
P,. Let 7 and w denote, respectively, the points distinct from P, in which the 
line U’ intersects the quadrics of Wilczynski and Lie [7] at the point P,. The 
general coérdinates of 7 and w may easily be found to be given by the expressions 
r = z+ (ab — 36,.)2 andw = +r — }(By)z, in which z = 2, — az, — br. 
For this purpose one would make use of the equations 


(2) 2(xexs — 2141) — Pure, = 0 


Received December 15, 1938; presented to the American Mathematical Society, April 9, 
1937. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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~I 
io 9) 
or 


and 
(3) 2(aers — r1t1) — (By + O-)xi = 0 


for the quadries of Wilezynski and Lie, respectively, referred to the reference 
tetrahedron whose vertices are the points z, xz, , 2, and z,,. As the point P, 
moves along a curve C, , defined by dv — A du = 0 (Ais a function of u and v), 
the points 7 and w describe corresponding curves. The tangent lines at 7 and w 
to these curves intersect the tangent plane to S at P, in points which we denote 
by 7, and W,, respectively. The expression for the general codrdinates of 
T, is given by a linear combination of r and +, + Ar, which does not contain 
z,.. A similar combination of w and w, + Aw, gives the expression for the 
general coérdinates of W,. The term of 7, + Ar, which involves Zu» is (OQ. + 
\o, — b — ad)xu» ; the same term appears in w, + Aw,. Hence, the expressions 
for 7, and W), are 

T, = tu t+ Ate — (Ou + AW, — b — addr, 

Wy = wu + wr — (84 + Oy — b — aAdw. 
Making use of the expressions for 7 and w and the equations (1), we obtain 
(4) Wy — Ty, = —3Py[2tu + bx + A(z, + az)). 


Let 4, denote the line which is tangent to C, at P, , let r denote the line joining 
W, and 7, , and let » denote the point of intersection of 4 and r. Since the 
right member of (4) is a linear combination of x and x, + Az, and is also a linear 
combination of the expressions for the coérdinates of W, and 7,, it is the 
expression for the coérdinates of »,. We shall call the point » the »-point of t , 
corresponding to the point P, and the line l. Since the right member of (4) is a 
linear combination of 2, + bx and x, + az, the point » , for any value of A, 
lies on a straight line / which joins the points j and é given by 


p = x, + ba, 6 = z + az. 


We shall call the line | the v-associate of the line 1, corresponding to the point 
P,of S. We state now 


THEOREM 1. As the direction d is varied at P, , the v-point of ty , corresponding 
to the point P, of S and the line l, describes the v-associate l of the line 1. 


The point u» of intersection of 1 and l has general coérdinates of the form 
»= ax, — bxr,. Since the points z, and 2, lie on the line 1, , the reciprocal with 
respect to S of the projective normal, the point yu likewise lies on it. Hence we 
have 

THEorEM 2. The points py; (i = 1, 2, ---) which are the intersections of an 
arbitrarily chosen set of lines l; of the first kind with the corresponding v-associates 
|; are collinear, and they determine the line l, which is the reciprocal of the projective 
normal I, . 


Let t; denote the tangents to S at P, which pass through the points 4;. The 
equations of the lines l; , referred to the triangle of reference whose vertices are 
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the points z, z, and 2, , are of the form 2; + biz + ajz3 = 0 (4 = 1,2, ---). The 

equations for the corresponding »-associates |; and the tangents ¢; are, respectively, 
bro — Aywzs3 = 0, a;Z3 a bite = (. 

Therefore we obtain 


THEOREM 3. For an arbitrary value k of the set (¢ = 1, 2, ---, kh, ---) the 
harmonic conjugate of t, with respect to the line l, and its v-associate |, is the line |, 
which is the reciprocal of the projective normal l’, . 


Let t; denote the tangents to S at P, which are conjugate, for corresponding 
values of 7, to the tangents ¢t; at P.. Now since for any value z = k the tangent 
t; and the lines J; , 1; and 1, , which are the reciprocals of 1; , |, and 1, , are recipro- 
cal polar lines of t; , , , l. and 1, with respect to the quadrics of Darboux, we have 

TureoreM 4. The lines t; , li, , l, and Ul, , for an arbitrary value i = k of the se 
(¢ = 1, 2, ---), are coplanar, and the harmonic conjugate of t, with respect to the 
lines l, and l;, is the projective normal I, . 

Theorem 4 shows that the planes x; , in which x; is determined by lI; and ,, 
form a pencil whose axis is the projective normal. 

III. The D, curves of S 

A curve of S will be called a D, curve if at every point of it the curves of 
intersection of its asymptotic osculating quadrics of Bompiani [2] lie on the 
quadric of Darboux whose equation is [6] 

(5) 2(xer3 — 224) — [By(1 — k) + Owlai = 0, k = const. 
For each value of k there are just three D, curves of S through P, . 

The curvilinear differential equation for these curves is obtained as follows. 
The equations for the asymptotic osculating quadrics Q, and Q,, of a curve ( 
at P, are 


2(xex, — 1104) — BWyArs(X3 — Are) 


(6) : . P 
+ {y[—r’ — yr’ + WY — 6)" — (Qe — OA] — (By + Our) a = 
and 
2n*(xers — 2104) + WZBrzy(r3 — Ax2) 
+ {B[\’ — B + (yp — OA — (2p — 4,)r] — (By + Oued Sai 


respectively, where g and y are defined by 


(7) 


g = (log By’)., v= (log B’y).. 


On multiplying both members of (6) by 6 and both members of (7) by y and 
adding corresponding members of the resulting equations, we obtain the 
equation 


2yr’ + B) (Lex, — Lys) 


(8) ' , sal 
— (Buy + 2B’ + Beh + yBYr’ + [27'B + vOue)d°)x4 = 0, 
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which is the equation of a quadric of Darboux if yA° + 8 + 0. It is equivalent 
to (5) if, and only if, A is chosen so that 


(9) yy + (W/[l + kl)’ + @/l + DA + 6 = 0. 


The curves of intersection of Q, and Q, which correspond to C, at P, cannot 
lie on more than one quadric of Darboux at P, of C,, for a unique quadric of 
Darboux passes through a given point not in the tangent plane to S at P,. 
We therefore have the curvilinear differential equation for the D; curves of S 
in the form 


(10) y dv’ + (y/[1 + k]) do* du + (e/[1 + k)) dvdu? + Bdu’ = 0, k = const. 
IV. The geometric characterization of a general canonical line of the first kind 

There are ~* quadrics which have contact of the second order with S at a 
point P,. The equation of a general one of these can be written in the form 
(11) Lely — LyXq + La(koxe + kgxs + kya) = 0, 


where ke , ks , kg are arbitrary functions of u and v as P, moves over S, and are 
constants when P, remains fixed. The quadric (11) cuts the surface S in a 
curve which has a triple point at P, and whose triple point tangents are in the 
directions which satisfy the equation 


(12) ydv + 3k3 dv’ du + 3k2dvdu’ + Bdu' = 0, ke, ky arbitrary. 


Since equation (10) is a special case of equation (12), we have 


’ 1 * . ° - 

TueorEM 5. There are ~ quadrics which have second order contact with S 

at P, and which intersect S in a curve whose triple point tangents are the tangents 
of the D, curves of S at P, . 


We shall call these the D, quadrics at P,. The equation of a general one of 
them has the form 


(13) areag — rita + (4/[1 + Ke] xara + (40/1 + k))aers + hari = 0, 


k = constant, kg = an arbitrary function of u, v. The polar line of the pro- 
jective normal with respect to the quadric (13) is the line whose equations are 


(14) 2 = 0, a — (4¢/[1 + k])ze — (40/[1 + A) zs = 0, k = const. 


These are the equations for a general canonical line of the first kind. We may, 
therefore, state 


TuEeoreM 6. The polar line of the projective normal with respect to a Dy, quadric 
at P, is a canonical line of the first kind which is independent of the choice of the 
quadric. By a proper selection of the constant k this line may be made to become 
any desired line of the first canonical pencil. 

Equations (14) show that if k = —, the line is the first directrix of Wil- 
caynski; if k = —2, it is the reciprocal of the axis of Cech with respect to the 
surface S; if k = —4{, it is the first canonical edge of Green; and if k = ©, it is 
the reciprocal of the projective normal with respect to the surface S. 
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THE NON-EXISTENCE OF A CERTAIN TYPE OF CONTINUOUS 
TRANSFORMATION 


By O. G. Harro.p, Jr. 


1. It has been shown recently’ that there exist continuous transformations 
defined on an are A such that, if B denotes the image space, each point in B has 
exactly k inverse points in A (k = 3, 4,5, ---). Thus fork = 1, 3,4, 5, --- it is 
possible to define an exactly (k, 1) continuous transformation’ on an are. For 
k = 3, 4, 5, --- the image may be taken to be a circle. We show that fork = 2 
the circle cannot be an exactly (k, 1) image of an arc, and in fact, no exactly 
(2, 1) continuous transformation can be defined on an are. This is the same as 
saying that it is impossible for any Jordan continuum to be so generated as the 
path of a moving point, whose codrdinates are continuous functions of the time 
(0 $ ¢ S 1), that every point of the continuum is passed through exactly twice. 


2. In this section it will be shown that no exactly (2, 1) continuous trans- 
formation exists carrying an arc into either an are oracirecle. First, we establish 


LemMA A. Let 7 be a continuous transformation of A into B such that each point 
beB has at most two inverse points in A. If T(xy) = ab preserves end-points, 
where xy is an arc in A and ab is an arc in B, then T is topological on ry. 


This lemma can be proved immediately if we notice that it is essentially 
equivalent to the following theorem concerning a real continuous function: 

If f(z) is continuous for 0 S zx S 1, f(0) = 0, f(1) = 1,0 S f(x) S 1, and 
finally for each y (0 S y S 1) f ‘(y) consists of one or two values, then f is 
monotonic on0 Sz S 1. 

From Lemma A it follows easily that our image space can be no are. Evi- 


Received January 4, 1939; in revised form, May 31, 1939. 

‘The following example, formulated by G. E. Schweigert, shows that an exactly (3, 1) 
continuous transformation can be defined on an arc, the image being a circle. 

Let C be a circle and (y,) a sequence of distinct points on C in cyclic order with lim 
yx = y.. Let the are of C between y, and y,,, be denoted by Y,. Set z, = 1 — n™. 
Let the are of the unit interval between z, and 2x,,; be denoted by X,. Define 7 as 
follows. Map X, topologically on Y,; with T(z.) = yi. For n 2 1, map Xena, on 
Y.+ Y.usi topologically with T(2e.4:) = ya. Forn 2 1, map Xe, on Y, with T(z.) = 
Yur. T(lim 2.) = yr. 

If we add to the unit interval the semi-closed interval 1 < 2 S 2. and map it in one-to-one 
continuous fashion on the whole circle so that 7'(1) = 7(2), an exactly (4, 1) continuous 
transformation is obtained. The method obviously admits extension. 

* By a (k&, 1) transformation is understood a single-valued transformation such that 
every point in the image space has at most & inverse points. An exactly (4, 1) trans- 
formation is a single-valued transformation such that every point in the image space 
has exactly & inverse points. 
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dently, all that remains to be shown is that an are zy cannot be transformed in an 
exactly (2, 1) continuous fashion onto an are ab in such a way that (x + y)T™ (a) 
= 0. Supposing such a transformation were possible, let T™'(a) = a' + a 
where a’ precedes a’. Suppose 7'(a'a”) = aj. Let j' €a'a’-T'(j). Then each 
of a’j' and j'a’ contains an inverse to an arbitrary inner point of aj. Hence 
T(xa’ — a’) does not have a as a limit point, and the continuity of 7 is denied. 

Next let us assume that 7(ry) is a circle C. Let wu’, u’, v', and vo’ be distinet 
points on the are zy and a and b distinct points of C such that (1) T(u’) 
T(u’) = a, (2) T(v') = T(v’) = b, (3) w' is z and either w’ or’ isy. Let s', # 
and s° be the three components of zy — (u' + u’ + 0' + 0°). Let d and e denote 
points of C which are separated by a and b, so that adb and aeb are arcs whose 
sum is C. For each i (¢ = 1, 2, 3) T(s*) is a subset (proper or improper) of one 
of the open arcs adb, aeb. Thus one of these ares, say adb, contains the image 
under 7’ of just one of the segments s’, say s'. Then 7'(3') = adb, and from this 
it follows that s' has end-points u‘ and v’. Then by Lemma A, T is topological 
on §' and thus 7~‘(d) is a single point. This completes the proof that neither 
an arc nor a circle can be the image of an are under an exactly (2, 1) continuous 
transformation. 


3. In this section it is shown that, if T is an exactly (2, 1) continuous trans 
formation defined on an are A, B = T(A) can contain no triod ab + ac + ad 
in which two of the ares, say ab and ac, are free ares. Three cases may be dis- 
tinguished according as 7” ‘(a) = a’ + a’ contains two, one, or no end-points of 
the arc A. As the method involved is the same in all three cases, we shall 
consider only one of them. The last one involves the longest argument; hence 
we consider that one. 

Let the end-points of A be z and y. If za’, say, contains inverses of each 
point of a sequence of points on ab converging to a, let z' xa’ be sufficiently 
near a’ so that 7'(z'a’) C ab, and, hence is an are, aj. Let 2’ be thefirst point on 
z'a' as it is traversed from a’ which belongs to 7 '(j). By Lemma A, T is 
topological on a'z*. The set of inverses to ab not in a'z’ must have a’ or @ 
(or both) for a limit point. In either event another are, a’y’ say, T'(a’y’) C ab, 
can be determined on which T' is topological. Similarly, corresponding to the 
free arc ac there are determined two arcs in A each of which has a point 
7 *(a) as an end-point and such that 7’ is topological on each one. Hence @ 
and a can each be enclosed in an open set U' which contains no inverses t 
ad — a, but the continuity of 7’ implies that 7” '(a) contains at least one more 
point, and this is not possible. 


4. The image space B must be stably regular (bestandig regular).’ ‘To estab 
lish this it is sufficient to show that for an arbitrary continuum K C B,& 
contains a free arc of B. We prove first the weaker property that each are! 


*A compact continuum is called stably regular provided the enclosure of its set ¢ 
ramification points is totally disconnected. 
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in B contains a free arc. ‘To show this suppose, on the contrary, each point of ¢ 
isa limit point of B — t. Either T~*(#) is totally disconnected, or, since T”*(t) C 
A, T‘(t) contains an are u. The first possibility is ruled out by 


Lemma B. The dimensionality of a compact metric space P is unaltered by an 
exactly (k, 1) continuous transformation. 


This lemma is a consequence of the following theorems of Hurewicz‘ on 
dimension theory: 

(1) If B is the continuous image of the compact metric space A, and if dim 
B < dim A, then some point zx in B is such that 7~'(x) contains a continuum. 

(2) If B is the continuous image of the compact metric space A, and if B, is 
the set of points of B with exactly k inversive images, dim B, S dim A. 

If 7 ‘(t) contains an are u, set T(u) = t'. Let the end-points of ¢' be c' and d’. 
At least one component of u — 7” ‘(c' + d')u has an enclosure u', one of whose 
end-points, z, maps into c' and the other, y, into d', hence by Lemma A, T' is 
topological on the are u'. Seth = T(t') — ub + (x + y). If his totally dis- 
connected, a contradiction arises, for if p is an inner point in ¢' which has two 
inverses in h (surely such a point exists, since A is totally disconnected), then p 
has three inverses, since it already has one in u’. Suppose, on the other hand, h 
contains anarev. Then 7(v) =¢ Ct’. Letv' Cv be an are mapping topolog- 
ically into ¢. Let p be an inner point of @ and (y,) a sequence of points in 
B — tconverging to p. Then 7 '(y,) CA — (u'+v'). Hence p must have an 
inverse in the enclosure of A — (u' + v'), and thus p has at least three inverse 
points. We have shown that every are in B contains a free are of B. This 
implies that every continuum K in B contains a free are of B. For T*(K) 
cannot be totally disconnected by Lemma B and hence contains an are u. But 
T(u) is a compact locally connected continuum in K and thus contains an are ¢, 
which by the above remarks must contain an are which is free in B. Thus B 
must be stably regular. 


5. In view of the preceding we have only to consider the case in which B is a 
stably regular curve in which no two maximal free arcs abut. It will be shown 
that, if such a transformation were possible, it would be possible to define an 
auxiliary transformation carrying an arc into a curve containing no free are by an 
exactly (2, 1) transformation. 

Corresponding to a stably regular curve B in which no two maximal free ares 
abut an upper semi-continuous decomposition can be effected as follows. The 
points of the hyperspace C are the free ares of B and the points of B belonging 
to no free are. Clearly, this satisfies the requirements of an upper semi-con- 
tinuous decomposition. Let the corresponding continuous transformation of B 
into C be S, S(B) = C. It is evident that, if « «C, S”'(x) is a point or an are, 
hence S is monotone on B. In fact, if B' is any continuum in B which contains 
all free ares of which it contains both end-points, S is monotone on B’. 


‘W. Hurewicz, Proceedings of the Amsterdam Academy, vol, 29-30. 
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By virtue of the fact that an end-point of a curve is a limit point of cut points 
of the curve, it is easy to show that B contains at most one end-point. In view 
of this, it is next shown that each maximal free are u in B has at least one end- 
point which is a limit point of a sequence of distinct topological circles in B. 
Let p be an end-point of u that is not an end-point of B. If p were not a limit 
point of simple closed curves in B, there would exist arbitrarily small connected 
neighborhoods in B containing p whose enclosures would be acyclic curves. 
Now let gp be an arc in such a curve with only the point pin u. Since uw is the 
unique free arc in B containing p, the enclosure of the set of ramification points 
of B contains points on gp — p arbitrarily near p. We may thus determine a 
sequence of mutually exclusive arcs in this acyclic curve each of which has but 
one point on gp. Since in any hereditarily locally connected continuum an 
arbitrary subset has only a finite number of components of diameter greater 
than any given positive number, B must have end-points arbitrarily near p, 
and this is not possible. 

Suppose now that the curve C contains a free are u. Let u' be an are entirely 
in the interior of u. Let V be an open set in u containing u’. Since B is compact 
and Sis monotone, U = S"'(u')isacontinuum. Since B is stably regular, U isa 
continuous curve and contains a free arc. By the remarks of the preceding 
paragraph, one or the other of the end-points of this free arc must be a limit 
point of topological circles in B. Let e be a topological circle in the open set 
W=S'(V),U CW. The set S(e) = f is a non-degenerate continuum in VJ, 
i.e., an arc. Adjoin to e all free ares j in B both of whose end-points lie in ¢. 
The resulting set e' is clearly a continuum in the stably regular curve B which is 
cyclicly connected. Moreover, S(e') = f and S is monotone on e’. Let three 
points in order on the are f be a’, a’, and a’. The set S-’(a’) is a free are ora 
point in the cyclic curve e’, and hence does not separate S ‘(a') and S““(a’) 
Hence S is not non-alternating on e' and thus not monotone.’ Hence C contains 
no free are. 

Define R(A) = ST(A) = C. Then R is a continuous transformation of the 
are A into the curve C which contains no free arcs. We shall show that to every 
point z eC, R(x) consists of two components. First, let 2 be a point in C 
whose inverse in B is a point z'. Since 7’ is an exactly (2, 1) transformation, 
clearly x has two inverse points in A. Next, let z be a point in C whose invers 
in B is a free are x”. The inverse of x’ in A, by virtue of Lemma B, cannot be 
totally disconnected and hence contains an arc j, which is a component of 7” '(z’). 
Clearly, since 7 is continuous and z’ is a maximal free arc in B, the end-points of; 
must map into one or both of the end-points of z*. The inverse of each end-point 
of zx’ must contain one point in each non-degenerate component of 7” '(z’), of 
both inverses of an end-point of 2° lie in the same component. Hence there 


must be at least one and at most two non-degenerate components in T(z) 


®G. T. Whyburn, Non-allernating transformations, American Journal of Mathematics, 
vol. 56(1934), pp. 294-302. 
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In the second case there can be no degenerate components and in the first only 
one, hence in all cases a point x « C has two and only two inverse components in 
A. Factor the transformation R = 727'(A), where 7,\(A) = A’, the transforma- 
tion 7'; being monotone and 7° light. Since the monotone image of an arc is an 
arc, the continuous transformation 7’, carries the are A' into the curve C contain- 


ing no free arcs in such a way that every point in C has exactly two inverse 

; . 1 ru. * . . rN . 
pointsin A’. This denies the result of §4. Thus we have completed the proof 
that no exactly (2, 1) continuous transformation can be defined on an are. 


OREGON Strate COLLEGE. 


‘Whyburn, loc. cit., Theorem 3.2. 





FORMAL POWER SERIES TRANSFORMATIONS 
By Dantex C. Lewis, Jr. 


1. Introduction and summary of principal results. Consider an analytic non- 
singular transformation 7 of the neighborhood of the origin of an n-dimensional 
space into itself. The ¢th iterate of 7’, denoted by 7", is defined when ¢ is an 
integer and may be represented by convergent power series whose coefficients 
are functions of ¢. Furthermore the relation 7°" = 77” holds for all integral 
values of tand +r. The question which arises is this: Is it possible to define 7 
for non-integral values of ¢t so that this relation holds for all ¢ and +r? If we 
require the dependence on ¢ to be analytic, the answer is certainly in the negative 
(save for comparatively rare exceptions), as can be shown by examples (n = 2)/ 
[t is, however, in general, possible, as we prove in this paper, to define the 
coefficients of the series for 7" for all values of t, without regard to whether or 
not they converge, in such a manner that 7’*’ = 7°7” holds in a purely formal 
sense. Furthermore, the coefficients may be defined as comparatively simple 
functions of t, being, in fact, polynomials in ¢ and a finite number of expressions 
of the form e“. This result is important for dynamical theory, but we do not 
restrict ourselves here to the type of transformation arising in dynamics. The 


special properties of the dynamical transformations will be studied in a futur 


paper. 
Previous work in this field has been done by C. L. Bouton,” who treated the 
case when the matrix of coefficients of the linear terms is the unit matrix, and 
by G. D. Birkhoff,’ who treated the so-called “conservative” surface transforms- 
tions (n = 2) which arise in dynamics. 
The case when T is linear is of special importance. Here questions of cor 
vergence have no place. The problem is essentially that of defining the +t 


Received February 20, 1939. 

| If such convergent series exist, they must satisfy a system of differential equations o 
the form dz;/dt = X,(z) in which the X; are convergent series in 2, --- , 2, but inde 
pendent of t. Cf. §6.2. In the case of ‘‘conservative’’ surface transformations (n 
these equations have an analytic first integral and are therefore completely integrable 
But examples can be constructed of conservative transformations of “stable type’’ whichia 
this sense cannot be integrable. Cf., for example, G. D. Birkhoff, Dynamical Systems 
American Mathematical Society Colloquium Publications, vol. 9, New York, 1927, p. 28 
The general solutions of the ‘‘non-integrable’’ equations there discussed yield such trant 
formations when the independent variable takes on the value 27. For further information 
on this subject ef. G. D. Birkhoff, Surface transformations and their dynamical applict 
tions, Acta Mathematica, vol. 43(1922), pp. 1-119, especially p. 16. 

? Bulletin of the American Mathematical Society, vol. 23(1916), p. 73. 

* Acta Mathematica, loc. cit. The restriction to conservative transformations is né 
entirely essential. 
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power of a matrix for all ¢, the solution of which is known.* The solution given 
in §3 is, however, obtained by entirely different methods and in a form which 
is necessary for our development of the theory of the non-linear case. On 
account of the intrinsic interest of the linear case, we have devoted somewhat 
more space to its treatment than would otherwise seem desirable. In this con- 
nection it should be observed that the results for the non-linear case can also 
be interpreted in terms of pure algebra. Our results are completely independent 
of whether or not the series defining 7 converge or not; and the set of all formal 
non-singular transformations 7’ form a group with respect to the usual product 
relation.” 

The heart of the paper is in §4 where we obtain our most affirmative results 
for transformations of so-called “pseudo-incommensurable type’. This type 
of transformation is to be regarded as the general type in a very wide sense. 
In §5 it is shown that the situation for those comparatively rare transforma- 
tions that are not of this general type is essentially different. It is nevertheless 
also shown that, if 7’ is any formal non-singular transformation, there can always 
be found a positive integer k such that 7” is of the pseudo-incommensurable type. 

Our work is concerned for the most part with the complex domain, although 
at the end of §§3 and 6 we consider briefly the situation for real transformations. 


2. Preliminary lemmas and definitions. ‘The following assortment of lemmas, 
mostly of an elementary nature, is collected here for convenience: 


Lemma I. If >, Amse*™t* represents a finite sum extended over certain non- 


m,n 
negative integral values of m and n, if Am # Am: (mod 2xt) unless m = m’, and 
if the sum vanishes for all sufficiently large integral values of t, then all the coeffi- 
cients A mn must vanish. 


Proof. Denote the above sum by f(t). Let M denote the maximum real part 
of any of the A’s and let N denote the largest of the n’s accompanying terms 
having A’s whose real parts are each equal toM. Then f(t)e"“‘t™™ will have 
the form »» Bye“*' + o(t) as t—> &, where the 76’s are some of the imaginary 


parts of those A’s whose real parts are equal to M, and are consequently not 
congruent to each other (mod 277). The B’s are those A’s accompanying the 
. ° +s On (t+r) 
corresponding terms in the original sum. It follows that >> Bye**“*”? = o(t) 
K 


for large integral values of t and r = 0, 1, 2,---. We regard these equations as 
linear equations with the B’s (A, in number, say) as the unknowns. In virtue of 
the fact that the @’s are not mutually congruent it is found that the determinant 


‘Cf. J. H. M. Wedderburn, Lectures on Matrices, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 17, New York, 1934, pp. 119-123. 

*For the réle played by formal power series in algebra ef. Saunders Mac Lane, Some 
recent advances in algebra, Amer. Math. Monthly, vol. 46(1939), pp. 3-19, where reference is 
made to the fundamental work of S. Lefschetz. 
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of the first A of these equations (i.e., the equations obtained by taking r = 0, |, 
2, --- ,h — 1) is bounded away from zeroast— «. In fact, this determinant, 
up to a factor of absolute value one, turns out to be the Vandermonde deter. 
minant formed from e“',---,e”*. It follows that B, = o(t), which means, 
since B, is independent of ¢, that B, = 0. A repetition of this process proves 
that all the coefficients must vanish. 


LemMAII. Let &, --- , & denote any s numbers such that no linear combination 
of them with integral coefficients is a non-vanishing integral multiple of 2mi. Le 
P(t) represent a polynomial in the following 2s + 1 expressions:° 


+ " —tyt —t, 
gg ss +t goat gt 


b e ’ ’ 


Then, if P(t) vanishes for all sufficiently great positive integral values of t, it must 
vanish identically. 


Proof. P(t) can be written in the form of a finite sum of the type considered 
in Lemma I, where the A’s are linear combinations of the £’s with integral coefi- 
cients. No two of these A’s can be congruent to each other modulo 227 without 
being actually equal to each other; otherwise we could find a linear combination 
of the A’s with integral coefficients equal to a non-vanishing integral multiple of 
2mi, contrary to hypothesis. Two or more terms of the type Ae“‘t” with nm 


merically equal A’s and n’s are merged into one, so that all the hypotheses of § 


Lemma I are fulfilled. The present lemma therefore follows as a corollary 
of the preceding. 

The difference equation Af(t) = f(t + 1) — f() = e* (£ £ 0, mod 277) together 
with the initial condition f(0) = 0 is well known and is readily verified to admit 
the solution 

ec —e 


f(t) = folé, k, t) = —— 


where k is an arbitrary integer. By repeated differentiation with respect to § 
we find that the equation Af() = e*t" together with the same initial conditions 
satisfied by 


. ' ES 
fi -_ Sn{&, k, t) — gen POEs k, t). 


Now fo(é, k, 0) has a removable singularity for § = 2k7i, and the Taylor serie 
development is easily seen to be of the following form: 


folé, k, ) = ” ss 2 — (— — 2kwi)” ; 


6 In the future we shall, for brevity, refer to such a function as a polynomial in th 
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where L,(t) is a real polynomial in ¢ lacking a constant term.’ It follows that 
fal, k, () also has a removable singularity for § = 2kwi and that 


* ri Le (t) 
Sm(2kri, k, t) = e™* Be oy (k = 0, +1, +2, ..-) 
satisfies the difference equation Af(t) = e**"t". 
We now introduce, for convenience, the “chief sum”’ of a function f(t), denoted 
by Sf(t). We proceed to define Sf(t) for certain simple types of functions in 
the following three steps: 


I. Set” = fm(é, 0, ), where m is a non-negative integer and & # 0 (mod 277). 


I. Se*""'¢" = fn(2kwi, k, t) = e**"* esl (k = 0, +1, +2, ---). 


Ill. Sifi(t) + fo()) = Sfi() + Sfe(t) and Skf(t) = kSf(t), where k = const. 
The following lemmas are now obvious from the preceding discussion: 


Lemma III. The chief sum is now well defined for all functions f(t) which can 
be written as polynomials in a finite number of expressions of the type e**'t', and 
Sf(t) ts another function of the same type. It vanishes for t = 0 and satisfies the 
difference equation ASf(t) = f(t). 


Lemma IV. If a polynomial f(t) in expressions of the type e**'t' takes on only 
real values, when t is real, then Sf(t) also is real when t is real. 


Notice that to prove Lemma IV it is not sufficient to remark that, if Alz(¢) + 
iy(t)] = f(t) + ig(d), where z, y, f,g, and ¢ are real, then A(t) = f(t) and Ay(t) = 
g(t). For g(t) = 0 does not imply that y(¢) is constant but only that it is periodic 
with period 1. The actual proof depends in a sufficiently obvious way on 
DeMoivre’s theorem and an examination of the explicit formulas available for 
evaluating the chief sum. 

In addition to the notation already mentioned, we introduce here the follow- 
ing conventions to be used in the sequel: 

A point (2, --- , 2») in n-dimensional complex space will be denoted simply 
by x. 

Square matrices with n rows will always be represented by capital letters; 
their elements by the corresponding small letters with subscripts to denote their 
tows and columns. The one exception to this rule is the unit matrix J whose 
elements are denoted by 6;; according to the usual notation. The rule is, 


however, not to be interpreted as meaning that all capital letters represent 
matrices. 


"It is interesting (but unessential) to note the well-known fact that L,(t) = B,(t) — 
B,(0), where B,(0) is the Bernoulli polynomial of degree »v. 
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3. The linear case. Let us consider a non-singular linear transformation 1 
of the form 


(1) af) « : — 


which sends the point x(0) into the point x(1). It is our first purpose to find a 
square matrix Y(t) depending analytically on ¢ in such a manner that, when { 
is a non-negative integer, Y(t) coincides with A‘, the matrix of coefficients of L', 
In other words, if L‘ sends the point (0) into x(¢), we require that 


(2) nt) = D yl2(0), 


at least for non-negative integral values of ¢. Since 


a(t + 1) = b ai; 2;(t) = > ais ysx(t)x(0) = > yik(t + 1)2z,(0), 


it is clear that y,(t) for each value of k must satisfy the linear system of difference 
equations 


(3) y(t + 1) = > ai; y;(t) 


and the initial conditions 
(4) yi(O) = bx, 


at least so far as non-negative integral values of ¢t are concerned. We imme 
diately add, however, the stronger requirement that the y(t) satisfy (3) and (4) 
for all ¢t. This requirement certainly suffices for the validity of (2) for integral 
values of t. From the well-known theory of systems of difference equations 
with constant coefficients’ we are able to satisfy (3) and (4) by means of a set of 
functions y(t), --- , yne(t) depending linearly on n functions of the type rut, 
where \; , --- , A, are the r distinct roots (r < n) of the equation det (A — XJ) = 
0 and J, takes on non-negative integral values less than the multiplicity of the 
root \,. Here dj is regarded as single valued, being interpreted as meaning 
e’“’ where ys is a fixed determination of log \,. These determinations once 
made, the solution of (3) and (4) in this form is unique. 

We have also the matrix relation Y(t + 7) = Y(t)Y(r) which is known t 
hold for all non-negative integral values of t and r. With the aid of Lemma], 


* I do not know of any adequate treatment in the literature of this subject. Neverthe 
less the theory is well known, the situation being analogous to the corresponding situation 
for differential equations. The best reference I know of is to N. E. Nérlund, Differer 
zenrechnung, Berlin, 1924, pp. 295-298. Here the case of a single difference equation @ 
order m (say) in a single unknown is exhaustively treated. The system of n equations ( 
can be reduced to one, or more, such equations by forming differences and elimination @ 
n — 1, or less, of the unknowns. 
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we prove that this relation holds for all values of t and r. This matrix equation 
stands in fact for the n° ordinary equations 


Sault, 7) = yaglt + 7) - > yir(t)yxj(7) = 0 (i,j =1,---,n), 


which are known to hold for non-negative integral values of t and 7. Further- 
more f;;(t, 7) considered as a function of ¢ alone can be written in the form of a 
finite sum of the type considered in Lemma lI. Hence it must vanish whenever r 
is a non-negative integer, regardless of the value of t. Now consider f;;(t, 7) 
as a function of 7 alone. A second application of Lemma I yields the desired 
result, that f;;(¢, 7) vanishes for every value of t and r. 

Thus we have succeeded in defining L‘ in the form (2) for all values of ¢ in 
such a way that L‘*" = L'L’ and so that it agrees with the ordinary definition 
when ¢ is an integer. 

It is not by any means claimed that this definition of L‘ (or A‘) for non-integral 
values of fis unique. But, if Y(t) is another matrix of solutions of (3) and (4), 
it must be related to Y(t) by a matrix equation of the form Y(é) = Y(t)P(8), 
where P(t) is periodic in ¢ with period 1 and reduces to the unit matrix J when 
t= 0; and, if the relation Y(t) ¥(r) = Y(t + 7) is to hold, we must have 


(5) Y(Q)P(OY(r)P(r) = Y(t + 7r)P(t + 7). 


It is not important for our purpose to discuss criteria for the existence of non- 
trivial matrices P(t) which satisfy these conditions, but we content ourselves by 
showing with the help of a simple example that in certain cases such periodic 
matrices exist in great profusion. In fact, let A be a diagonal matrix (n = 2), 
both elements in the main diagonal being equal to e“. Then Y(t) is also a 
diagonal matrix with both non-vanishing elements equal to e“’. It commutes 
with every matrix and hence the condition (5) reduces to P(t)P(r) = P(t + r). 
A matrix P(t) satisfying all our conditions is now readily written down, namely, 


gunnte 0 a b —] 


ein: 
c a 0 es] \c d 


PW) = 


where k and 1 are any two integers and ad — be ¥ 0." Thus A‘ in this case has 
an infinite number of determinations because of the arbitrariness in the choice 
of a, b, c and d, as well as of k and 1. 

It is also interesting to remark that the infinitesimal transformation belonging 
to the continuous group L‘, defined above, is easily obtained. The essential 
facts may be formulated as follows: Consider the system of linear differential 
equations with constant coefficients 
dys 


bs = 
ni dt \tm0 


* For another discussion of this subject from an entirely different point of view, ef. J. H. 
M. Wedderburn, loc. cit. 
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The solution of this differential system which takes on given initial values, 2x,(0), 
- , n(0), is given by the right members of equations (2), which we now regard as 
defining the transformation L‘ for all t. 
The proof consists in differentiating the following obvious equations (which 
merely express the fact that L‘** = L'L’) with respect to r and then setting 
7 = 0: 


a(t+r) = a ysj(r) x; (0) (@@ = 1, ---,n). 
= 

If the original transformation L is real, it is not possible in general to choose 
un (= log \,) in such a way that the transformation L‘ is real for non-integral 
real values of t. If, however, none of the real roots of det (A — XI) = 0 is negative, 
it is always possible to choose the u's so that L' is real for all real t. This is because 
the complex roots occur in conjugate imaginary pairs and the corresponding 
logarithms can also be chosen in conjugate imaginary pairs, so that the solution of 
(3) and (4) will be real, involving possibly trigonometric functions as well as 
real exponential functions in a well-known manner. It is understood, of course, 
in this connection that the logarithms of the positive roots are to be taken real. 
A necessary and sufficient condition that det (A — AJ) = 0 have no negative 

real roots is obviously that L be the square of a real linear transformation. 


4. The non-linear case with special reference to “incommensurable expo- 
nents”. We consider a formal transformation 7' of the form 


n 


ri(1) = fiz(0)] = > ai2x,(0) 


j=! 
(6) 


 «} { 
j 


+> 


p=2 lay 


dX diay... 22"(0) --- x2(0)> 
+++ +a,= ) 


al 


We assume that the determinant | a;; | of coefficients of the linear terms is not 
zero. It is not necessary to assume the convergence of (6). The iterate T 
where ¢ is an integer, may be formed according to the usual formal rules for 
working with power series. Suppose it is written in the form 


n 


a(t) = gilt, 2(0)] = >> y,,(t)x,(0) 


=n} 
i 


(7) 


2 
+204 DO yay: a, (t)af"(0) --- 2"(0)) 


"Tags 


If the series (6) converge for x(O) sufficiently close to the origin, the same ® 
true for (7). But this fact does not greatly interest us. Here again we wish & 
interpolate, so that the y(t)’s, which are at first defined only for integral value 
of t, are defined and are analytic for all values of t. We furthermore desire th 


t+? 


. ‘y’ rprtrayr . ” . . 
relations 7 7°7T", which are known to hold for integral values of ¢ and + 


to continue to hold, at least in a formal sense, for all ¢ and r. 
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It is clear that the y;;(¢) may be determined exactly as in §3. We deter- 
mine the other y’s by induction as follows: Suppose all the coefficients of 
terms of degree less than N in (7) have already been determined as polyno- 
mials in the expressions \j;‘t'. We shall show how the coefficients of degree 
N are also determined as such polynomials. From the relations ¢,{¢ + 1, x(0)] = 
fielt, x(0)]], we find on equating coefficients that the functions yic,...«,(4), --- , 
Yna,---a,(¢) must satisfy (for each set a, --- , a, Whose sum is N > 1) a system of 
difference equations of the form 


(8) y(t + 1) = D> a:;y;(t) + P(t), 


together with the initial conditions 
(9) y:(0) = 0 (a = ¥ ee n). 


Here the P;(t) are polynomials in other y’s, which are coefficients of terms of 
degree less than N. It follows from our inductive hypothesis that P;(@) is a 
known polynomial in the \#‘t’. 

We now solve (8) by a well-known method analogous to Lagrange’s procedure 
of variation of constants in the theory of differential equations. We know by §3 
that the y(t) form a linearly independent set of solutions for the corresponding 
homogeneous system (3). Let us now seek to satisfy (8) by functions of the 
form 


(10) y(t) = p> ux(t)yie(2) (i 


Substituting in (8) we find that these equations may be written in the form 


3 luc(t + 1) — uxt) }yn(t + 1) + p> ur(t)yin(t + 1) 


k=} 


- p> ur(t) >> asyje(t) + Pid). 
- j=l 


But, in virtue of (3), the last sum on the left side cancels with the sum on the 
right side. Hence we can satisfy (8), if we can find functions w(t), --- , ua(d) 
satisfying 


. yult + Ll Au(t) = Pid) 


Now we know from §3 that the matrix Y(¢ + 1) has an inverse Y(—t — 1): 
Hence 


(11) Au(t) = Q.(d), 


where Q,(¢) is also a polynomial in the A¢‘t'. It follows from Lemma III that 
we have only to take u,(t) = SQ,(t) to complete our inductive definition of the 
y's as polynomials in the \*'t’. 
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At this point we must restrict attention to the case of “pseudo-incom- 
mensurable exponents”, which is said to obtain when there exist numbers 
§,---, & with the following two properties: 

I. Each of the w’s (uz, = log d,) is expressible in the form uw, = 7: Niki , where 

i=l 
the N’s are integers, positive, negative, or zero. They may even ail be zero for 
a given h. 

II. No linear combination of the &’s with integral coefficients is a non-vanishing 
integral multiple of 271. 

The case s = 0 is not excluded. In this case the set of £’s is vacuous and all 
the y’s are zero. 

The formal condition, 7‘ = 77”, is equivalent to infinitely many conditions 
of the form f(t, 7) = 0, where f is a polynomial in a finite number of the y(¢)’s, 
y(r)’s and y(t + 7)’s. Hence f is a polynomial in the e mee 


+pt,l 
*t and the e'r ; and 


therefore also it may be considered as a polynomial in the e*“t' and e**’r'. Now 
f(t, 7) is known to vanish when ¢ and 7 are integers. Applying Lemma II, we 
conclude that it vanishes when 7 is an integer and ¢ is arbitrary. A second 
application of the lemma, if we regard f(t, 7) as a function of 7 and hold ¢ fast 
at an arbitrary value, shows that f(t, 7) vanishes for all ¢ and 7, as we wished to 
prove. 


5. The case of commensurable exponents. Our proof that 7°" = 7'T 
breaks down, of course, if we do not make the hypothesis of pseudo-incom- 
mensurability introduced above. We first show by means of an example that 
the commensurable case is essentially different. Namely, let n = 1; let T be 
given by 


x(1) = —2x(0) + [z(0)J’, 


and let 7 be given by 


x 


z(t) = D> yr(O[x(0))". 
=1 
If we choose log (—1) = xi, we find according to the scheme of §§3 and 4 that 
y(t) - ” wee y(t) = he" ~t en") and y3(t) _ «<n a a 4. be" Among 
the conditions to be satisfied, if 7°" = 7° 7”, is the following: 


ysl + 7) = yrlr)ys(t) + Qyo(r)ys(yelt) + ys(r)[yi(d)l. 


It is readily verified that this condition is not satisfied for all values of ¢ andr 
by the above explicit expressions for y: , Y2 , Ys - 

Whether or not it would be possible to make another determination of the 
y's which would satisfy our infinitely many conditions for the case of comme 
surable exponents, I do not know. For the present we must content ourselves 
in proving that if 7 is an arbitrary formal transformation of the type (6), ther 
exists another formal transformation S which is a positive integral power of 7 
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say S = T*, such that, for a suitable choice of the exponents, S is of the pseudo- 
incommensurable type. We can then, by the methods of §4, define S‘ for all 
values of ¢ in such a way that S‘™” = S'S’; but it will not in general happen 
that S’’* will be 7. 

Proof. Suppose that there exist s (< r) independent relations of the form 


(12) > Papus = 2Kqrt 


(where the p’s and K’s are integers) such that any further relation of this type is 
linearly dependent on these. If no such relations exist, 7’ itself is of pseudo- 
incommensurable type, since in that case we could take us = &3. It is easily 
seen that there exist » = r — s (2 0) numbers &, --- , & and integers k., 
P.g, and M, such that 


(13) kata = 2, Pasts + 2Mari .++, ike > 0), 
p=1 


nor can there be any linear relation connecting the ~’s and 2x7 with integral 
coefficients not all zero, since otherwise we could eliminate at least one of the 
t's from (13) after multiplying each of the r equations (13) by suitable positive 
integers, and this would imply the existence of at least s + 1 independent rela- 
tions of the type (12), contrary to hypothesis. 

The case vy = 0, in which the set of £’s is vacuous, is not excluded. This means 
that each of the y’s is separately commensurable with 277 in the usual sense. 

Let k = kik, ---k, and take S = 7*. The matrix of coefficients of the 
linear terms of S will be A“ and the roots of the equation det (A* — AJ) = 0 
will be precisely the k-th power of the roots of det (A — AJ) = 0. One deter- 
mination of the corresponding logarithms will be ku. which, in virtue of (13), 
is a linear combination with integral coefficients of the £’s and 247. Another 
determination of these logarithms is obtained by dropping the integral multiples 
of 2x7 from the aforementioned linear combinations. With this last determina- 
tion of the logarithms of the roots of det (A* — XI) = 0,7 we see that S is of the 
pseudo-incommensurable type, as defined in §4. 


6. Concluding remarks. 

6.1. A uniqueness theorem. We learned in §4 how the coefficients y(t) of (7) 
could be determined as polynomials in expressions of the form e*“‘t' (Ul = 0, 1, 2, 

- 3a, = a particular determination of log \,). It can be proved immediately 
with the help of Lemma II that in the pseudo-incommensurable case this is the 
only determination of this type possible. For, let 9(¢) be a second determination 
of one of the coefficients as a polynomial in expressions of the form ef. Then 
yi) — 9() = O whenever ¢ is an integer. Now the left side of this equation 
can be considered as a polynomial in expressions of the form e*“‘¢, where no 
linear combination of the £’s is a positive multiple of 2x7. It follows from 
Lemma II that y(é) — g(t) = 0. 
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_Q 1 — . r eas mitt . 
6.2. The formal infinitesimal transformation. The condition 7’ = T'T 
may be written in the form 


(14) a(t + 7) = gi{r, x(t] } +++ ym), 
where z;(t) stands for the formal series ¢,{t, x(0)] in 27,(0), --- , 2,(0) and (14) 
is to be interpreted as a formal identity in these variables. Differentiating with 
respect to r and then setting r = 0, we obtain 


dz; - dgilr, x(t)] 
dt or r= 


. . — 
Hence, denoting by U’;(z) the formal power series ; gilt, t]--0, we have the 
T 


following theorem: 


In the pseudo-incommensurable case, in which the coefficients y(t) have been 
determined as in §4, the right members of (7) satisfy the formai system of differential 
equations 


and the initial conditions x; = x;(0) whent = 0. 


6.3. Invariant formal series, etc. A formal power series W(x) in the variables 
, Z, is said to be invariant under (7), if 


W [x(t)] = W[z(0)] 


holds formally as an identity in 2,(0), --- ,z,(0) when ¢ is 1, and hence when 
t is any positive integer. The theorem, that this identity must therefore hold 
for all ¢ in the pseudo-incommensurable case, is a special case of the following 


theorem: 


If the formal series z(t) = ¢g,{t, 2(0)| and a finite number of their partial derive 
tives with respect to the x(Q)’s satisfy a formal relation of the type 


dg 9@ 
(16) 2 0), (Oi — ari <> 
OZ, OLe 
for positive integral values of t, it must also satisfy this relation for all values of t 
at least, of 1 18 of the pseudo-incommensurable type. 


Here ((z, z,z°', 2°’, ,2””’) denotes a formal power series in 2, +++ ,% 
acm Zn, ete 
The proof consists in the remark that (16) stands for an infinite number é 
polynomial relations in the y’s which hold when ¢ is a positive integer, and hene 
by Lemma II they must hold for all 1. 
It also follows from §6.2 that a necessary and sufficient condition that We 
be invariant under (7) in the pseudo-incommensurable case is that formally: 


> OW V 


i~| Ox, 


(17) «= 0. 
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6.4. Real transformations. If the transformation T is the square of a real 
transformation, so that the matrix A has no latent roots which lie on the negative 
axis of reals, we have already remarked in §3 that uw, (= log A, (h = 1, --- , r)) 
may be chosen in such a way that the matrix Y(¢) must be real for real ¢. It 
follows from Lemma IV that the inductive definition of the other coefficients 
y(t) given in §4 leads also to real values. The choice of the u’s which leads to 
this real determination of the y(t)’s is such that those yw’s which are not real occur 
in conjugate imaginary pairs. A real formal transformation, with which are 
associated y’s determined in this way, is hereafter called briefly a “real trans- 
formation’. Let those w’s which are not real be denoted by o, + tw, (vy = 1, 

., p & 4r). In order that a “real transformation” should be of pseudo- 
incommensurable type it is obviously sufficient, though not necessary, that the 
w's be representable in the form 


“ 
w, = ) N,:9;, 
i=l 
where the N’s are integers and the 6’s are real numbers such that no integral 
linear combination of them is a non-vanishing integral multiple of 2%. If this 
condition is not satisfied for a given “real transformation” 7’, it can be shown 
that it will be satisfied for a suitable integral power of 7, at least, if the w’s of the 
new “real transformation” 7” are suitably chosen. The proof is merely a slight 
modification of the proof appearing in §5, in which we dealt with £’s and y's 


. . . rypk . . * 
instead of @’s and w’s. For the transformation 7", which is of pseudo-incom- 


mensurable type, all the results of §§6.1, 6.2, and 6.3, of course, automatically 
hold. 


CorNELL UNIVERSITY. 





TOPOLOGICAL AND METRICAL POINTS OF VIEW IN THE THEORY 
OF SETS AND FUNCTIONS OF REAL VARIABLES 


By A. Drensgoy 


The theory of sets and functions of real variables finds its most important 
applications to the natural sciences in connection with those functions which 
are solutions of ordinary differential equations, partial differential equations, or 
integral equations. These solutions, while regular in the region R where they 
satisfy the equations in question, generally cease to be regular on the boundary 
of R. This boundary may result from the nature of the functions themselves, 
or it may coincide with the locus along which the determining conditions of the 
solution are supposed given. Moreover, these latter conditions may be incom- 
patible with the regularity of the solution on the boundary of R. Whatever 
may be the case, the region of validity of the solution is limited by a boundary 
along which the resolving function ceases to satisfy the given equation and 
along which it generally loses its character of analyticity or even of continuity. 
The function considered is often completely characterized by its behavior in the 
neighborhood of the boundary. That behavior is determined at each point by 
numbers presenting themselves as limits of expressions which are continuous 
away from the boundary, but undefined on the boundary itself. These limits, 
being variable with the point considered on the boundary, are a priori functions 
of real variables of a fairly general nature, not necessarily analytic, and usually 
discontinuous. Their study is therefore dependent upon the general theory of 
functions of real variables. But a fundamental remark is that these character- 
istic functions present themselves as limits, greatest limits, lowest limits, or 
merely accumulation values of certain families of functions which depend on 
parameters, and vary continuously with each of these parameters as long as the 
parameters remain positively far from the respective limits to which they are 
tending. 

The most interesting questions to be set will often consist of seeking the 


properties of size (that is, of linear, quadratic, or higher order measure) of the 


sets EF lying on the boundary F’, where the numbers characterized above satisfy 
diverse conditions set a priori. 

In this kind of problem, presenting a universal interest in all domains where 
mathematical analysis finds any application, | would indicate the genera 
methods of reasoning which may be usefully applied. The nature of thes 
methods changes according to the topologic or metric character of the propertie 
to be studied. I shall emphasize the necessity for determining carefully thie 
character in order to avoid secking uselessly by ineffective methods the answer 
to questions which must be approached from another point of view. 


Received March 17, 1939. ‘Translated by Charles and HNether Torrance 
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I shall consider only sets and functions represented by points in Cartesian 
spaces. 

Any property of a set is topological if it is preserved under each topologic 
transformation of the space, that is, under each continuous transformation with 
a continuous inverse. If the space is linear, such a transformation is con- 
tinuous and everywhere increasing or everywhere decreasing. If the function f 
is represented by a point in p-dimensional space, and if the independent variable 
ris represented by a point in n-dimensional space, then a property of the func- 
tion f(x) is topological with respect to f or to z if it remains invariant under a 
topologic transformation of the space of f or x, respectively. The property is 
doubly topological if it is invariant with respect to both transformations simul- 
taneously. 

A property of a set is metrical of the p-th order if it is invariant under each 
topological transformation of the space which, with its inverse, possesses differ- 
ential coefficients continuous (or merely finite in some cases) up to at least 
the p-th order. The properties of a function can be metrical with respect to 
the independent variable, or with respect to the function, or they can be doubly 
metrical. 

For example, the continuity of a function on a closed set is doubly topological. 
Also the property of being a unique limit or extreme (greatest, lowest) limit of a 
sequence of continuous functions, or generally, the class of a function in the 
sense of Baire, are obviously doubly topological notions. But the property of a 
function f(z) being of bounded total variation on a straight segment (over 
which x runs) is topological with respect to the independent variable x, but 
metrical (not topological) with respect to the function. Absolute continuity 
is topological neither with respect to the variable nor to the function; this 
property is doubly metrical. 

The fundamental topological notions for sets of points are power, accumula- 
tion point, closed set, perfect set, and continuity or discontinuity of a set. Let 
us observe that in Cartesian spaces, the type of closed set useful for the theory 
of functions is uniquely the closed bounded set. The properties common to all 
closed sets, bounded or not, are sheer curiosities. Even though the closed non- 
compact set is of interest in general analysis, it is likely, on the contrary, that 
if mathematics had confined itself to the study of functions defined in Cartesian 
spaces, the notion of the closed non-bounded set would have been dropped. In 
my own studies of functions of real variables, | have always explicitly stated 
or understood that all the closed sets considered by me were bounded. 

If a set has the topological character of being Borelian, it can be obtained 
from the class of open sets by successive applications of two operations: (1) addi- 
tion of a denumerable infinity of sets, and (2) formation of the common part 


of a denumerable infinity of sets, these two operations being repeated a finite 
number of times, or transfinitely many times up to an arbitrary rank of class I. 
These sets were called “measurable B” by Lebesgue who showed their funda- 
mental importance for the theory of the functions of Baire. But Lebesgue later 
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recognized how this name “measurable” was not apropos, for the character of 
these sets is merely topological, whereas the properly metrical characteristics 
of a set involve no topological property. The class of a Borelian set is a topo- 
logical characteristic. So also is the property of being analytic in the sense of 
Lusin and Souslin. 

Let us pass to the metrical notions. We understand measure in the intrinsic 
sense of Borel-Lebesgue. For some years now, many people seem to have lost 
sight of the fact that there is a natural measure, independent of all imaginable 
conventional measures and to which one must always go back. It is the same 
as with a function f of Cartesian space; it is possible to transform topologically 
this space in all manners as many times as one wishes. But in order to reason, 
one must settle on a determined independent variable, running in its Cartesian 
space and defined by its ordinary rectangular coérdinates. The present genera- 
tion seems to have forgotten what the geometricians had to overcome in order 
to determine the ratio of any circumference to its diameter, or to determine the 
area of a parabolic segment, or more recently, to understand from what point 
of view an everywhere dense set could have the measure zero. The measure 
of a set has become all that one wants; however, one person may identify it 
with a probability, and another may choose it in relation to the data, or even 
the solution of a problem, in order to prove the truth of some metrical properties 
of this solution. 

For example, consider the trajectories defined on a torus by a differential 
equation of the first order without singularities. When the Poincaré trans 
formation of the torus into itself is used, it is found that in the transformed 
torus the trajectories possess the metrical transitivity of G. D. Birkhoff and 
P. A. Smith; that is, the measure of each measurable family of trajectories is 
or 1, 1 being the area of the torus. But, as is not the case with true, intrinsical 
measure, nothing a priori prevents the following situation: if two different equa 
tions are given for motion on the same torus, and if two families of trajectories 
each have the measure | in its own measure, depending upon its own equation, 
it may happen that both families have in common a point set of measure 0 in 
both measure systems. Obviously, the interest in a metrical transitivity of such 
a nature is very narrow. The metrical transitivity useful in this theory is the 
one corresponding to the intrinsic notion of measure. Thanks to this cond: 
tion, it results that if two families of trajectories on the torus respectively satisfy 
two differential equations of the type considered, and if each of these familie 
possesses a positive measure, then the set of points on the torus through whid 
there does not pass simultaneously a trajectory of each of these families has 
the measure zero. 

It is therefore understood that just as we deal only with functions and vatt 
ables represented by points in Cartesian spaces, so do we use only the measut 
of Borel-Lebesgue or that of Carathéodory, this latter being used for the measure 
of p-th order in space with g > p dimensions. 

The metrical properties of sets are: measurability, the property of having 
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the measure zero (we shall say, of being thin), and the property of being comple- 
mentary to a set of zero measure, and therefore endowed with a positive measure 
(we shall say, thick). None of these properties is topological. A topological 
transformation can change a set of measure zero into the complement of such 
a set and can change a measurable set into a non-measurable set. 

As to functions, measurability is metrical with respect to the independent 
variable, topological with respect to the function. A fundamental result of 
Lebesgue is that the unique greatest and lowest limits of a sequence of measur- 
able functions are measurable. 

For a continuous function the existence of a finite first order derivative is a 
doubly metrical property of the first order, but not topological. The existence 
of finite derivatives of the p-th order is a doubly metrical property of the p-th 


order. 


Having recalled these notions, which have been widely and well known for a 
long time, I would now indicate what fundamental methods of reasoning are 
used by the theory of functions of real variables, and show how these methods 
vary according to whether the properties studied are topological or metrical. 

One must be thoroughly convinced of the fact that a metrical knowledge of a 
set or function provides only an extremely unprecise and coarse approximation 
to the set or function. I understand by metrical knowledge of a set its deter- 
mination up to a set of zero measure to be added to, or subtracted from, the 
given set. The metrical knowledge of a function is the knowledge of this 
function everywhere except at most on a set of measure zero. 

A continuous function can have a null derivative everywhere except on a 
thin set without being constant in any interval. Every measurable function 
differs from a function of class two only on a set of measure zero. On this 
latter set are therefore united all characteristic properties of the function. In 
particular, the class of the function is defined on this set. 

While the idea of replacing at each point the value of a function by an approxi- 
mation is good and often advantageous, yet an approximation of the sets where 
the function is to be considered is rash and barren. It must be well known that 
4 metrical character of a function or set can be used, and often leads to very 
interesting consequences, only if the topological nature of the function or set 
has been previously studied sufficiently deeply. And reciprocally, if to some 
topological characters presented by a category of functions or sets are added, 
by way of complement, diverse metrical hypotheses, these latter induce interest- 
ing metrical consequences which would vanish along with the topological con- 
ditions. 


The topological notions to be used in the theory of functions of real variables 
are essentially those of Cantor and Baire. Baire, like Cantor, never considered 
the measure of a set. Even if he had been unaware of the existence of this 
notion, nothing of his known thought or research would have been changed. 
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Lebesgue capitalized upon the idea of approximation of a function, on the one 
hand for his definition of an integral, and on the other hand to prove Baire’s 
theorem about functions which are limits of continuous functions. But Le 
besgue has never placed himself in the extremely strict, definite, and precise 
point of view of Baire. Yet without Lebesgue’s discipline, many problems, 
chiefly that of the integration of derivatives, were not to be solved. 

The fundamental notion in the topological study of functions is that of the 
density of a set, either on a continuous or (generally) on a perfect set. Few 
notions are both more simple and more generally misunderstood, even by the 
best mathematicians. As if to create an irremediable confusion, people have 
used the word density for a metric notion, i.e., that of the ratio of the measure 
of a set to the measure of the spatial support containing it. I have always 
reserved the name epaisseur (thickness) for this latter ratio in order to save my 
reader from a confusion of terms which would forever hide from him the sense 
and the réle of topological density. Cantor and Baire perfectly defined this 
notion which P. du Bois-Reymond had in some degree foreseen. We first define 
non-density. 

A set E lying in the space U’, is called non-dense (understood: in U,,) if the 
derived set E’ of E does not possess any interior point. If E’ contains a sphere 
of U,,, E is said to be dense. If E’ is identical with U, , E is said to be every 
where dense. 

Let P denote an arbitrary perfect set in U,. If & represents a regular open 
set of UL’, (€ is a sphere, a parallelopiped, --- ), the portion of P determined by} 
is, by definition, the part of P interior to — together with the accumulation 
points of this part. In order to determine whether a set FE is non-dense, dense 
or everywhere dense on P, E is to be limited to its part E,; = E-P situated in P 

E will be called non-dense on P if the derived set E’ of E does not contain 
any portion of P. 

E will be called dense on P if E’ contains any portion of P. 

E will be called everywhere dense on P if E’ is identical with P. 

The sum (union) of a denumerable infinity of sets non-dense on P cannot be 
identical with P. Such a set was called by Baire a set of the first category 
I propose to call a residual of P a set of P which is the complement of a sé 
of the first category. These notions are still topological. A set of the firs 
category is infinitely rare compared with any residual on the same perfect set P 
However, the former set may have measure equal to the measure of P, whik 
the latter has the measure zero. The topological “almost everywhere’’ is th 
residual. The metric “almost everywhere’’ of Lebesgue was called by me“ 
whole thickness”. A denumerable infinity of residuals of P still have in comme 
a residual of P. 

The fundamental reasoning in the theory of functions of real variables lead 
to the following result: 


Let w, be a sequence of open domains in U/, such that each of these domaitt 
contains a point a, of a perfect set P. If the points a; are everywhere dent 
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on P, then the set of points of P belonging to infinitely many of the domains w,, 
js a residual of P. If no point of P belongs to infinitely many w, , then the 
points of accumulation of the sequence w, necessarily form a closed non-dense 
set K on P, and any arbitrary portion P; of P without points in common with 
K contains no point of w, for all ¢ greater than some number N depending 
upon P; . 

Let F(x, t) be continuous with respect to x (and often with respect to ¢) for 
ach value of t ¥ & , and let f(x) be defined at each point x of P as a unique or 
extreme limit of F(z, ¢) as t approaches &. Uniformity of the progression of 
F(z, i) toward its limit f(z) would entail consequences of continuity. But if 
this condition is not satisfied, there exists on P a non-dense set K such that 
on each portion of P disjoint from K, the conditions of convergence or of semi- 
convergence of F(z, t) to f(x) are, with some given approximation, uniformly 
realized. For example, if at each point x of P, f(x) = lim F(z, 2@) is finite, 

ito 
either f is bounded on P, or there exists a closed, non-dense set K on P such 
that on each portion P; of P without points in common with K, f(z) is bounded 
by A(P,) independently of xz, and it is even the case that | F(x, t)| < B(P,) 
if F is continuous both with respect to z and to t. 

Let C denote the circumference of the circle | z| <1. If an analytic function 
f(r) holomorphic on C tends to 0 when z tends radially towards any point 
whatever of an arc s of C, then there exists on s an are s; such that in the sector 
of the cirele having O as vertex and s; as base, f(x) is bounded. Therefore 
fiz) = 0 on s, , and it follows that f(x) is identically null. 

Let us say that the index of a perfect linear set P at any of its points £ is the 
smallest number a (= 1) such that to each a’ > a there corresponds a sequence 
t+h,E+h,& +h, --- situated on P, with 1 < | la/lna| < a’. 

If a given perfect set P has its index finite at each of its points, then either 
there are two numbers 8(P), n(P), such that for each £ of P the sequence & + I; 
can be formed on P with a’ = B(P), | lb | > n(P), or there exists on P a closed 
non-dense set K such that for each portion P, of P without points in common 
with K, the preceding condition is satisfied for two numbers 8(P;), 9(P)), inde- 
pendent of € while varying in P,; . 

If P is a perfect set, and if a continuous function f(x) has at each point a 
finite upper right derivative, that is, if 


f(x + h) — f(x) 


Q(x, h) = h 


< A(x) when h > 0, 

then either Q(x, h) < A(P) independently of h and x on P, or there exists on P 
a closed non-dense set K such that on each portion P; of P without points in 
common with K, Q(r, h) < A(P,) independently of x on P,; . 


Let E be a set in the space U,, let M be an accumulation point of Z, and 
let us call, with Roger, the derived bundle of E at the point M the set of limits 
of the half-lines MM’ when M’ tends to M while moving on EF. Let A denote 
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the direction of a straight line, and let s(M, A, e, 7) denote the sector of the 
sphere with center M, axis parallel to A, half opening «, and radius 7. If at 
each point of a perfect set P, contained in the derived set Z’, the direction 4 
is not represented in the derived bundle of EZ, then either «(P), n(P) exist such 
that all corresponding spherical sectors contain no points of E, or there exists 
on P a closed set K non-dense on P such that, on each portion P; of P having 
no common point with K, the positive numbers ¢(P:), »(P:) exist. 

These examples can be multiplied indefinitely, and all these results are ob 
tained by purely topologic methods. 


We shall now discuss metric methods. The thing to be proved is usually 
that the set of points where a given function f(z) has, or fails to have, a given 
property, is of measure zero. The principles to be employed are as follows; 

1. If a set E over which f(z) > 0 has positive measure, there exists a positive 
number 6 such that the set over which f(z) > 6 has positive measure. 

For example, if f(z) is continuous, if Ag(f) and 6,(f) denote respectively the 
superior and inferior right derivatives of f, and if the set over which Ad(f) > df) 
has positive measure, then there exist two numbers a, 8 (a < 8), such that 
the set over which both 6.(f) < a@ and B < A,(f) has positive measure. 

2. Each set of positive measure contains a perfect set thick in itself, that is, 
a set each portion of which has positive measure. 

In such a set P, one must prove by topological methods the existence of a 
portion P; where the properties verified on the set P are also verified with some 
sort of approximate uniformity. 

Let E be a set in the space U, , and let H be the set of points M of E where 
the derived bundle of E passes through three vertices of a spherical triangle 
of positive area lying on the sphere with center M and radius 1. Then if H 
has positive measure, there exist, for any arbitrarily small preassigned positive 
three directions A, B, C, defining a spherical triangle with area superior tos 
positive number independent of « and such that the set of points of 17, having 
in their derived bundles the three directions A, B, C to within e, has positive 
measure. 

3. On a perfect, thick-on-itself set P, attention may often be advantageously 
paid to the points where P has the thickness 1. 

These general methods are easy to employ and often give very remarkabk 
results. I believe that I am the first to have used them. I have studied th 
derived numbers of the first order, and also the derived numbers of the seconé 
order generalized in the sense of Riemann, belonging to a continuous fune 
tion of one variable. My analysis was always first topological, then metrica 
It led me to the methods of integration which permitted me to calculate th 


primitive function of a given finite extreme derived number, and also to calee 


late the second primitive of a second generalized derived number of Rieman 
This latter result enabled me to determine the coefficients of a trigonometp 


series with a given sum 
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Later, Menchoff employed the same methods for the study of general condi- 
tions for the analyticity of a function of a complex variable. Recently, Roger 
used these methods to obtain remarkable tangential properties of an arbitrary 
set in Cartesian space. Less systematical, but always fruitful, applications of 
these ideas have been made by other authors. 

Finally, I shall indicate how, in the theory of Cartesian spaces, metrical 
hypotheses may be profitably grafted onto given topological conditions. 

1. Let E be a set such that any two points of it can be joined by a continuum 
contained in Z. This condition is topological. Let us call an extreme point of E 
each point M of E not belonging to any irreducible continuum joining two 
points A and B of E distinct from M. It is easy to prove the following result: 

If the set of extreme points of EZ has a positive linear measure, then EF has an 
infinite linear measure. 

For example, if a dendrite of Wazewski has a linear finite measure, the set of 
its extreme points has the measure zero. But the set of extreme points can have 
a positive n-th measure in LU’, while the non-extreme points of the dendrite form a 
denumerably infinite collection of sets each having a finite measure. : 

2. Let us consider a plane continuum EF. Let k,(£) denote an arbitrary 
continuum contained in E with diameter superior to «. We say that the con- 
tinuum £ has the properties 6; , 6: , 6; when there exists no infinity of sets k,(£) 
having two by two in common: a null set; a denumerable set; a set non-dense on 
each of them. These conditions are topological. 

Each irreducible continuum joining two points of £ is an are of Jordan. Let 
be a Jordan are contained in E and having a positive sense. Let 9'(T), 9’’(T) 
be respectively the sets of points of [ accessible on the positive side and on the 
negative side of T from any region of the complementary set of E. With the 
properties 6; , 0, 63 the sets n’(I') and n’’(I) are respectively: everywhere dense 
on ; non-denumerable on each are of '; complements of a set non-dense on I. 

Now let us add a metrical condition which involves 6s; and which defines the 
property 6;: E has a finite linear measure. Under this condition, the sets 
lr — »(T) and fr — »’’(T) have null measures. Therefore »'(T) and 9’’(T) 
have in common a set containing a perfect set in each are of T. It is easy to 


deduce from this result an example of a continuum containing a circumference T 
and such that the two parts of E respectively interior or exterior to C are each 
homeomorphic to a set of finite length, while E as a whole is not. 


InstirutT Henri Porncars&. 








CONFORMAL MAPPING OF MULTIPLY CONNECTED DOMAINS 


By R. Courant 


The theory of Plateau’s and Douglas’ problem furnishes powerful tools for 
obtaining theorems on conformal mapping. Douglas emphasized (1931) that 
Riemann’s mapping theorem is a consequence of his solution of Plateau’; 
problem; then he treated doubly connected domains and in a recent paper 
(1939) multiply connected domains.’ With a different method I gave in a paper 
on Plateau’s problem (1937) a proof of the theorem that every k-fold con- 
nected domain can be mapped conformally on a plane domain bounded by | 
circles. The same method can be applied to the proof of the parallel-slit 
theorem’ and, as will be shown in the thesis of Bella Manel, to mapping theorems 
for various other types of plane normal domains. It is the purpose of the 
present paper’ first to give a simplification of the method by utilizing an integral 
introduced by Riemann in his doctoral thesis, and secondly, to prove a mapping 
theorem of a different character referring to normal domains which are Riemann 
surfaces with several sheets. 

We consider a Riemann surface on a u, v-plane consisting of the interior off 
unit circles which are connected in branch points of total multiplicity 2k — 2; 
to this surface we affix p 2 0 full planes with two branch points each. Thus we 


define a class of domains B with the boundary b on the plane of w = u+@ 
Now our theorem is: Each k-fold connected domain G in the z, y-plane with the 
boundary curves g:, gz, --- ,gx (which we suppose to be rectifiable’ Jordan 


curves) can be mapped conformally on a domain B of our class for any fixed p 

In this mapping the branch points on the full planes and one more braneb 
point may be arbitrarily prescribed and, moreover, on each boundary circle }, 
of B a fixed point may be made to correspond to a fixed point of g, . 


For the case p = 0, the theorem was stated by Riemann, according to oral 
°,¢ 6 . . . . ‘ > 
tradition.” As is easily seen, the class of domains B depends on 3k — 6 esse 

tial parameters for k > 2 and on one parameter for k = 2. 


teceived March 21, 1939. 

! Annals of Mathematics, vol. 40(1939), pp. 205-298. This paper contains a complet 
bibliography of Douglas’ previous publications on the Plateau problem. 

2 Annals of Mathematics, vol. 38(1937), p. 679 ff., here quoted as (A). 

See M. Shiffman’s thesis T'he Plateau problem for minimum surface of arbitrary lope 
logical structure to appear in the American Journal of Mathematics. 

‘See also a note by the author in the Proceedings Nat. Acad. Sciences, vol. 24(193%8 
p. 519 ff. Furthermore, reference is made to a detailed paper by the author on Plateau! 
and Douglas’ problem forthcoming in the Acta Mathematica, here quoted as (B). 

* This assumption is not essential and can easily be dropped. 

® See Bieberbach, Sitzungsberichte Berliner Math. Ges., vol. 24(1925), p. 6 ff., where! 
proof is indicated; and Grunsky, Sitzungsberichte Preuss. Akademie Wiss., 1937, p. 40 fi 
where another proof is given. 
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Without restricting the generality we may assume that G is a finite domain 
ud that g; encloses the other boundary curves gz, --- , gx. Ifa, is the positive 
yea enclosed by g, and a the area of G, then we have 


a=a—Q@—-:--—-Q{. 


1. The variational problem. We call a pair of functions z(u, v) and y(u, v), 
ombined as a vector r(u, v), admissible if r is continuous in B + b, maps the 
jundary circle b, monotonically on g, so that the codrdination of the fixed 
jundary points and the sense of description with respect to the domain is pre- 
erved, and has piecewise continuous’ first derivatives in B. (It is not required 
that r map B on the domain G.) Then we consider Riemann’s integral, 


) Re) = 4] [ Uae — wo? + Ce + ye)"Idudr, 


B 


ud establish the variational problem R: to find an admissible vector and a 
jomain B of our class for which A(x) attains its minimum value. If this 
problem is solved, and if the minimum is shown to be zero, then we have the 
desired conformal mapping by the analytic function z + iy = f(u + iv); and 
vee versa, such a conformal mapping is characterized by the equation R(r) = 0, 
ero evidently being the minimum value. 


By writing 
s// (ri. + x2) dudv — If (LuYo — XveYu) dudv 
B 


B 


R(x) 


D(r) — a, 


where D(x) = D,(r) is the “Dirichlet integral” and a is the area included in the 
otal boundary g, we obtain the equivalent problem: to minimize the expression 
Dit) — a by a proper choice of a domain B and an admissible vector x. Since a 
depends only on G but not on r or on the domain B, we finally have transformed 
the problem R into the following: to minimize the Dirichlet integral D(r) by : 
uitable vector r and domain B. This problem is our point of departure. 

Because of the Dirichlet principle the solution r, if it exists, must consist of 
wo harmonic functions: 


r(u, v) = Rf(w), y(u, v) = Rg(w), 


where f(w) and g(w) are analytic functions of the complex variable w = u + ww 
n Band ® means “real part’. However, it is essential in our method not to 
rstriet x to harmonic vectors but to retain a greater variability. We have to 
prove two distinct statements. 


This means that in each closed subdomain the continuity may be interrupted at a 
fhite number of points or arcs with continuously turning tangent. 
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(i) For the solution of our variational problem not only the Laplace equation 


(2) Art = Luu + fen = O 
but also 


(3) o(w) = f'(w)’ + g'(wy = (nu - ix, = (r. — x2) — 2ir.r, = 0 


holds, and this characterizes the mapping of B as conformal mapping on (@. 
(ii) The solution of the variational problem exists. 


2. The variational condition. Assuming that the variational problem js 
solved, we shall express the minimum character of the solution r and B first by 
performing, with B fixed, a suitable variation of the minimizing vector 4; and 
secondly, by performing variations of the domain B, these latter variations 
simply consisting in displacements of branch points including dissolution of 
multiple branch points into simple ones. 

We first consider a variation of ry in a small annular ring A adjacent to one of 
the boundary circles, e.g. b; , and so small that A is free from branch points 
Introducing concentric polar coérdinates r and #8, we define in B a function 
\(r, #) which is continuous in B + b, has there continuous first derivatives \,, 
\» , and vanishes in B outside of the ring A. Furthermore, if the point F' with 
r = 1 and J = % on ), has a prescribed image on g, , we require A(r, J) = 0. 
Then for sufficiently small values of the parameter ¢ and polar coérdinates r, 1 
the vector 

3(r, n) = r(r, 3) 
with 
n = 0+ eX(r, 3) 


is admissible. Hence we have, if d = D(z) is the minimum value of the Dirichlet 
integral, 
DQ) 2 D(x) = d. 


This leads’ to the variational equation 


2s 
(4) iim [ Ar, d)rr-rgdd = 0 
0 


rl 


which holds uniformly for all \ with derivatives uniformly bounded in a fixed 
neighborhood of the boundary circle. Introducing the Poisson kernel 
r—p ] 
K(r, 8; Q) = 
50 2n =—or® — 2rp cos (8 — a) + 


for the circle of radius r and for an arbitrary chosen point Q inside the ciree 
with polar coérdinates p and a, we can define a suitable \ as 


(5) A = K(r,3;Q) — Kr, do ; Q) 


* See (A), p. 694, or (B). 
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in a small subring of A adjacent to b,, and \ = O except in the ring A. Then 
the condition (4) implies that the analytic function 


(6) ¥(w) = w'g(w) 


is regular in the neighborhood of b; except possibly for a pole of the first order 
at F, and that the values of y on }, are real. 
Proof. The imaginary part of ¥(w) is a harmonic function 


(7) SW(w)) = —2rt-te = p 


which for the argument point Q with the polar coérdinates p, a shall be written 
simply p(Q). Within the plane circle with the radius r sufficiently near to 1 
we consider the regular harmonic function 2,(Q) of the point Q which for the 
boundary p = r coincides with p(Q), so that the difference 


(8) 6-(Q) = =(Q) — p(Q) 


has the boundary values zero on the circle p = r. Now the variational relation 
(4) for \ chosen as in (5) yields, because of the Poisson formula, for fixed p and 
r—1 uniformly in Q, 


0) .(Q) — cKu(Q) — 0, 


where Ko(Q) = K(1, d ; Q). The factor c is the mean value of p on a con- 
centric circle p = r and does not depend onr. There may be no branch points 
forp = py; then | 2,(Q) | and hence | 6,(Q) | is bounded on p = p; uniformly with 
respect to all values of r sufficiently near to 1 since | Ko(Q) | and | p(Q) | are 
bounded on p = p,;.. Now by the principle of reflection the function 6,(Q) can be 
extended to the annular ring p; S p S r’/p, and is absolutely bounded there. 
Hence for sufficiently small h the quantity | 6,(Q) | is uniformly bounded in the 
ring 1 — 2h < p < 1 + 2h; therefore in the smaller ring 1—h SpS1+h 
the first derivatives of 6,(Q) are absolutely bounded by a bound M. Conse- 
quently we have | 6,(Q)| < Ms if Q is nearer to the boundary p = 1 than a 
sufficiently small quantity s. Because of 


10) | P(Q) — cKo(Q) | S | r-(Q) — cKo(Q) | + | 6-(Q) | 


and (9) we conclude for a small ring adjacent to the unit circle b; that 
2Q) — cKyo(Q) = H(Q) is a harmonic function having boundary values zero 
there; hence by the principle of reflection H(Q) is regular in a ring including the 
circle p = 1. Since cKo(Q) is the real part of an analytic function with a pole 
of first order in F and with vanishing real part everywhere else on the unit 
circle,” our statement is proved. 

Secondly, we have to set up the variational conditions referring to the vari- 


ability of the branch points, of which we may assume none is the point w = 0. 


*Namely, of cle’? + w)(e’° — w)' if the fixed point F is the point fe, 
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These conditions are obtained in the following way. B may be transformed 
into an admissible domain B’ with coérdinates wu’, v’ by a transformation 


u=u' +a, v=o + ex, 


where \, w are continuous and have continuous bounded first derivatives with 
respect to u, v or u’, v’ and ¢ is a small parameter. By defining 


3(u’, v’) = ru, v), 
we have 


Ds(3) 2 Da(t) = d 


which for e — 0 yields the desired variational conditions. For this we restriet 
our transformations to those which affect only a neighborhood N of a brane) 
point w = wo, so that w’ = u’ + w’ is analytic in w for a neighborhood of w 
included in N and w = w’ outside of N. If w = wo is a branch point of th 
order r, we choose in this interior neighborhood 


+1 
w’ — wo = (w — w) + ew — Ww)” 
w’ — wo = (w — wo) + ie(w — Ww)” 


rm: *,* ( . . . 
This leads to the conditions: If R is a closed curve on B including the brane) 
point P, but no other branch point, we have 


(11) / (w — w)”*” o(w) dw = 0 
Rk 


for 
g(w) = (tu — ite) = f'(w)’ + g’(w)’. 


This result can be interpreted as follows: The expansion of g(w) around ow 
branch point has necessarily the form 


J 2r 
(r+1) r+1) 
(12) g(w) = >> a,(w — wo)? + Dd br(w — w) or, 
y=0 m= 
as is easily seen from the definition of g(w) after a conformal mapping 
w* — wo = (w — w)!*” 
of the neighborhood of P on a simple w*-plane with a regular expansion 
df/dw* and dg/dw*. In other words, g(w) appears to have a pole of an ordé 
as high as 2r. But the conditions (11) immediately show that b,,, = brs = 
= he, = 0, and this means that in a branch point P of order r g(w) hass 
pole of order not exceeding r. This reduction of the bound for the order @ 
the singularity is the final form for our variational condition. 


14 


' See Shiffman, loc. cit., or Courant (B) 
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Now the proof of g(w) = 0 follows simply. If ¢(w) and hence y(w) is not 
identically zero, then y must have a finite number N of zeros in B and a finite 
number M of zeros on the boundary b. According to the result above, the 
total number P of poles does not exceed the total multiplicity of the variable 
branch points plus the double multiplicity of the fixed branch points. That 
means in our general case P S$ 2k — 1+ 4p. Because of the factor w*, we have 
2k + 2p zeros at the origin, and, moreover, each point at infinity also represents 
a double zero of ¥(w) because f(w) and g(w) are regular there. Thus we have 
N= 2k + 4p. But 2x(N — P) is equal to the total increase of the amplitude 
of ¥(w) if we describe the boundary b in the positive sense, avoiding zeros on b 
and possibly poles by small half circles in B. Since y is real on b, only these 
half circles contribute to the total variation of the amplitude, each zero the 
amount —z, and each pole the amount +7. If no points on the boundary 
were fixed, there would be no pole there, and hence N — P <0. Therefore, 


(13) 2k + 4p Ss P Ss 2k — 1 + 4p, 


and this is a contradiction. Hence ¥(w) = 0 is proved. 

If there is a point F fixed, e.g., on the circle b; , the function ¥(w) has a pole of, 
at most, the first order there, contributing +2. But since y is real on b; and 
continuous except at F, where it must approach + © and — « respectively from 
the two sides, there must necessarily be at least one zero of ¥(w) on b; , con- 
tributing —z so that again N — P s 0. Therefore our conclusion subsists. 


It is apparent that this method for establishing mapping theorems permits 
many other applications which, however, are omitted here. We mention only 
the case in which the unit circles are replaced by concentric circles with non- 
determined radii. In this case more branch points can be fixed. 


3. Solution of the variational problem. To solve the variational problem we 
consider a minimizing sequence of domains B, and corresponding vectors fr, 
so that Dz, (t,) — d, where d is the lower limit of the Dirichlet integral. We 
say that a sequence r, tends to separation if there is a closed continuous curve 
8 = 8, in B,, not capable of contraction to a point there, so that the image 
Y = y» of 8 in the z, y-plane has a length « = ¢, tending to zero. We may 
assume without restricting the generality that 8 separates B into the domains 
Band BY” of which b; and by are boundary curves, respectively. If there exists 
a minimizing sequence not tending to separation, the variational problem is 
solvable. For the simple proof of this theorem we refer to the paper (A) or 
(B). Therefore what remains to be shown is that for our minimizing sequence 
& fixed positive lower bound for ¢ can be found. This is the crucial point, of 
which we shall dispose on the basis of a general continuity method by utilizing 
the Riemann integral R(r). 

We first derive an intuitively plausible inequality. Suppose we have in 
B = B, with the admissible vector ¢ a closed simple curve 8 as described above. 
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The image of B by r may cover parts of the plane in G or outside of G several 
times. If ¢ is the length of the image y of 8, then we have for the “area” 


n= 4] xdy — yar 
B 

enclosed by y the inequality 

(14) In| <é. 


Now we consider the integral 


R(t) = 4] f Ueu — yo* + (ee + w)"ldude = De) — (a — «+» — 2), 


B 
where D’(r) refers to the domain B’; in the last expression on the right side the 
area dz is missing. On account of R’(r) = 0 we have therefore by D(r) 2 D’(r) 
the inequality 
Dit) 2aq—----y72ata—y, 
where a is the area of G. Hence 
D(r) > a + a2 — e. 
Since x is a member of a minimizing sequence, we may for an arbitrarily given 
positive number g assume that 
D(r) <d+4q, 

where d is the lower limit of the variational integral D. Then we have 
(15) d+q>at+a—eé. 
This is the basic inequality. 

Our continuity method starts with the continuity theorem.’ We consider 
a o-deformation of the z, y-plane 


x’ = 2+ &z, y), y =y + n(x, y), 


where &, » and their first derivatives are continuous in the plane and have 
absolute values less than o. Then each vector r(u, v) in the u, v-domain is 
transformed into another vector r’(u, v) in the same domain having the com- 
ponents z’, y’ and mapping the boundary g of B onto the boundary of g’ of a 
slightly deformed domain G’ if o is sufficiently small. The lower limit of the 
variational integral D(r’) may be d’ if in the conditions G is replaced by G’. 
Then the theorem states the inequality 


d’ S d(1 + 2c)’ 
between the two lower limits d and d’. 


1 See (A), pp. 695 and 707 ff. 
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The proof is immediate. We have 


D(r — r’) 


ll 
toe 


I/ (f+ & + m+ nb) dudv 


BR 


| 
lH 


[/ [(Eetu + Eyyu)” + -+-] dude. 


B 


Hence by Schwarz’ inequality 


D(r — x’) < 20° lf (ota + y. + y,) dudv = 40° D(x) 
B 


and by 
(VD(t) — VD(z'))* = D@& - 2’), 


we have finally 


VD(t') < (1 + 20) WD(q). 


Our statement follows from this because D(r) may be chosen arbitrarily near 
tod and D(z’) is certainly not less than d’. 

As a corollary we observe that the conditions in the theorem can be eased 
by admitting continuous functions &(z, y), n(z, y) for which the continuity of 
the first derivatives may be interrupted along a finite number of straight lines. 
For, we may assume r(u, v) as a harmonic vector; then to such a straight line’ 
ax + by + c = 0 there corresponds in the u, v-plane an equipotential line of the 
harmonic function ax(u, v) + by(u, v). Hence discontinuities of the derivatives 
of r’(u, v) are of an admissible character, occurring only on such analytic lines. 

We furthermore make the preliminary remark that the lower limit d is equal 
to the area of G, provided that the problem is solved, as follows immediately 
by §2. Conversely, if B is mapped conformally on G, then the mapping vector r 
solves the variational problem. For we always have D(r) 2 a, while in this 
case D(x) = a, R(r) = 0. 

A third preliminary remark is: there exists a specific domain Gp for which 
the problem certainly can be solved. For we take the special domain B = By 


with two branch points, of multiplicity k — 1 + peach, at w = } andw = —}. 
Then since 
ii Qw + 1 1/(k+p) 
r+ie= (et?) : 


B is mapped on a domain in an, s-plane which by a further linear transforma- 
tion can be transformed into a domain G of our type with analytic boundaries. 
. . . ° . . . 12 

It is sufficient to restrict ourselves to domains G with piecewise smooth 
® These can be defined as follows. The boundary may consist of a finite number of 


ares each of which, after a suitable rotation of the codrdinate system, can be expressed in 
the form y = g(x), where g’(z) is continuous in the corresponding closed z-interval. 
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boundaries, e.g. polygons, because for the most general Jordan boundaries the 
result then follows by a simple passage to the limit. 

Now we connect Go with G by a sequence of k-fold connected domains G;, , 
G2, --- ,G@, = G, each of which is transformed into the next by a o-trans- 
formation. By an elementary construction this can immediately be effected 
with any o by means of transformations where discontinuities of £., £,, m2, 1, 
only occur on straight lines. The boundaries g” of G,, consist of k curves g?, 
and the corresponding areas may be denoted by a” and a;’, respectively. For 
all m and » and arbitrary « we may assume that 


a, 2 44q, 


4q being a fixed positive quantity, namely, the area of a circle small enough to 
fit in the interior of g;, --- , gx and all the g?. The lower limit of our varia- 
tional problem concerning G” is denoted by d» . 

For the first element Go of the chain the problem is solved; therefore we have 


We prove—and this is the main point of the reasoning—that solvability for G,, 
implies solvability for Gn. . 
For this we choose o so small that 


(16) (1 + 2c)? -1l<q 
and 
(17) a Ye a”™ ms q. 


Furthermore, by a similarity transformation of the plane, we may assume 
for convenience that 


(18) es <1 for all m. 
Solvability for G,, implies 
(19) dm =a" =ay —az—:---—q. 
The continuity theorem yields because of (16), (17), (18) 
dm S a1 +9) Sa" +q Sa” + %, 
therefore 
(20) duxi — a” S 29. 
Now the inequality (15) is applied for the domain G,,,,. We obtain 


+1 +1 2 
dm+1 + q > a” + az — oe 





and 


or 
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; the and hence by az" > 4q we have 


: dni, > 3g + a" — 
G,, 
rans- or 
cted é>3¢+a7"™ — day. 
mf By (20) 
Sg), ‘ 
For e>q 
results, and this gives the desired lower bound for e«. Thus the solvability of 
the problem for G,,,; is assured. 
Starting with Go we therefore find that the problem for G = G, is solvable. 


rh to This completes the proof of our mapping theorem. 
nines New York UNIVERSITY. 

have 

r Gn 

sume 


ull m. 











DUALITY AND COMMUTATIVITY OF GROUPS 


By RetnHOLD BAER 


Two groups are duals of each other if there exists an anti-isomorphism between 
their lattices of subgroups. The existence of a dual implies that all the elements 
are of finite order. Not every group possesses a dual since there do not exist 
duals of Hamiltonian groups. To be a dual and to be Abelian are equivalent 
properties of finite groups generated by elements of prime order p; and this 
statement is but one in a larger class of theorems connecting duality and com- 
mutativity. 

Abelian groups possess duals if, and only if, they are self-dual; and a necessary 
and sufficient condition for self-duality of an Abelian group is the absence of 
elements of infinite order together with the finiteness of its primary components, 
Thus the class of self-dual Abelian groups proves to be exactly the same as the 
class of those Abelian groups—determined in an earlier note'—which admit an 
operation mapping the subgroups upon isomorphic quotient-groups. 


1. A dualism between the groups G and H is a one-one correspondence d, 
mapping the set of all the subgroups of G upon the whole set of subgroups of H 
in such a way that 


S < T if, and only if, T¢ < S*. 


Such a dualism maps the cross-cut (join-group) of a set of subgroups upon the 
join-group (cross-cut) of the set of the corresponding subgroups; and it maps in 
particular G upon the identity in H and the identity in G upon H. Two groups 
are duals of each other if there exists a dualism between them. 

The inverse operation of a dualism is again a dualism between the same groups, 
whereas the product of two dualisms (if it exists) is a so-called subgrowp-iso- 
morphism, as it maps a subgroup of a subgroup upon a subgroup of the cor- 
responding subgroup. 

If d is a dualism between the groups G and H, and if in particular G = H, 
then d is an autodualism of G and the group G is self-dual. 

A dualism d between the groups G and H induces dualisms in all the quotient- 
groups of H and in all those subgroups of G which it maps upon normal subgroups 
of H. This principle will be used very often. 

The following theorem is known’ and may be stated for future reference. 

Received March 17, 1939; presented to the American Mathematical Society, April 7-8, 
1939. 

1 Reinhold Baer, Dualism in Abelian groups, Bull. Amer. Math. Soc., vol. 43(1937), 
pp. 121-124; cited as Dualism. 

2 Cf. R. Baer, Bull. Amer. Math. Soc., vol. 44(1938), pp. 817-820; Amer. Jour. of Math., 
vol, 61(1939), pp. 1-44; cited as Isomorphism. 


3 See Dualism. 
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THEOREM E. If G is an Abelian group without elements of infinite order whose 
primary components’ are finite, there exists an autodualism d of G with the following 
properties: 

(a) If S is a subgroup of G, then S and G/S* as well as S* and G/S are pairs of 
isomorphic groups. 

(b) There exists an automorphism of G, mapping S upon T, if, and only if, there 
exists an automorphism of G, mapping S* upon T°. 


It is our object to prove the following theorems. 


THEOREM A. If G is an Abelian group, then the following two conditions are 
necessary and sufficient for the existence of a dualism between G and some other group 
(which may be Abelian or not, equal to G or not): : 

(1) G does not contain elements of infinite order ; 

(2) each primary component of G is finite. 

THEOREM B. There exists a dualism between the Abelian group G and the group 
H if, and only if, 

(i) both G and H are self-dual; 

(ii) G and H are subgroup-isomorphic. 


It should be noted that it may happen that a non-commutative group is a dual 
of an Abelian group. For it is a consequence of Theorem E that every finite 
Abelian group F is self-dual; and it is known that there exist finite Abelian 
groups F which are subgroup-isomorphic with non-commutative groups.’ 

The following special case of Theorem B seems to be noteworthy: 


An Abelian group possesses a dual if, and only if, it is self-dual. 


The author has not been able to decide whether the hypothesis that the group 
be Abelian is necessary for the validity of this statement. The existence of a 
dual, however, causes the structure of the group to be “almost Abelian’’, as 
may be seen from the theorems proved in the §§5~-7, the most notable one of 
these being the following 


THEOREM C. A (finite p-group G is Abelian if, and only if, 

(a) there exists a dual of G; 

(b) non-Abelian quotient-groups S/T of subgroups S of G are not subgroup- 
isomorphic with Abelian groups. 

2. In this section we prove some necessary conditions for the existence of duals. 


THEOREM 2.1. Jf a group possesses a dual, then all its elements are of finite 
order. 


Proof. Suppose that d is a dualism between the groups G and H (which 
may be commutative or not), and that Z is an infinite cyclic subgroup of G. 
The subgroups Z” for 0 S i form a properly descending chain of subgroups of Z 

Y . mT y 2° 
(and therefore of G) whose cross-cut is 1. The subgroups W; = (Z’)* form 
‘A primary component of a group consists of all those elements whose orders are powers 


of the fixed prime number p. 
5 See Isomorphism. 
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consequently a properly ascending chain of subgroups of the group H whose 
set-theoretical join is H, since H is certainly the smallest subgroup of H which 
contains all the W; , and since the set. of all the elements which occur in at least 
one W;isasubgroup of H. If V = (Z*)*, then Wy < V and there does not exist 
any subgroup different from V and Wy, between V and W, , since there does not 
exist any subgroup different from Z and Z* between Z and Z’. In particular, 
there exists an element v in V which is not contained in Wy and which is con- 
tained in at least one subgroup W, , since H is the join of these W,. If v is an 
element in W; , then V S W, , since Wo S W;,, and since V is the subgroup of H, 
generated by v and the elements in Wy. Applying the dualism d™ upon this 
inequality, it follows that Z™ < Z': and this is impossible. 


LemMaA 2.2. If there exists a dual of the group G, and if there exists a subgroup 
K # 1 of G which is contained in every proper subgroup of G, then G is a finite cyclic 
group. 

Proof. If d is a dualism between G and the group H, then every subgroup 
S # H of H is contained in K’ = K* and K’ is different from H, since K # 1. 
Hence there exists an element w in H which is not contained in K’. The cyclic 
subgroup of H which is generated by w is not a subgroup of K’ and is conse- 
quently equal to H so that H isa cyclic group. Since G is a dual of H, it follows 
from Theorem 2.1 that H is a finite cyclic group. H is therefore by Theorem E 
self-dual. This implies that G and H are not only duals, but are even subgroup- 
isomorphic. But it is known® that only finite cyclic groups are subgroup- 
isomorphic with finite cyclic groups; and this proves that G is a finite cyclic 
group. 


Coro.iary 2.3. Groups of type p® do not possess duals.’ 


This is a simple consequence of Lemma 2.2, since groups of type p” are not 
cyclic, but contain a subgroup of order p which is contained in every subgroup 
different from 1. 


Coro.uaryY 2.4. Hamiltonian groups do not possess duals. 


Proof. If a group possesses a dual, then so does each of its quotient-groups. 
Every Hamiltonian group is a direct product of a quaternion-group and some 
Abelian group so that every Hamiltonian group is homomorphic to a quaternion- 
group. Thus the existence of duals to Hamiltonian groups would imply the 
existence of duals to quaternion-groups. But it is a consequence of Lemma 2.2 
that a quaternion-group does not possess a dual, since such a group is not cyclic 
but contains a subgroup of order 2—namely, its central—which is a subgroup of 
every proper subgroup. 

Remark. In order to delineate the scope of applicability of Lemma 2.2 one 


* Isomorphism, Theorem 2.4, p. 6. 
7 A group of type p* is an Abelian group, generated by elements a; , so that a, is of order 
panda; = ay... 
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has to determine all the groups which contain (exactly) one smallest proper 
subgroup, i.e., a proper subgroup which is contained in every proper subgroup. 
This may be done as follows. 

This class of groups certainly contains the cyclic groups Z(p") of order a power 
ofa prime p” for 1 < n, and the groups Z(p*) of type p~. There are furthermore 
the dihedral groups D(n) for 0 < n which are generated by two elements u and 
», subject to the relations 

a a u = v’, vuv =u ; 
and the infinite dihedral group D( ~ ) which is generated by elements u , ue , 
uw,--:,v, Subject to the relations 


2 2 q —|1 -1 
U; = UW-1, “=v, u = 1, vy =U; 


D(«) is clearly the join of the groups D(n), generated by v and u, ; and the 
element v” generates the only subgroup of order 2. 

Suppose now that the group G contains exactly one smallest proper subgroup. 
If G is finite, then it is a well-known theorem® that G is either a group Z(p") 
ora group D(n). If G is infinite, then let us assume that any finite number of 
elements in G generates a finite subgroup of G. (Whether or not this hypothesis 
isreally needed the author has not been able to decide.) If the prime number p 
is the order of the uniquely determined smallest proper subgroup of G, then it 
follows from the facts mentioned so far that G contains one and only one cyclic 
subgroup of order p" for 2 < n. If either p is odd or G is Abelian, then G is the 
join of these cyclic subgroups, as all the elements in G are of order a power of p, 
ie., Gis a group Z(p”). If p = 2, but G is not Abelian, the above argument 
shows that G contains a uniquely determined subgroup Z(2”) and is the join 
of an ascending chain of subgroups D(n), i.e., G is a group D(). 

It is perhaps of interest to note that the following property of groups is 
equivalent to the one which we investigated just now. 


There exists a proper subgroup of the group G which is a subgroup of every 
proper subgroup if, and only if, there exists a proper subgroup C of G with the 
property : 

(*) If S is a subgroup of G, then either S S CorC s S. 


Since a smallest subgroup (in the strong sense) is a subgroup, contained in 
every proper subgroup, the smallest subgroups satisfy (*). Hence we need only 
show that the existence of a group with the property (*) is sufficient for the 
existence of a smallest subgroup. Suppose therefore that C is a proper subgroup 
of G and that C satisfies (*). There exist elements in G which are not contained 
inC, since C < G. If wis any element in G which is not contained in C, and if 
U is the subgroup generated by u, then it follows from (*) that C < U, since 
U<¢C. There exists therefore an integer n > 1 so that C = U". Suppose 


*W. 8. Burnside, Theory of Groups of Finite Order, 2d ed., 1911, Theorems V and VI on 
pp. 131-132. 
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now that wu is of infinite order. Then let p be any number which is relatively 
prime to n. The subgroup U” of U would then neither contain U" = C nor 
would U” be a subgroup of U" = C. As this is impossible, u is of finite order, 
If the order of u is the product hk of two numbers h and k which are relatively 
prime, then it is impossible that both u’ and u‘ are in C, since otherwise u would 
bein C. If, for example, u" is not in C, then C < U" and U’ is of orderk. Since 
h and k are relatively prime, it follows that 1 is the cross-cut of U" and U’: 
and this implies that 1 is the cross-cut of U‘ and C. Since C ¥ 1, it follows from 
the property (*) that U* = 1 so that wis of order k, andh = 1. Now it follows 
that all the elements in G are of order a power of a prime number. As in 
particular C is a cyclic group of order a power of a prime number, C contains a 
subgroup D of order a prime number. If S is a proper subgroup of G, then either 
D=C xs SorS <(C. In the latter case, however, D s S, since D is a sub- 
group of every proper subgroup of C. This completes the proof. 


THEOREM 2.5. There does not exist a dual of an infinite Abelian group all of 
whose elements ¥ 1 have the same finite order. 


Proof. If G is an Abelian group all of whose elements ~1 have the same 
finite order, then G is a direct product of cyclic groups of order p, where p isa 
prime number. If G is infinite, the number of factors in such a decomposition 
is the same as the number of elements in G and the same as the number of cyclic 
subgroups. This number may be denoted by r(G). If r(G@) is infinite, one 
verifies easily that the number of subgroups of index p in G is exactly 2° 
(e.g., by considering the homomorphic mappings of G upon a cyclic group of 
order p). 

Suppose now that d is a dualism between G and the group H (which may be 
commutative or not). Let u and v be two elements in H and suppose that the 
subgroup W of H which is generated by u and v is not cyclic. If U is the sub 
group generated by u, and V the subgroup generated by v, then U and V are 
proper subgroups of W, and W is the smallest subgroup containing both U and 
V. This implies that W’ = W* " is the cross-cut of U’ = U*' and V’ = V*. 

Since d induces a dualism between G/U’ and U, it follows from Theorem 2.1 
that U is a finite cyclic group. Hence it follows from Theorem E that U is 
self-dual; and G/U’ and U are therefore subgroup-isomorphic. Since the 
subgroup-isomorphic image of a finite cyclic group is itself a finite cyclic group, 
G/U’ is a finite cyclic group. But cyclic quotient-groups of G are all of order p 
so that there is no proper subgroup between U’ and G. Hence U does not 
possess any proper subgroup and this shows that all the elements #1 in H are f 
order a prime number. 

This implies, in particular, that U and V have only 1 in common, and Gis 
consequently the smallest subgroup of G containing both U’ and V’. Hence 
G/W’ is a direct product of two cyclic groups of order p. It follows from 
Theorem E that there exists an autodualism of G/W’. Since furthermore é 


® Cf. footnote 6. 
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induces a dualism between G/W’ and W, this proves the existence of a subgroup- 
isomorphism between G/W’ and W. Applying now a general theorem” on sub- 
group-isomorphisms of direct products of groups of order p, we find that 

W is either a direct product of two cyclic groups of order p; or 

W contains a normal subgroup of order p, and all the other proper subgroups 
of W are of order a prime number g which divides p — 1. 

It is a consequence of this result that the elements of order p form (together 
with 1) a subgroup P of H which is a direct product of cyclic groups of order p 
and which is either equal to H or of index a prime number q in H. 

d induces a dualism between P’ = G/P*”* and P. As P is infinite, P’ is 
infinite. ‘Thus the number of subgroups of order p in P’ is r(P’), and the number 
of subgroups of index p in P’ is 2”. This is clearly the number of subgroups 
of order p in P and the number of subgroups of index pin P is therefore 
But it follows from the existence of d that the number of subgroups of index p 
in P is the same as the number of subgroups of order p in P’. Hence r(P’) = 
f°” and this is impossible. Consequently G cannot be infinite, and the 
proof is complete. 


3. The proof of the Theorems A and B is now fairly simple. Suppose first 
that G is an Abelian group, and that d is a dualism between G and the group H 
which may be commutative or not.—It may be noted that our arguments would 
be much simpler if we assumed that H is Abelian.—Then it is a consequence of 
Theorem 2.1 that G does not contain elements of infinite order. G is therefore 
the direct product of its primary components G, , where G, consists of all the 
elements in G whose order is a power of the prime number p. If Z is a subgroup 
of type p” of G, then Z is a direct factor" of G, ie., G = Z X Z’ and G/Z’' isa 
group of type p”. But d induces a dualism between G/Z’ and Z” and this 
contradicts Corollary 2.3. Hence G does not contain a subgroup of type p”. 
If p is any prime number, then G,/G? and G/G” are essentially the same groups. 
Again d induces a dualism between G/G’ and (G”)*; and as the elements +1 
in G/G” are of order p, it follows from Theorem 2.5 that G/G” is finite. Hence 
G, does not contain subgroups of type p”, and G,/G? is finite; and therefore it 
follows from general theorems on primary Abelian groups” that G, is finite. 
Thus it has been proved that the conditions in Theorem A are necessary; and 
that these conditions are sufficient follows from Theorem E. 

That the conditions of Theorem B are sufficient is an obvious consequence of 
the fact that the product of an autodualism and a subgroup-isomorphism is a 
dualism. If on the other hand the Abelian group G and the group H are duals 
of each other, it follows from Theorem A that @ satisfies the conditions of 
Theorem E so that G is by Theorem E self-dual. G and H are therefore sub- 
group-isomorphic, since the product of an autodualism and of a dualism is a 


© Tsomorphism, Theorem 8.1, p. 14 and Theorem 11.2, pp. 23-24. 
" R. Baer, Annals of Math., vol. 37(1936), (1; 1), p. 766. 
® Cf., e.g., R. Baer, Amer. Jour. of Math., vol. 59(1937), pp. 99-101. 
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subgroup-isomorphism ; and finally H is self-dual, since H is subgroup-isomorphi 
with a self-dual group. 


4. We say that the subgroup S of G is chained to G, if the subgroups between 
S and G form a finite chain, i.e., if the subgroups U’ and V of G both contain §, 
then either U < V or V < U; and the number of subgroups between S and Gis 
finite. If 7 is any subgroup of the group G, then there are always subgroup 
S between 7 and G which are chained to G, e.g., @ itself. We denote by B(T 
the cross-cut of all those subgroups between T and G which are chained to G. 


Lemma 4.1. (a) Suppose that d is a dualism between the groupsGandH. Th 
subgroup S of G is chained to G if, and only if, S* is a cyclic group of order a power 
of a prime number. 

(b) If T is a subgroup of the group G, and if there exists a dual of G, then T = 
B(T). 

Proof. To prove (a) one has only to remark that S is chained to G if, and 
only if, the subgroups of S* form a finite chain; and that the cyclic groups d 
order a power of a prime number are characterized by this last property.” hh 
order to prove (b) let d be a dualism between G and the group H. Then it isa 
consequence of Theorem 2.1 that there are no elements of infinite order in H 
This implies in particular that every subgroup of H is generated by its finits 
cyclic subgroups. Since every finite cyclic group is generated by cyclic groups 
of order a power of a prime number, it follows that every subgroup of His 
generated by cyclic groups whose order is a power of a prime number. It isi 
consequence of (a) that the subgroup B(7)* of T° is generated by all those cyeli 
subgroups of 7* whose order is a power of a prime number. Hence B(7)* = T 
and B(T) = T. 

The most important special case of (b), as far as our applications are cor 
cerned, is 7 = 1. It may be stated separately: 

If there exists a dual of the group G, there exists corresponding to every subgrow 
A # 1 of Ga subgroup B of G which is chained to G and does not contain A. 


5. The theorems in this section will be needed in the proof of Theorem C 
But they are not special cases of this theorem. 


TuHeoreM 5.1. If G is a group with Abelian central quotient-group, if G» 
generated by elements of order a prime number p, and if there exists a dual of 6 
then G is a finite Abelian group. 

Proof. Let us denote by Z the central and by C the commutator subgroup @ 
G. Then C = Z =G. As both Z and G/Z are Abelian groups which ar 
generated by elements of order p, all their elements ~1 are of order p;" and they 
are direct products of cyclic groups of order p. 


18 Isomorphism, (2.1). 
4 See, e.g., R. Baer, Trans. Amer. Math. Soc., vol. 44(1938), pp. 357-386. 
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The proof will now be conducted in two steps, the first of them dealing with a 
special case of the general theorem whereas the second step contains the reduc- 
tion of the general statement to the special case. 

I. Let us assume that C = Z is a cyclic group of order p; and that there 
exists a dualism d between G and the group H. C + 1 implies that G is not 
Abelian so that Z ¥ G. 

There exists by Lemma 4.1 a subgroup U of G which is chained to G and 
which does not contain Z. Since Z = C is of order p, U and C have but the 
identity in common so that in particular U is Abelian and so that the subgroup 
U', generated by U’ and Z, is the direct product of U and Z and is therefore 
Abelian too. Since U is chained to G, and since U’ is between U and G, it 
follows that U’ is chained to G. Since U’ is Abelian and G is not, U’ < G. 
Since C S U’, G/U’ is Abelian and therefore cyclic. Since the cyclic sub- 
groups and quotient-groups of G/Z are all of orders 1 or p, it follows that G/U’ 
is of order p. 

Let v be any element of G which generates G mod U’’. Then there exists an 
element u in U so that c = uvu'v * is different from 1, since the elements in 
Z = Care permutable with v. Consequently c generates C. If x ¥ 1 is an ele- 
ment in U, then zisnotin Z. Since U’ is Abelian, and since v generates G mod 
U’, it follows that vrv'x ' = c’, where dis relatively prime to p. Now it follows 
from general properties of groups with Abelian central quotient-group™ that 


o(zu vo (au) = vav a (vw ‘uw *)* = 1, 


so that zu ‘ as an element in U is permutable with the elements in U’ as well 
as with v; i.e., cu * belongs to the central of G. But the cross-cut of Z and U 
is 1 so that zu‘ = 1 orz = u’. U is consequently a cyclic group of order p 
and G/Z is a direct product of two cyclic groups of order p. Since the group G 
is generated by elements of order p, it is possible to choose the element v so that 
its order is p. Thus it has been shown that 

G is a group of order p* which is generated by two elements u and v subject 
to the relations: 


» —1 —1 
l= xy” =o” = (uu v )’; 
-] —1 —l_ —i —il_ —! =~} —j 
uuvuv = uvu v u, vuuv = uu v Dz 


If p ¥ 2, then all the elements # 1 in G are of order p; if p = 2, then u, v 
and (uv)” are the elements of order 2 and (uv)*" are the elements of order 4. 

A subgroup M of G may be called a greatest subgroup of G, if M < G, and 
if there does not exist a subgroup N so that M < N < G. That subgroups 
of index p in G are greatest subgroups in G is clear. If the index of a subgroup 
Sin G is p’, then either S = Z or S is of order p and the cross-cut of Z and S 
isl. Z itself is not even chained to G, since G/Z is a direct product of two cyclic 
groups of order p. If S # Z, then the subgroup S’, generated by S and Z, is 
their direct product. Hence S’ is of index p in G. Thus it has been shown 
that the greatest subgroups of G are exactly the subgroups of index pin G. The 
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subgroups of index p in G which are different from Z are chained to G, but are 
not greatest subgroups of G. 

Since Z is contained in every subgroup of index p in G, and since G/Z is a 
direct product of two cyclic groups of order p, it follows that Z is the cross-cut 
of all the greatest subgroups of G. 

Since G is not cyclic, it follows that Z* is generated by all the cyclic sub- 
groups of H whose order is a prime number and the order of every element + | 
in Z* is a prime number. This implies, in particular, that Z* is a normal sub- 
group of H; and H/Z* is a cyclic group of order a prime number, since Z is of 
order p. If U is a subgroup of order p of G, and if U # Z, then U* is a cyclic 
group of order a square of a prime number. Since U® is not part of Z*, U* 
generates H mod Z*. If q is the order of H/Z*, this implies that U* is of 
order q’. 

Z* contains exactly p + 1 subgroups of order a prime number, since G/Z 
contains exactly p + 1 subgroups of order p. If p = 2, this implies—together 
with the fact that all the proper subgroups of Z* are of order a prime number 
that Z* is a direct product of two cyclic groups of order 2 and that Z* is there- 
fore Abelian.” If p # 2, then every greatest subgroup M of G contains a 
subgroup U such that U £ Z and such that U is of order p. Such a subgroup 
U of G is chained to G, is of index p’ in G and is therefore not a greatest sub- 
group of G. Consequently, every M° is contained in a U%; i.e., every subgroup 
of H whose order is a prime number is contained in a cyclic subgroup of H 
whose order is the square of a prime number. But this shows that every sub- 
group of H whose order is a prime number is of order g. There exist therefore 
exactly p + 1 proper subgroups of Z* and all of them are of order g. If we use 
a theorem on the structure of the lattice of subgroups,” it follows that p = 4, 
and that Z® is a direct product of two cyclic groups of order p and is therefore 
Abelian. 

If U is generated by u and V by », then U* and V° are cyclic subgroups of 
order p’ in H; and their p-th powers are independent subgroups of order p in Z*. 
Since H/Z? is a cyclic group of order p, and since Z* is Abelian, this implies that 
H is Abelian and that H? = Z*. But the statements: H is an Abelian group, 
Z* is a direct product of two cyclic groups of order p, H/Z* is of order p, and 
H? = Z* are incompatible so that the hypothesis of the existence of a dual of @ 
has led to a contradiction. 

II. Assume now in general that G is a group which is generated by elements 
of order p, is not Abelian and has Abelian central quotient-group. Then there 
exists an element ¢ in G which is the commutator of two elements in G and # 
different from 1. Since C S Z, and since both G/Z and Z are direct products 
of cyclic groups of order p (see footnote 14), it follows that c is of order p, 
and that Z is the direct product of a group Z* and of the group generated by ¢. 


Z* is a normal subgroup of G and the commutator subgroup C’ of the group G’ = 


15 Tsomorphism, Lemma 5.1. 
‘6 Tsomorphism, Theorem 8.1. 
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(i/Z* is a eyclic group of order p. If Z’ is the central of G’, then C’ s Z’. 
Furthermore G’ is generated by elements of order p. 

Z’ is the direct product of some subgroup Z** and of C’. Z** is a normal 
subgroup of G’. If C” and Z”’ are the commutator subgroup and the central 
of G” = G’/Z**, then C” = Z” is a cyclic group of order p; and G”’ is generated 
by elements of order p. It follows now from the special case, treated in I, 
that there does not exist a dual of G’’. Since G” is a quotient-group of G, 
this implies that there does not exist a dual of G. Thus it follows that the 
existence of a dual of G implies that G is Abelian; and it is a consequence of 
Theorem A that G is finite; and this completes the proof. 

It will be convenient to use the following notation. If G is any group, denote 
by Z(G) = Z,(G) the central of G and by Z,;(G) the subgroup of G which satisfies: 
Z(G)/Zia(G) = Z(G/Z;4(G)). 


Coro.iary 5.2. If the group G is generated by elements of prime order," if 
G = Z,(G) for some positive integer h, and if there exists a dual of G, then G is 
Abelian. 


Proof. If Gis not Abelian, there exists a normal subgroup N of G so that G/N 
is not Abelian, but so that the central quotient-group of G/N is Abelian. For 
either the central quotient-group of G is Abelian, in which case we may choose 
N = 1; or the choice N = Z,_2(@) meets all the requirements, provided h is 
the smallest positive integer so that G = Z,(@). 

There exists a dual of G/N, since there exists a dual of G. Hence it follows 
from Theorem 2.1 that all the elements in G/N are of finite order. But a group 
without elements of infinite order whose central quotient-group is Abelian is 
the direct product of (finite or infinite) p-groups." Since G/N is not Abelian, 
at least one of the direct factors in a direct decomposition is not Abelian. 
Consequently, there exists a normal subgroup M of G which contains N so that 
(1) G/M is not Abelian, (2) the central quotient-group of G/M is Abelian, (3) 
G/M is a p-group, i.e., the orders of the elements in G/M are powers of the 
(fixed) prime number p. 

(¢/M is generated by elements of order p, since G is generated by elements 
of prime order. There exists a dual of G/M, since there exists a dual of G. 
Hence it is a consequence of Theorem 5.1 that G/M is Abelian; and this is a 
contradiction. 

The following statement is just a special case of this corollary, since G = Z,(@) 
for some positive integer h, if G is a finite p-group.” 


Coro.tiary 5.2*. If the finite p-group G is generated by elements of order p, 
and if there exists a dual of G, then G is Abelian. 


Corouiary 5.3. If G is a p-group (finite or infinite), if G = Z,(G) for some 
positive integer h, and if there exists a dual of G, then the elements of order p in G 
generate an Abelian subgroup of G. 


‘’ These orders may be different prime numbers. 
* See, e.g., R. Baer, Comp. Math., vol. 1(1934), p. 261, Lemma. 
® See, e.g., the work of Burnside, cited above. 
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Note again that the hypothesis G = Z,(@) is satisfied (and may therefore be 
omitted), if G@ is finite. 

Proof. Let P be the subgroup of @ which is generated by the elements of 
order p in G; and let d be a dualism between G and the group H. As P is the 
join-group of all the subgroups without proper subgroups, P* is the cross-cut 
of all the greatest subgroups of H and P* is therefore a normal subgroup of H. 
Thus d induces a dualism between P and H/P*. Furthermore we have P = 
Z,(P), since G = Z,(G@). Since finally P is generated by elements of order p, 
it follows from Corollary 5.2 that P is Abelian. 

The following consequence of Corollary 5.2 is nearly obvious. 

Corouuary 5.4. If G = Z(G) for some positive integer h, and if there exists 
a dual of G, then G/G” is Abelian, where G” is the subgroup of G which is generated 
by the p-th powers of elements in G. 


6. Proof of Theorem C. The necessity of the conditions (a) and (b) of Theo- 
rem C is an obvious consequence of Theorem E and of the fact that every 
subgroup and every quotient-group of an Abelian group is Abelian. 

Suppose now that G is a finite p-group, satisfying the conditions (a) and (b). 
Since all groups of order p are Abelian, we may assume that a group is Abelian 
if it satisfies the conditions (a) and (b) and if its order is smaller than the 
order of G. 

Since G is a finite p-group, its central contains a cyclic subgroup C of the 
exact order p. G/C satisfies the conditions (a) and (b), since @ satisfies them. 
Since the order of G/C is smaller than the order of G, it follows from the indue- 
tion-hypothesis that G/C is Abelian. 

Let us assume now that G is not Abelian. Then it follows that the subgroup C 
of order p is just the commutator subgroup of G; and it follows from the con- 
struction of C that 


1<C s ZG <G@. 


As Z(G) is a finite Abelian group. and as C is a subgroup of order p, Z(@) is 
the direct product of two groups Z’ and Z” so that Z’ is cyclic and C a subgroup 
of Z’. Then Z” is a normal subgroup of G and G/Z” satisfies the conditions 
(a) and (b). But G/Z” is certainly not Abelian. Hence the order of G/Z” 
is not smaller than the order of G. This shows that Z’’ = 1, i.e., Z(@) = Z’ and 

Z(G) is therefore a cyclic group of some order p". 


Denote now by P the subgroup of G which is generated by the elements of 
order p in G. It is a consequence of Corollary 5.3 that 

P is Abelian. 

Since G is a group with Abelian central quotient-group whose commutator 
subgroup is of the exact order p, it follows from the well-known properties of 
such groups that (see footnote 14) 


g’ is in Z(G) for every g in G. 
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It is a consequence of Lemma 4.1 that there exists a subgroup U of G which 
is chained to G and which does not contain C, since there exists a dual of G, 
and since C ~ 1. The cross-cut of C and of U is 1, since C is of order p. Hence 
the cross-cut of U and Z(G) is 1, since Z(G) is a cyclic group which contains C 
as the uniquely determined smallest subgroup. If u is an element in U, then 
u’ is in Z(G), as has been remarked before; and consequently u” = 1 as an 
element in the cross-cut of U and Z(G). Thus it has been shown that U is a 
subgroup of P; and U is chained to P, since U is chained to G. Since P is an 
Abelian group which is generated by elements of order p, this implies that P/U 
is a cyclic group of order p, and that P is the direct product of U and C. 

P is chained to G, since P is a group between U and G, and since U is chained 
toG. G/P is Abelian, since C S P. Hence G/P is a cyclic group of order p", 
since every g” is in the cyclic group Z(G) of order p", and since the cross-cut 
of P and Z(G) is the cyclic group C of order p. 

Suppose now that v is an element in G which generates G mod P. Then there 
exists an element w in P so that vwy 'w ¥ 1, since G would be Abelian other- 
wise. The element c = vwv ‘w generates C, since C is of order p. If sis 
any element in P, then vsv 's' = c' for some integer i; and it follows from the 
general properties of groups with Abelian central quotient-group (see footnote 
14) that 


v(sw‘)v (sw) = vsv's (vue 'w)* = 1. 


As sw ‘is an element in the Abelian group P, and as v generates G mod P, this 
implies that sw ‘ is in the cross-cut C of P and Z(G). The elements c and w 
form therefore a basis of the Abelian group P and one verifies now that 


G is generated by two elements e and f subject to the relations: 


+1 
l=@=uf”; 


fe'f'=f"=c#1l, e=ce. 


The integer n is certainly positive. Assume now that p" = 2. Then it follows 
from the well-known properties of groups with Abelian central quotient-group 
that (see footnote 14) 


(ef)? = ce’f? = 1, 


and as the elements of order p in G form an Abelian subgroup of G, this would 
imply that f is also of order 2. But this is impossible and consequently we 
have the additional conditions: 


0 <n, p” # 2. 


If i, j, k are integers, then 


(e'f*)* = ct {ha jk =  ? ataeanedl 
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If j is relatively prime to p, then we are going to prove that there exists an 
integer k satisfying (e'f’)“ = e“f. This will be proved, as soon as we have 
shown that there exists a solution k of the congruence 


jk + 2"k(k — 1)p" = 1 mod p™". 


There exists certainly an integer k’ so that jk’ = 1 mod p"”*. Thus it suffices 
to prove the existence of an integer x so that, putting k = k’ + xp", we have 


jx + 2°(k’ + xp")(k’ + xp" — 1) = 0 mod p. 
If p # 2, then it suffices to determine z in such a way that 
2Qjz + k’(k’ — 1) = 0 mod p, 


since n is positive; and this is possible, since 2j is prime to p. If p = 2, then 
— ° ° 
p” is still even, so that it suffices to solve the congruence 


je + 2"k'(k’ — 1) = O mod 2; 


and this is possible, since j is odd. Thus it has been shown that it is possible 
to determine k in every case in the required way. 

The subgroup A of G which is generated by e and f” is Abelian. A is exactly 
the subgroup of G which is generated by Z(G) and P. G/A is a cyclic group 
of order p. If S is a proper subgroup of G which is not contained in A, then 8 
is a cyclic group of order p""', since the p-th powers of all the elements in @ 
are contained in Z(G). It follows now from the previous result that there 
exists in S one and only one element e'f which generates S._ This shows that @ 
is subgroup-isomorphic with a direct product of a cyclic group of order p anda 
cyclic group of order p"*'. But this contradicts condition (b), since G is not 
Abelian. Thus the assumption that G is a non-Abelian group, satisfying (a) 
and (b), has led us to a contradiction; and this completes the proof of Theorem C. 


7. The following theorem which will be derived from Theorem C contains it 
as a special case. 

TueoreM 7.1. If G = Z(G) for some positive integer h, and if G satisfies the 
conditions (a) and (b) of Theorem C, then G is Abelian. 

Proof. Using the same argument as in the proof of Corollary 5.2, we may 
show that there exists a normal subgroup N of G so that (1) G/N is not Abelian, 
(2) the central quotient-group of G/N is Abelian, (3) the orders of all the ele 
ments of G/N are powers of the fixed prime number p, if only @ itself is not 
Abelian. 

Denote by G(1) the subgroup of G/N which is generated by the elements of 
order p; and denote by G(i + 1) the subgroup of G/N which is generated by 
those elements in G/N whose order mod G(i) is p. All the G(i) are normal 
subgroups of G/N. 

It is a consequence of Corollary 5.2 and of condition (a) that G(z) as well a 
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every G(i + 1)/G(2) is a finite Abelian group, and this implies that every G(7) 
is a finite group. 

There exists by condition (a) a dualism d between G/N and some group H. 
By the argument used in the proof of Corollary 5.3 one shows that G(1)® is a 
characteristic subgroup of H, that G(2)* is the cross-cut of all the greatest sub- 
groups of the characteristic subgroup G(1)* of H and is therefore itself a char- 
acteristic subgroup of H and so on, so that in particular all the G(7)* are normal 
subgroups of H. Thus d induces a dualism between the finite group G(7) and 
the quotient-group H/G(7)*. 

Thus it follows that each of the groups G(7) is a finite p-group which satisfies 
the conditions (a) and (b) of Theorem C. Consequently each of the G@(7) is 
Abelian. Since G(z) contains in particular those elements in G/N whose order 
is a divisor of p’, there exists corresponding to every pair of elements x and y 
in G/N an integer 7 so that G(¢) contains both z and y. Hence ry = yz, since 
G(i) is Abelian. Consequently G/N is Abelian and this contradicts (1). The 
hypothesis that G be not Abelian leads therefore to a contradiction, and this 
completes the proof. 

A few remarks may be added. If the group G is generated by elements of 
order p, then Corollary 5.2 gives a better result, since there the condition (b) 
isnot needed. If, however, all the elements + 1 in G are of order p, then it is 
known (Isomorphism) that the condition (b) is always satisfied. 

It has been pointed out in §1 that the condition (b) is not necessary for the 
existence of a dual. There is some reason to believe that a group G which 
satisfies G = Z,(G) for some integer h and which possesses a dual is always 
subgroup-isomorphic with an Abelian group; and it does not seem improbable 
that a complete survey of the groups which are subgroup-isomorphic with 
Abelian groups might furnish the means for a proof of this conjecture. 


Appendix: Representation of dualisms. Suppose that the groups G and H are 
beth subgroups of the same group R. If S is a subgroup of G, then denote 
by S” the set of all those elements h in H which satisfy sh = hs for every s in S 
so that S” is the cross-cut of H and of the centralizer of S in R; and similarly 
denote by 7° for subgroups 7' of H the set of all those elements g in G so that 
gt = tg for every tin T. One verifies easily that S < S’ S G implies S’” < 8", 
that S < S”° and S” = S““" for S < G. 

The two subgroups G and H of the group R are said to form a pair in R if 
8 = §”* for every subgroup S of G and T = T°” for every subgroup T of H. 
If G and H form a pair in R, then mapping S S G upon S” Ss H constitutes 
adualism between G and H; and one may say that this dualism is represented 
by the pairing-operation in R. 

Suppose now that G is an Abelian group which possesses a dual. Then G 
does not contain elements of infinite order and all its primary components G(p) 
are finite. Denote by p™” the maximum order of the elements in G(p), by 
Z(p) a cyclic group of order p™’”’, and by Z the direct product of the groups Z(p). 
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Any homomorphism h of G into Z which maps almost every G(p) upon the 
identity is said to be a character of G and the group H of all the characters h(g) 
of G is isomorphic with G. There exists one and essentially only one group 
R with the following properties: 

(1) R contains G, Z and H as subgroups; 

(2) R is generated by the elements in G, Z and H; 

(3) Z is the central of R; 

(4) if g is an element in G and A an element in H, then the commutator 
ghg *h™' of g and h is equal to the element h(g) in Z upon which the character h 
of G maps the element g in G. 

It is now a well-known fact in the theory of characters of Abelian groups 
that G and H form a pair in R, since S” for S < G consists of exactly those 
characters of G which map every element in S upon 1, and since 7° for T < H 
consists of exactly those elements in G which are mapped upon 1 by all the 
characters in 7’. 


UNIVERSITY OF ILLINOIS. 





1 
con: 
the 
in t 
long 
as a 
sim) 
pen 
pap 
the. 
reta 
are | 
of g 
neec 

T 
and 
the | 
orde 
alge’ 


1 
with 
gene 


n the 


s hig) 
group 


utator 
icter h 


zroups 
- those 
al < H 
ull the 





ALGEBRAS DEFINED BY GROUPS WHOSE MEMBERS ARE OF 
THE FORM A*B" 


By JAmMes Byrnize SHAW 


This paper is a study of a class of groups of not very complicated structure, 
considered to be algebras. To make an algebra of a group we must introduce 
the additive property giving the elements of the group coefficients from a field, 
in this case the complex field.’ As an algebra a reducibility appears. It has 
long been known that an abstract group could be represented in several ways 
as a linear group, each such representation being practically a matrix, that is, a 
simple algebra, a quadrate algebra, now called a total matric algebra. It hap- 
pens thus that a group as an algebra becomes semisimple. The object of the 
paper is to effect this reduction by simple means. The defining basal units of 
the algebra, originally called vids by C. 8. Peiree—a name that should have been 
retained—, are found by first determining hypernumbers of the algebra which 
are the partial moduli of the separate integral subalgebras. In the general case 
of groups this involves solving algebraic equations, but for this class we do not 
need to do that. 

This class of groups exemplifies almost every group property rather simply, 
and also many properties of algebras. In particular, when there is a central of 
the group different from ordinary unity, we can extend the field and reduce the 
order of the algebra. Interesting examples of some of the recent work in 
algebras can be formed. 


I. The groups 


The most elementary groups are the cyclic, defined by a single generator A 
with A" = 1. We may take as next most elementary those defined by two 
generators A, B with every member of the form A*B” and with the relations 


A° = 1 = B’, A‘ = B’, BA = A‘B’, ei = 0 (a), ej = 0 (b). 
For such groups we have the 
THEOREM. 
B’A” = A“ B™ (ec = 1,2,---,a;y = 1,2,--- ,9); 
¢ = 1 (a), r’ = 1 (b), a = dg, b = ch, q= 1+, r=1+4u€. 


Synthetic proof. Cayley showed (Amer. Jour. Math., vol. 1(1878), pp. 174 
176) that abstract groups could be represented by assigning to each generator a 
Received May 23, 1939. 


‘See Wedderburn, Lectures on Matrices, American Mathematical Society Colloquium 
Publications, vol. 17, 1934, pp. 167-168. 
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color and constructing a linkage with the assigned colors, according to the 
defining equations. Traversing a link from one vertex to another represents a 
member of the group. Reversing the direction represents the inverse. The 
links may all be straight. The set consisting of the generator A and its powers is 
represented by a polygon of a sides, regular in most cases (though this is not 
essential) and convex or star-shaped. The automorphs of the cyclic group of A 
will be the original polygon and its possible irreducible stars, and their reverses. 
A star is given by connecting as adjacent vertices the points reached in the original 
polygon by A‘, A™, ..- , where q is prime to a, that is, (a,qg) = 1. No polygon 
‘an be separable. If these models are executed in space of three or more dimen- 
sions, very interesting polyhedra appear. For example, the octahedral group is 
represented by the edges of a snub cube, with proper colors and directions, 
and the icosahedral group by the edges of a snub dodecahedron. 

Models for the groups under consideration are quite simple. To construct 
one we start with a regular convex polygon of a sides for the generator A. The 
generator B will furnish polygons of b sides, one attached at each vertex of the 
polygon for A. It will not connect again with the polygon for A unless we havea 
relation A’ = B’, in which case the j vertex of B must be the 7 vertex of A. 
Corresponding to the members of the group there will then be ab vertices or aj 
vertices, since we may take 7 as a divisor of b. It is important to notice that 
it must make no difference which vertex we use as the initial point, the law of con- 
struction being the same from any vertex. Now since we have BA = A‘B’, 
or B'A~* = A™‘B, we will proceed backward on the A polygon from the initial 
point representing identity or 1, attaching polygons as follows: at identity the 
original convex polygon for B; at A-‘ the automorph given by B’. This must 
be an automorph since it must represent the cyclic group of B. The vertex for 
B’A™ is adjacent to that for A~’. But we must reach the same vertex by 
A “B, that is, we proceed on the B polygon to the first vertex, then on an A 
polygon to our point by A *. This second polygon for A must be an automorph. 
As it makes no difference where we start, we see that when we proceed along the 
A polygon backwards, each B polygon is the r automorph of the preceding, and 
along the polygon for B each A polygon is the —q automorph of the preceding. 
Any vertex may now be reached by two routes giving 


B"A-* = AB’ or BA’ = A™B™ 
To make plain what we do, consider two instances: 
1 8 4 3 pd 
A®° =1=B*, BA = AB. 


Construct a regular decagon and at the vertices attach octagons as follows: at 
the first vertex a regular convex octagon, at the next a star octagon, then a 
convex, then a star, and so on to the beginning. Connect the points of the 
octagons by decagons as follows: next to the original decagon the automorph 
for A*, then the same automorph for this, which is actually the original decagon 
reversed, then this automorph again for the reverse which will be the star 
reversed, then the original decagon, and so on a second time. We have now 4 
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linkage of 80 vertices properly connected. The colors for A and B are different. 
The second instance is 


AP=1= B, BA = A'B, A‘ = B’. 


This group is of order sixteen. Its model consists of a regular octagon for the 
top, a star octagon for the bottom. In a different color the polygons for B will 
go directly from a top point to the vertex immediately below, then up to the 
vertex in the top diametrically opposite the first, thence down, and back to the 
beginning. The second equation could be 


BA = A'B’ 


giving the same model. 
Since the successive polygons are automorphs, 


(g,a)=1= (r, b). 


If A‘ = B’, we change the second equation so that r <j. For some least value c 
we must have g° = 1 (a). The number c is a divisor of \(a), a well-known 
function of an integer from the theory of integers. It is a divisor of the totient 
of a, g(a). It is the least common multiple of the totients of the prime factors 
of a to their highest powers, except that for powers of 2 greater than 2° we take 
one-half the totient. The numbers relatively prime to a satisfy congruences 
p = 1 (a), where z is a divisor of \(a), and when it equals A(a) we call p a 
primitive root. We notice b = ch. Likewise we have r* = 1 (6), a = dg, andd 
isa divisor of \(b). These restrictions limit the possible groups of this type for a 
given order. On account of these relations if we follow along the A polygon, 
after d steps the automorph of B is the original polygon. That is, 


B’A* = AWB’ = AWB’. 
Hence d(q’ — 1) = 0 (a) org” = 1 (g) and 
r=] + pe. 
Similarly, 
q = 1+ ad. 


We represent A’ by R and B’ by S. BR = R*B, AS = S’A, RS = SR. In 
some cases we will consider, the values of c and d derived from the first three 
equations are too large when we also have A‘ = B’. 

Analytic proof. We will have the general relation 


BTA” - A’** Bo 


where the functions f and g may be taken as polynomials since there is always a 
finite number of values of the arguments and of the function values. The latter 
are always the former in different permutations. If there is a relation A‘ = B’, 
we may reduce the exponents so that either 7 is a divisor of a or j of b, or some- 
times both cases happen. The exponents in the relation above can also be 
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reduced so that of A will be less than 7 or that of B less thanj. We shall suppose 
the latter is the case. Then z will run from 1 toj and y from 1 toa. We now 
make use of the associative property, first on the left, then on the right, and find 


BBA? = Afttgee’? a BAB = Airy, 
We must then have the congruences 
Sef = furry (a), 
g(t +2) — G8 = Ose (9). 


These hold for every x, y, z. The first shows that f( ) is an iterative function 
and f, = f’. A similar statement holds for g( ) and gz = g*. The second 
congruence shows that g,z is.a multiple of z, and also f,z is a multiple of z. 
We write the corresponding congruence for f, : 


(1) fr(z +> y) tei fey a= Je,22 (a). 


We let accents indicate the formal derivative, algebraically defined, and from 
Sefyz = feryz we have 


fe(Su2) Sot = Sory2 (a). 
Let z = 0 and notice that f.0 = 0, getting 
f0-f,0 = fi4,0 for all z, y, 
whence 


f0 = (f10)" = ¢. 


Ill 


From the relation (1) above 
fle +y) =Soz2, Sel@+y) =So,22- 

Making z = 0, we get 

fey = Soy0 = 9. 

Again we have 
fe Suz) (fez) + Selfu2) Sue = Sevy2- 
Let z = 0 giving 
f20-¢" + f70-¢ = f2s,0. 

Starting with z = y = 1 and proceeding to 2, 3, --- , w, we find 
feO = fi0-(q"* +q"+--- +4"), 
fle = HO. + of + +). 

Change z to f,z and reduce by the relations above and we have 

Sz (fuz) =fi0-g "(query + ---) 


_ Ozue"! 
= ¢ *S x+v2- 
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Set z = 0,2 = 0, and0 = q ’-f/0, hence fj0 =0(a). Hence fz = 0, and all 
succeeding derivatives are zero. We must have then 


fez = f.0 = eq” = eq 


We can carry through a similar procedure for g( ) and finally we have the 
theorem 
BA’ = A*’B™. 
We notice that g* = q”” for all x, y, and this can be written simply as q’ = q (a). 
Likewise r* = r (j). We must have (q, a) = 1, (r, b) = 1, since all powers of A 
must appear on the right, as well as all powers of B. 
For some c equal to j or less than j, f.c = zx (a), hence 


gq =1 (a). 


Since q” ' = 1 (a) we must have if g ¥ 1, r = 1 + we. Likewise for some d 
less than a, we may take a = b and we have gat = x(j). Hence r* = 1 (j). 
Since r™' = 1(j) ifr #1,q=1+0d. Ifq = 1, BA = AB’, and if r = 1, 
BA = A‘B; so that these relations hold in any case. If A* = R and B = S, 
BR = R‘B, SA = AS', RS = SR. Consequently in any case 


BA = ABR*'S". 


R at least is not 1 so that the quotient group of Ris DC = CD*. R, S define an 
Abelian subgroup whose quotient group is Abelian. R is the lowest power of A 
for which BR = R‘B, and S is the lowest power of B for which SA = AS”. 
If c and d are determined without the relation A‘ = B’, when this relation is 
adjoined a new c and d may be found in some cases less than the original c and d. 
There are other methods of proving these relations and the general theorem, 
but none is direct as is the one given. They demand the consideration of 
special cases. 

A considerable list of numbers play important parts in the development to 
follow and we list them here. A(N) is the Cauchy maximum indicator of N. 


a=dgy R=A%, R°=1, ri =1(b), rb) =dd, i = dg’. 
b = ch, S = B, S* =1, qg =1 (a), (a) = a’e, j = ch’. 
gq=1+ ad, g = ln, w = kn, (k, 2) = 1, d = 8k, t= uc, 


(s,u) = 1 = (k, u) = (k, x), a = mK. 
r= 1+ ue, h=nd, w=mé, (m,n) = 1, c = ts, n = ve, 
(t,v) = 1 = (m,v) = (m, x), B= On. 
a = Isnx = usnx, q — 1 = ksnk; b = ntOx = vtOx’, r — 1 = mor. 
Ifg =1+2l,q° =1 + pal. 
ql = l(a), qg = qg (a), rn = n (b), rh = h (b). 
qi tg +--- +1 = 2 (ken). 
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Ife=ceg¢ =1qg +--- +1 = wux,c = 0 (x), ¢ = ax. Alsod = 0 (nx), 
d = dr. Hence ¢ and d are divisible by |x, x] the least common multiple of « 
and z, and a and b are each divisible by zx. 

If g = 1 (g), u = 1, R* = 1, and conversely. 


If r = 1 (h), v = 1, S* = 1, and conversely. 
(A*B)? = A*e Bve® 
where 
Qy) =1l+qtqyt+---+q*”, 
Re) = Ate ee pee 


If we also have A‘ = B’, we may reduce q and r by multiples of 7 or j. We 
ean make either 7 a divisor of a or j a divisor of b and sometimes both possibilities 
exist. We may then reduce q to a number less than 7, or r to a number less 
than j. Also the values of c and d that arise from the original equations may 
now become smaller, remaining, however, divisors of the original values. Ex- 
amples will be given. We can also define the group by using as generators 
powers of A and B which are prime to a, b. The values of qg and r will then 
become powers of the old values and no essential properties change. The 
equation BA = A‘B’ may be written also 

BA = At “BR = AVR” 
An example for all of these numbers is the group defined by 
720 504 13 p37 
a =e. BA = A'B’. 
We have 

d=6, g=12, w=2, 7=2, I 

c=2, h= 42, p=3, 0=3, n= 4, r=2, v= 7, B= 6. 
la hl 4 481 pl4 3 39 253 ° 120 
Then B‘A = AB, BA® = A*B™. If now we have also the relation A’ = 

84 4 484 3 399 « 

B™, then B'A = AB™, BA* = A°’B, so that d has dropped to 3, and ¢ to 4. 
The new values are now 

d=3, g = 240, w=4, n=4 

c=4, h=126, »=9, O6=9 


Also BA = A™*B™ = A™B™, 


II 
> 
Ss 
ca 

ll 
So 

Il 
= 
R 

Il 
_— 
bo 


, =O, «=3, u=D, a = 12, 


II. Invariant subgroups 
Let a = a’a”’, b = b’b”. Then a subgroup is generated by A*, B’. If itis 
invariant, 
BA’ B" = A**B”’ = A*'B*’, ABA = A®’"B™ = A”’B™. 
Hence we must have 


¢ =1(@), 1 =1(%. 
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It will also be Abelian if 


¢ =1(0"), 7 


1 (b”). 
The quotient group corresponding to the invariant subgroup is defined by 
c* =1=D", DC = C"D", q =q (a), r =r (b’). 


The quotient group is always a group of the kind we are studying. The im- 
portance of invariant subgroups is due to their quotient groups, for the inde- 
pendent algebras of the quotient groups are always included among those of 
the group. ‘This is of course true for any group whatever. The independent 
algebras of the invariant subgroups are not usually among those of the group. 

A simple example is A* = 1 = B”, BA = A°B’. Then {A’, B*} is invariant 
and Abelian, with quotient group C? = 1 = D*®, DC = CD, Abelian. {A*, B’} 
is invariant and Abelian, with quotient group C’ = 1 = D*®, DC = C°D, non- 
Abelian. {A, B’} is invariant and non-Abelian. 

For any of these groups {A‘, B”} is invariant. There are several others 
easily found. One of importance is the “central’’. It contains all the members 
of the group which are commutative with every member of the group. If its 
members are given by A“ B’, then AA“ B’ = A“ B’ = A“ B’A = A” ait of" 
Therefore 


gq = 1 (a), 2z(r — 1) = 0 (6), z=0 (ce), z=0(n), z = 0 (ve). 


Likewise w = 0 (ud). The central is therefore generated by R“, S’. It is 
Abelian and invariant, but its quotient group may not be Abelian. The 
generators of the central may be considered algebraically as defining numbers 
which are commutative with all numbers of the algebra, and the order of the 
algebra can be reduced by introducing these numbers. As an example A = 
1 = B’, BA = A'B*. If we take A* = R, BY = S, BA = R*SAB, where 
R’ = 1 = S’, the order drops to 6. The earliest instance of this procedure is 
found in quaternions, defined by 


An important invariant subgroup is that generated by R, S. It is Abelian. 
If we set R° = V, S* = W, then a proper power of V will give R’, and a proper 
power of W will give S°. These are the lowest powers of R and S that appear 
in the commutators of the group. The commutator subgroup is invariant and 
of much importance. We can take as the general commutator 


Cg = A“RA'R® = A*? pr”, 


where x, y are to take all values. We may express C,,, as V’’W"*, where 
Yo=q°'+.--+1andX =r°'+.--- +1. We note that Vi=1=W". 
If we take x = d, then Cy, = V" = V™. Since (s, 2) = 1, a proper power 
of V reduces to V“. Also a proper power of W reduces to W*. Cy = VW. The 
«and powers of this enable us to find V", W*. From these we may find 
V', W, where (x, x) = ¢. No lower powers of V, W can be found from the 
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commutators. Hence the commutator subgroup is generated by V', W', 
together with VW. If the first two reduce to 1, or if they are powers of 
VW (when (ux’, vr’) = 1), the commutators are powers of VW. If we raise 
Cy, to the power yX and divide the general commutator, we have V to the 
power zY — yX = zy + yx — zy — x which can give no lower power than ¢. 
As an example, the commutator subgroup of A“ = 1 = B“, BA = A™B”™ is 
generated by V, W and contains members which are not commutators. For 
A” = 1 = B*, BA = A*B" the commutator group is generated by A‘B”. 
The commutators have some important relations which we list: 


C. @ Cena © Gd. * Con, 
Ca = oe es Czqv.—y - Cs,yr2 5 
Cz,yreC wy - C24 og ™ CwyrsCay ’ 
Cagt,yCus = Ca,y+s = CusedMes > 
CoLenmey @ 1 @ Colic. 
CMe = Cz => a 
Co,y — l, C_s,-y - Can-cse~r . 


The commutators may be arranged in a table, by placing C,, in the z row and 
the y column. We shall represent the sum of all the members of a row by 
row (x), and the sum of all in a column by col (y). That is, 


row (rt) = >> Cay, col (y) = D> Cry. 


The table is easily constructed. We first calculate g — 1,q° —1,---,q¢° -—12 
0 (a), andr — 1,r —1,---,r* — 1 = 0 (0). We now write a top rowof 
powers of A given by the q set, repeated v times. Then we write in the first 
column at the left powers of B given by the r set repeated u times. The table 
is then finished by writing into rows downward the double, triple, etc., powers 
of A in the first row, and in the columns proceeding to the right the double, 
triple, etc., powers of B in the first column. The cv column and du row will 
all come out 1. This is all of the table needed as this part would be re 
peated 8 times to the right and a times downward. We may now find the sum 
of all the members of a class of conjugates. The class containing B” will have 
as its sum B” col (y). The class containing A’ will give A* row (x). The class 
containing A*B” will turn out to be the product (A*)(B”). In each set there 
may be repeated members each the same number of times. We now have the 
theorems: 


A «Cal @ Berta BOccce- 
>> A~”B’A” = col (y)-B” = B’-col (y) = (B’). 





A —wu ( 


Dy 


The s 
every 
from 
nilfac 
mine 
for th 
loa 

numb 
is ted 
little 

partis 
algeb: 


The 
subal; 
A anc 
these 
units, 


where 
The 
in an’ 
than | 
°Cf 
Associ 


w and 
yw by 


—~lez 
row of 
1e first 
> table 
powers 
louble, 
w will 
be re- 
1e sum 
ll have 
e class 
t there 
ive the 





ALGEBRAS DEFINED BY GROUPS 847 


B°A*B 7 = P<. = Cons rA* = Cute. 
>> B'A*B™ = A*-row (xz) = row (z)-A” = (A”). 
A“'CryA” =Czyx, A “col (y)A” = col (yr”), A “row (z)A” = row (2). 


B°C.,B* = Crg:,,, B col (y)B* = col (y), B row (x) B™* = row (29°). 
Av "C4, B°A” = Cs, yoC oyB"” = Corv,yB"-A "(B")A” = col (y)-B’. 
> A “(B")A” = a col (y) B’. 

A*Cuqt.yCes = A’Ce,ye°B(A")B = row (z)-A’*. 
>> B(A*)B™ = b row (x) A’. 

>> BA “A*B’A”“B™ = row (x)-col (yr ”)- A7BY 


BA*C,,B™ 


I] 


= A* row (x)-col (y) BY = (A*)(B”). 
pe yo A’ “BB’A*B’A“ = col (y)-row (xq”).B’A* = (B")(A’). 


The sum of all members of a class of conjugates is obviously commutative with 
every member of the group and therefore with every hypernumber constructed 
from the group. Each sum is the sum of numerical multiples of certain mutually 
nilfactorial partial moduli each belonging to one subalgebra. These are deter- 
mined in the theory of group characteristics by making a multiplication table 
for the various (A*), (B”), giving a commutative algebra; then this is reduced 
toa new form in terms of independent mutually nilfactorial idempotents, in 
number as many as the number of distinct classes of conjugates. The process 
is tedious at the best and often impracticable. We will push the analysis a 
little further, however, and arrive at a simpler method. In fact, we derive the 
partial moduli of the subalgebras directly and do not have to solve troublesome 
algebraic equations. 


III. Determination of the algebras’ 


The problem of reducing the group to an algebra is to find the independent 
subalgebras into which the group may be reduced, and to express the generators 
Aand B in terms of the units of these subalgebras. It is already known that 
these subalgebras are quadrates. That is, each consists of p’ independent 
units, of the form e,, , where we have 

CoyCus * Oywlse » 
where 6, = Lif y = w, d,. = Oif y ¥ w. 

The order of the group is the sum of a set of squares, of which at least one 
in any case is unity, but for the groups we are considering there will be more 
than one of order unity. Only perfect groups (which include non-cyclic simple 


*Cf. Trans. Amer. Math. Soc., vol. 5(1904), pp. 326-342. See also Synopsis of Linear 
Associative Algebra, Carnegie Publication no. 78, 1907, XXVI. 
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groups) have a single subalgebra of order unity. Since the commutator sub 
group of these groups is always of order less than that of the group, its quotient 
group will be of order greater than unity, and there will be as many algebras of 
order 1° as the order of this quotient group. 

The hypernumber A has the equation A* — 1 = 0, hence its “latent roots” 
are the a-th roots of unity and are all distinct. We may therefore express 4 
in the form (o° = 1) 


A= > o Kz, Ke = kz, Kk, = Oif x ¥ y. 
z=1 


We can also express the idempotent units «x, in terms of powers of A: 


a 


ax; = >, o A”. 


y=1 


Likewise we may write 


B= > rn, rw. = 42, Tat, = Oif x Fy. 


b 


br. = 7 , eR. 


y=1 
The hypernumbers «x, 7 are not the ultimate basal units we desire, but they 
serve to give the first decomposition of the algebra. We shall see that they 
consist of hypernumbers from several of the subalgebras. We will consider 
first a simple initial case, 
c b 
A* = 1 = B, BA = A‘B. 


Then we have 


a 


aBk, = > o "A“B = die 7a" '? 4*B = Akz-1 B. 
z=1 


y=! 
Let 
Cz = Ke Tt Keg Hoo +* TF Ksge-1 } 
then 
Be, = e,B. 


The lowest power of B commutative with A is B°. Hence we set 


h c 

c ze 

Bo = Qoe™ Do wetay- 
r=l1 


y= 
Let 

i = Trt Ter te-s + We+(c—1h - 
Then 


Qzfy = fyez. 
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The hypernumbers e, f are commutative with every hypernumber of the 
group. If x is a divisor of a, it may happen that multiplying by q will give x 
again in fewer than ¢ terms, the number c,; being a divisor of c = cc’. Then 
for the corresponding f we add each time not h but c’h. The number of terms 
in e must be the same as in f. We have this theorem then: 

To find the partial moduli of the individual subalgebras of the group, write 
down the expressions e multiplied by their corresponding f. These will be 
idempotent, and mutually nilfactorial. The total number of distinct forms 
kp Tw appearing in all of the moduli will be ab, the order of the group. To 
express A and B in the different subalgebras, let the units of the ¢-th algebra 
be et, , Where tis an index. Then 


{ — tq? t 
A, = 7 o Crr, 
z 


As an example, consider the group A” = 1 = B*, BA = A'B. 
subscripts for the « in the different e are 


B= Lire 
; = T Cz, 2+1- 
Zz 


Then the 


in €: 1 : 
é2: 2, 6, 8, 4; 
é3: 5 


e,: 10. 


The corresponding subscripts of x in the f will be 


in f; : 1, 3, 5, 7; 
Se: 2, 4, 6, 8; 
fs: 1, 2, --- , 8, each f distinct; 
fx: 1, 2, --- , 8, each f distinct. 


There are now four partial moduli for subalgebras of order 4° each, and six- 
teen for subalgebras of order 1° each, namely, 


afi ’ eife ’ eof ’ eofe ’ 


In each of the subalgebras of order 4’, we may take A in any way we please 
so that A’ = 1. However, they will all be equal to the simplest form, since a 
transformation of the units e,, would give this form, namely, in the respective 
subalgebras, the accents ¢ being omitted as no confusion can result: 


Kp%1,°*** » X§%3, KyoW1, *** » 10% - 


3 9 7 2 6 8 4 
A = oy + ole + 0 C33 + Olu + en + o exe + 6 C33 + Olu + OC 
3 9 7 2 6 8 4 
+ oe + 7 33 + Olu + Oly + ole + oes + Olu 
and in the sixteen subalgebras of order 1°: 


+ o kT + o Ks ™2 t+ + o ks + Kom +--+ + Kom. 
Let 


B= i Way Cas - 
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Then 


z+1 


uv 2 
BA = > weyez,0 = A*B = > Weylsyo™ 


The basal units are independent, so the coefficients must vanish unless 
y =2x+1. The coefficients remaining are arbitrary except that their product 
must be +1. No generality is lost by taking them all equal, as any other 
form will reduce to this. Hence we write 

> = C12 + C23 + Cat + Cu. 
Then 
x 2a 3a 6s jiVv 
B=7'+ ro" + 7" 4+7r>"+ > T Ks. + ym T KyWr « 


Using the definition we can find now the «x by selecting the coefficients in A of 
2 10 
0, o g tee o = 1 “4 


, a” ” iv , tr 
i =@u + eu, Ke = €1 + e11 ? Kz = €22 + €22, 
Ks = Kks(™1 + --- + m5), Kio = Kyo(m1 + --- + ms). 


Also in the first subalgebra 


m=214+234+2'+>°),, m=0, m= 21 + 7° > + dD + 7d"), 


Rn 


The commutator subgroup is generated by A’; hence its quotient group i 
C* = 1 = D’, DC = CD. 


It is Abelian and its algebra consists of the 16 algebras of order 1° each. The 
P 4 . ° 
central is B°, whose quotient group is 


ce =1= DD DC = C’D. 


Its subalgebras consist of 8 algebras of order 1° given by even powers of 7, and 
the 2 of order 4° given by even powers of r. 
Well-known groups of this simple character are: 


Dihedral, A° = 1 = B’, BA = A*'B. 
If a is odd, there are 2 subalgebras of order 1°, all others 2°. 
If a is even, there are 4 of order 1’, all others of order 2”. 
Dicyclic, A" = 1 = B‘, A” = B’, BA = AB. 
There are 4 algebras of order 1’, all others of order 2”. 
Metacyclic, A? = 1 = B”"', BA = A‘B, where pisa prime, and q a primitive root. 
There are p — 1 algebras of order 1”, and 1 of order (p — 1)’. 
N-ionic, A" = 1, B® = A", BA = A”™"'B, order n’. 


These start with the quaternionic group, and continue with groups which 
represent nonions, sedenions, etc. They may be defined, by using their central, 
in the form 


*M=p=j, ji=pij, fp =1. 
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The p-th power of (n + 1) will be congruent to pn + 1. The subscripts will 
then be xz, x + nz, x + 2nz, --- , and according as z is prime to n or not, we 
would find they reduce to z, x + n, x + 2n, --- or x, x + mn, x + 2mn,---. 
The equation A” = B” gives us the equations 


Ki + Kan tees = M+ Mn t:::, 
Ko + Kein + +++ = M2 + Tain t--:, 


which will reduce the distinct forms. In place of n‘ distinct units in all the 
subalgebras there will be only n*. The commutator subgroup is generated by 
A", so its quotient group is 


c*=1 = D", DC = CD. 


There will be n* subalgebras of order 1°. There will be g(n) of order n°. Then 
for each divisor of n,n = nyne , there will be n3e(m) of order nj. As an example, 
A™ = 1, B® = A”, BA = A™B. There are 144 of order 1°, 4 of order 12’, 
2.2° of order 6’, 2-3° of order 4°, 2-4’ of order 3°, 1-6" of order 2”, total 242 classes 
of conjugates and 242 subalgebras. There are 1728 distinct units in the algebras. 

For all these cases where r = 1, or equally well where g = 1, there are several 
minor theorems or corollaries which are left to the reader. 

The models for these groups are very simple in their construction. We make 
b polygons of a vertices each, starring them in succession according to q; then 
they are connected by direct polygons of order b. If A‘ = B’, the polygons 
for B go back to the polygons for A. The N-ionic cases above are of this type. 

We consider next the general case, starting with the expression for (A”’). 
Leto? =1= 7’. 


ve 


vc b 
(A*) = > At’ Bur) om > At > pPurr—D a 


y=1 y=1 p=1 
a ve n 
_— wrg¥ py(r*=—1) 
=Diw Le Lr (rp + wpin + ---). 
w=1 y=1 p=1 


Since q° = 1 (a), 


(4°) = 9 > ce De De Ge, + --- Lr + 4 ...). 


w=1 y= p=! 


The last factor vanishes unless 


p(r* — 1) = 0 (A). 
Let b = b’x, 
p(r* — 1) = 2,’ (b), Z2 Sf. 
PPD _ teods 


’ 


(A’) = gh > Ke po gtr tuezod > (rp + Tn +... m, 


y=l 
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For our purposes numerical coefficients like vh can be dropped. Since 
p(r* — 1) = 2th = pr(r* — 1), the subscripts for w will contain p, pr, pr’, ---. 
~ d . . 
For (A‘) we have subscripts for « in sets 


Z Kwqv+z9 - 


Since these are permutable with all « and x, any form (A’) or (B*) can be multi- 
plied by them, and their sets for « cannot contain other subscripts than these 
nor have more in a set than these. These sets may themselves break up. 
If 
w’ = wg" + gzzgdi (a), 
w'x = wrq’ + gxz.gd, (a) 
= waq’ + yzegd, (a). 


Hence 
(¥ — gr)zz = 0 (x). 
Let 
(22,7) =m, "= ™|t, Zz = 22m, and WY = gx (m2). 
Hence if ¢ = 0, we will have w’ = wq™, w'?,---. Ife =1, 


, 


w’ = wo + 2,290; , r<m. 
The sets for x may then have « with subscripts 
w, wg", wg’, ---, 
wg" + xz.gd,, wa"? + xz,gd,,---, 
wg + Qrzigd, , wo *"? + Qazrgd, + --- 
We note that if 7 = 0 (uw), then g = 1 (J) and 
q’ = 1 + ydw (a). 


Hence 

os gee teseets on 0 
unless 

wa(q — 1) = 0 (a) 
or 


0 (Ll) (a). 


Wr 


The general product of x and « gives 


b 


a a b 

i z(yq’—i) _w(zr*—)j) 

abr;jx;, = > > > > x, 70 T ? 
z=1 yl w=1 z=) 


Considering the terms w’ = w + &c, we find they vanish unless 


ar” = j (h). 
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Likewise 
yq. = i (9). 
Let 
y=g "+909, 2= jr + eh; 
then 


Sa Tew ubrh 
cdr jk; = > o wT Kiq-tteug Niv-24hche 


If wjx; = xe; , then 


YugJ = (q” -_ 1)2’u, rh = (r* = 1)j"v 


and 
gh ee Se = 1 
Let p = o™"™ = 7°**’ where & = (x, x), w = wt, x = x’; then 
i’ke’+j’mx’ -_ l, 
ike’ + j’mx’ = 0 (&). 
Also 
j'motorx = 0 (vtOx’), 
jim’ = 0 (x’), 
j = 0 (x’), j’ = jx’. 
Also 
a’ = ‘et 4 
and 
i’k + j’’m = 0 (€) 
with 


a’ _ tur’, 7 = ju’. 


The number of these forms 2;x; checks with the order of the quotient group of 
the commutator subgroup. 
As a single example consider 
A*=1=B8, BA = A's’. 

Since 5° — 1 is a multiple of h = 2, p = 1 or 2 and z, = 1 if zis odd, z, = 0 
if xis even, gd, = 5. Hence for (A*) we have the sets 

(Ky + Kg + Ko + we)(m, + 3 + 45 + 42), 

(Ky + xa + kr + Ko)(1 + m3 + 5 + 22), 

(xi + Ks + Ko + K7)(re + 1s + 46 + Bs), 

(ke + Ke + ks + Ks)(m2 + ma + 46 + Be), 

(xs + K10)(m1 + m3 + ms + 2 + 42 + 4 + Oe + 8). 
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The last breaks up into 
(ks + xyo)(4; + m5), (Ks + x10) (93 + 27), and 
K5%2 , KpW4 , Kp%e , K5%s , KyoW2 » Kjos, , Ki07E , KjoMs - 


y 2 2 . 2 
We have then four subalgebras of order 4°, two of order 2°, and eight of order I’. 
ry . . 2 e 
lo express A in each of these we take first in each algebra of order 4°, sixteen 
units e,, such that 
Crylwz = Saw Ces . 
- ° ° . 2 r ° 
We have similar forms for the algebras of order 2°. Then the coefficients of A 
and its units in each algebra are 


Cir | Coe | €33 | Cas Qi | 22 ei 
8 9 2 5 10 
o o G o —] 
3 4 7 6 5 10 
o o o o ae —] 
3 9 7 
o o o o —|] 
A . 2 4 6 8 
o o G o —]| 
+1 
| +1 
Bez. 
} +1 


To find B we write the general form in each subalgebra and substitute in the 
. — ° _" ° 
equations for A, B, giving, if we set \ = ei. + 23 + es + ea (A = 1) in ach) 

algebra of order 4°, indicated by accents, 
3 2 4) iv 3/_¥ 
B= +7! ton” + rr” + rie — en) + 7 (el2 — 21) 
2 4 6 2 4 6 
+ Ksm2 + T Ksm4 + T ks + T Ksts + Kwome + T Kms + 7 kms + T KT: 


To complete the treatment we give each « and z, 


, ut / iv ” mr ” Vv 
kK = @1n + C11, Ko = €4a + €11, Kg = €22 + €22 , ky = €33 + C44, 

v vi 
Ke = €1n + C11 + Ks(m2 + 4 + 16 + 78), 

7 iv ”v v7 , iv , ui 
ke = C11 + C22, Kz = €44 + Cua , Kg = 22 + €33, Ko = €33 + @33, 


Kio = €22 + C22 + Kio(w2 + 4 + 6 + 7s). 


4m, = (LE A+N +2) + (1+ PA + OW + 7D)” , | 
+ 2(en + ee + Tew + ren)" 


dee = (LE XEN 40)" + (L$ A+ ON + OD)” + 4( Ks + M0) 2 , 


drs = (Lt 7X +70 + 7d’) + (Lt A+N +2)” 7 
+ (en + 22 + t°eiz + 7 en) 


4g = (1 +d H+ tn? H+ ay” + (LEA HN +A’) + 4(us + x0), 


4ms = (1 -A +N —AN/ + (Lt CA+ oh + 7r’)” — 
+ 2(eu + ee + res + rex)’ 


II 


46 


4ar7 


dors ; 


Thes 
sepa 
of ec 
ery 
alge 

Th 
great 
differ 
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to pe 

In 
and e 
comn 


of for 


U. 
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dng = (L—A +N — ANY" + (LH OR + OW + PA)” + 4s + Ko) a8, 
(lL + Pr + cr? + rr’) + (1 —A + — A)” 

+ 2(en + ex + Tess + rex)’, 
dg = (1 + oA + rd + 7D)” + (L—A +X — A) + (ks + Kio) 4s - 


~_ 
4 
~ 


These forms exhibit the manner in which the idempotents « and cut across the 
separate subalgebras. The eighty products xz are independent hypernumbers 
of course and represent the algebra. The forms in terms of the eighty units 
zy may be chosen in other ways but we merely have an equivalent form for the 
algebra. 

The variety of algebras and their expressions for groups of this type is very 
great, and groups with quite similar equations may give algebras of quite 
different characters, owing to the properties of integers. Almost every theorem 
in groups may be exemplified by groups of this type except the theorems relating 
to perfect groups. 

In case we have an equation A‘ = B’, we expand each side in terms of x, + 
and equate the expressions for equal coefficients. These sets will then be equal, 
commutative with all hypernumbers in the algebra, and will reduce the number 
of forms otherwise appearing. No special complication arises. 


UNIVERSITY OF ILLINOIS. 











THE JACOBI CONDITION FOR THE DOUBLE INTEGRAL PROBLEM 
OF THE CALCULUS OF VARIATIONS 


By Wiiu1aM T. Reip 


1. Introduction. This paper is concerned with the Jacobi condition for the 
problem of minimizing a double integral 


(1.1) I= | [ # Y, 2, Zz, 2y) dx dy 


in a class of admissible surfaces z = z(zx, y) with fixed values on the boundary C 
of A. If C is supposed to be a simply closed regular curve, the usual form of 
the Jacobi condition may be stated as follows: If Ao is the interior of a simply 
closed curve Cy , and Ao is a proper subset of A, then along a minimizing surface 
E of class C” there can exist no solution u(z, y) of the accessory (Jacobi) equa- 
tion such that u = 0 on Cy, u # 0 on Ac, and | u,| + | u,| # 0 on the part 
of Co lying in A. For a minimizing surface of class C’, Schuler [10]' has stated 
the above result in terms of the Haar form of the accessory equation for the 
case in which the boundary Cy of Apo lies interior to A. It is to be remarked 
that for the more classical case in which the minimizing surface is supposed to 
be of class C”’ the assumption | u,| + | u,| # 0 on C> is extraneous if Cp is 
interior to A and there exists an elementary solution of the Jacobi equation.’ 

The purpose of the present paper is to remove certain factors which are 
present in the above formulation of the Jacobi condition simply for convenience 
of proof. Weshall allow A to be an arbitrary connected open set with frontier C. 
The “simply closed regular curve Co and its interior Ap , where Ao is a proper 
subset of A” is replaced by “a connected open proper subset % of A and its 
frontier ©’. Moreover, we do not suppose that the solution u of the accessory 
equation is defined on the complement of % + ©, but simply that wu is of class C’ 
in % and such that u, u, , and u, approach continuous limit values on ©. Since 
relatively little is known concerning the qualitative character of the solutions 
of the type of differential equations with which we are here concerned, this result 
is a desirable extension of the usual formulation. In §5 it is shown that the 
assumption | u,| + | u,| # 0 on € is extraneous in case € belongs entirely 
to A and there exists an elementary solution of the accessory equation. Finally, 


Received June 19, 1939; presented to the American Mathematical Society, October 31, 
1936. 

1 Numerals in square brackets refer to the bibliography at the end of this paper. 

2 See Bolza [2], pp. 676-679. It is readily seen that if the interior A» of the simply 
closed curve Co is a proper subset of A the proof given by Bolza on pp. 676-678 establishes 
the form of the Jacobi condition stated above, although Bolza assumes throughout that 
(> is interior to A. 
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§6 is devoted to some remarks on the extension of the results of this paper to 
more general multiple integral problems of the calculus of variations. 


2. Formulation of the problem. Suppose that A is a bounded and connected 
open region of the xy-plane, and denote the frontier of A by C. It is also 
supposed that the function f(z, y, z, p, q) is of class C” in a region ® of (2, y, 
2, P, g)-space whose projection in the zy-plane includes A + C. A surface 


(2.1) z = 2(z, y), (x, y) on A, 


will be termed admissible if 

(i) the function z(2, y) is of class C’ on A; moreover, the functions z(z, y), 
z.(2, y), 2,(a, y) are continuous on the frontier C of A in the sense that there 
exist functions 2o(2, y), 2:(2, y), z2(z, y) which are continuous on A + C and 
coincide on A with the functions z, z,, and z,, respectively (for simplicity of 
notation, if (xo , yo) ts a point of C we shall write z(x , yo), Z2(%o , Yo), 2y(Xo , Yo) 
in place of the more accurate notation z(%o , Yo), 2:(%o , Yo), 22(%o , Yo)? 

(ii) the values (a, y, z(x, y), z2(2, y), 2,(x, y)), for (2, y) on A + C, are in 
the region Sf. 

It follows readily that for an admissible surface (2.1) the integral J[z] exists 
and is finite. It is to be emphasized that the region of integration for J[z] is 
the open set A. In particular, we are not assuming that the frontier C of A 
is of two-dimensional measure zero. 

Now suppose that #: z = Z(z, y) is a particular admissible surface which 
renders J[z] a relative minimum in the class of all admissible surfaces z which 
assume (in the sense of (i)) on C the same values as Z. As a first necessary 
condition we have that for every simply closed regular curve T which lies, together 
with its interior A, in A the equation 


(2.2) [ tray - f.dx = / | fedx dy 
; 
4 


is satisfied, where the arguments of the partial derivatives of f occurring in (2.2) are 
the (x, y, Z, Zz, Zy) belonging to E.* 

Let ¢(x, y) be an admissible variation in the sense that ¢ satisfies the above 
condition (i), and ¢ = O0onC. For sufficiently small values of a, z = Z + ag 
is an admissible surface which assumes on C the same boundary values as Z. 
By the usual method of proof it then follows that E must satisfy the further 
condition 


I 
—, 
— 

bs 


(x, y, £, f2, $) dxdy = 0, 


* It is to be remarked that this hypothesis does not in general insure that z(z, y) can be 
extended to be of class C’ in a neighborhood of A + C. 

‘See Coral [5], p. 587. The equation (2.2), although not in the form given by Haar, 
s equivalent to his system of differential equations. 
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where 
2w(x, y, £, mk) = Sov® + fpgrk + Soak + pemS + foexl + Sal’, 


and the arguments of the second order partial derivatives of f are the set (2, y, 
Z, Z. , Z,) belonging to E. 

A function ¢ = u(z, y) which is of class C’ in an open subset %& of A will be 
said to satisfy the integral form of the Haar accessory (Jacobi) equation if for 
every simply closed regular curve T which lies, together with its interior A, in YA the 


equation 


(2.4) [ ow) dy — w,(u) dz = lf wr(u) dx dy 
3 
4 


is satisfied, where the notation w,(u), w,(u), we(u) indicates that the arguments of 
these partial derivatives are the (x, y, U, Uz , Uy) belonging to u(z, y). 

The surface E will be called non-singular if at each of its elements (z, y, Z, 
Z., Zy) the determinant fypfoq — f2q is different from zero. Since along a 
minimizing surface E it is necessarily true that the quadratic form’ 


Soom + fpr + Soak 


is positive semi-definite, non-singularity implies the positive definiteness of 
this form. 

A function ¢(z, y) is said to be Lipschitzian with constant M on a given set of 
points if for arbitrary points (x , y:), (2 , ye) of this set | f(a , y1) — £(22, ye) | S 
M{(2, — 22) + (nm — y2)’}'. The following two lemmas will be of use in the 
following section. 


Lemma 2.1. Suppose that ¢(x, y) is defined on an open set A and its frontier 
€, ¢ = Oon G, and ¢ is Lipschitzian with constant M on A+ C. If ¢ ts defined 
as identically zero on the complement of A + GC, then throughout the entire planet 
is Lipschitzian with constant M; moreover, the partial derivatives [, and {, exis 
and are equal to zero almost everywhere on the complement of %. 


That the thus defined function is Lipschitzian throughout the entire plane 
with constant M is immediate. Consequently, the partial derivatives of { 
wherever they exist, do not exceed M in absolute value; furthermore, the plane 
set of points where these derivatives do not exist, which necessarily is a subset 
of & + G, is of two-dimensional measure zero. In order to show that £, and §, 
are equal to zero almost everywhere on the complement of Y%, suppose firs 
that¢ >Oon A. If ¢, or ¢, exists at a point of G, it follows that this derivative 
must be zero, and the last statement of the lemma is established in this case 
In general, we may write ¢(z, y) as the difference of two non-negative Lip 
schitzian functions, each of which vanishes on the complement of %. 


5 Mason’s proof is valid if the minimizing surface is supposed to be of class C’. Set 
for example, Bolza [2], pp. 673-675. 


In p 
on A 
3/k, 

there 
have 


I, 


and | 
m(A, 
that J 
that ; 
trary 
of A 

Inti 
is zere 
identi 


(2.5) 





(x, y, 


vill be 
if for 
YW the 


ents of 


» ¥, 4, 


long a 


ness of 


n set of 


y2) | $ 
» in the 


frontier 
; defined 
plane { 
ty ext 


‘e plant 
es of 
he plane 
a subset 
r. and f 
ose fi 
srivativ 
his case 
‘ive Lip 


C’. Se 





THE JACOBI CONDITION 859 


LemMA 2.2. Jf I,{f] 2 O in the class of admissible variations defined above, 
then I;[¢] is also non-negative in the class of functions which vanish on C and are 
Lipschitzian on A + C. 


If ¢ is Lipschitzian on A + C, clearly J;[¢] exists as a Lebesgue integral. Now 
suppose that ¢ is a function which vanishes on C, is Lipschitzian on A + C, 
and for which J.[f] < 0. Let pc[x, y] denote the distance of the point (z, y) 
from the frontier C of A. It is readily seen that pcx, y] is Lipschitzian with 
constant 1; in particular, the partial derivatives of this function exist almost 
everywhere and do not exceed 1 in absolute value. For each k > 0, denote by 
A, the subset of A on which pelz, y] S k; clearly m(A,), the measure of A, , 
approaches zero ask +0. Now set 


Se(z, y) = &(2x, y)Fe(oclax, y]) on A, 


where F,(p) is a function of the real variable p which is of class C’ on —x < 
p < + and such that 


: _ J0 onp S 3k, 
Fi(0) ={i on p 2 k, 
t 3 
0 S File) Sj, —-ox<p<te. 


p= k, Fi(p) = (29 — k)*(5k — 4p)/k° on 3k S p S k. Almost everywhere 
on A we have 


An example of such a function is given by F;(p) = 0 on p S $k, Fi(p) = 1 on 


Ckz = €.F .(pc) + CF ives , Sky = tyF (pc) + tFipcy . 


In particular, & = ¢on A — A,. If ¢(2, y) is Lipschitzian with constant M 
on A + C, then on A, we have | ¢(2, y) | S Mpc[x, y] S Mk, and since | Fi(p)| < 
3/k, it follows that | {| S 4M, | fi, | <S 4M almost everywhere on A;. Hence 
there is a constant K, independent of k, such that almost everywhere on A we 
have | Qw(x, y, Se, Sez, Sey) | SK. Now 


betel = felt] — ff 20(e, wt, ten ts) dx dy + ff 2a, y, S4, Suey Sun) do dy, 


Ak Ak 
and each of the integrals in this formula approaches zero as k — 0 since 
m(A,) — 0. Hence for k suitably small the corresponding function ¢ is such 
that J2[f.] <0. The function ¢; is still only Lipschitzian, but it has the property 
that & = 0 on Ay, and there is a constant dp such that if (xo , yo) is an arbi- 
trary point of C the square |z — 2| S dy, |y — yo| S dp contains no point 
of A — Ay ; that is, ¢& is identically zero on this square. 

Integral means will now be used to define a function which is of class C’, 
is zero on C, and for which J; < 0. Understanding that &(z, y) is defined as 
identically zero on the complement of A + C, let 


l rtd ytd 
(2.5) teal, y) = a / / t(s, t) ds dt. 
4d? Js-a 4y-a 
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Since ¢,(z, y) is continuous, for each d > 0 the function ¢;;a(z, y) is of class C’, 
and 


a De uw 
2 pualt, ) = gn |, Uele +d, ~ He — 4, Ola, 


(2.6) : _ ue 
ay Sea(z, y) = i [. [ge(s, y +d) — Sx(s, y — d)] ds. 


As ¢(z, y) is Lipschitzian, these formulas may also be written 


a 1 z+d r a 
5 shale y) ~~ 4a? # - ag StS t) ds dt, 


a 1 z+d ytd a 
© sa(2, y) = — 2 ¢4(s, t) ds dt. 
ay HW) = ae J, E, ai S* #) ds 


In particular, the partial derivatives of {%;4(z, y) do not exceed M in absolute 
value. The integrand of J.[¢;-.2] is, therefore, bounded uniformly with respect 
tod. Asd—>0, f«:a(z, y) — &(x, y) uniformly, while almost everywhere the 
partial derivatives of {;;a(z, y) approach the corresponding partial derivatives 
f(a, y). Consequently, I2[f;:2] approaches J.[¢,] as d — 0, and for d sufficiently 
small J2[¢,-4] < 0. But for d < do the function ¢;.4 vanishes on C. Hence the 
assumption that there is a Lipschitzian function ¢ which vanishes on C and for 
which J,[¢] < 0 implies that there is a function of class C’ which vanishes on C, 
and such that J; < 0. 

Corotiary. If U(x, y) is a function which vanishes on C, is Lipschitzian on 
A + C, and for which I,{U] = 0, then for arbitrary functions ¢ which vanish on C 
and are Lipschitzian on A + C we have 


I{¢; U) = [] [t2we(U) + fya.(U) + fw,(U)] dx dy = 0. 


This corollary is immediate since for arbitrary values a, 


I{U + ag] = 1.[U] + 2al.[¢; U] + a°I.{¢] = 0. 


3. An extended Jacobi condition. The principal result of this paper is the 
following theorem. 

THEOREM 3.1 (EXTENDED Jacosi ConpiTIon). If E is a non-singular mini- 
mizing surface of class C’ and & is a connected open proper subset of A with 
frontier ©, then along E there can exist no solution u(x, y) of the Haar accessory 
equation (2.4) which is such that u ¥ 0 on U, u satisfies condition (i) of §2 on A + &, 
u = Oon G&, and | uz| + | u,| F 0 on the part of © belonging to A. 

Suppose that for an open subset % of A there exists a solution u(x, y) of (2.4) 
such that u # O on XW, u satisfies (i) on A + C, u = O on G, and there are 
points on the frontier € of & that are in A and at which u, and wu, are not both 


6 See, for example, de la Vallée Poussin [6], p. 72. 
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zero. Let U(x, y) = u(z, y) on A, U(a2, y) = O elsewhere. It then follows by 
Lemma 2.1 that U is Lipschitzian and that U, and U, are equal to zero almost 
everywhere on the complement of &. In particular, 


I{U] = If Qw(x, y, U, Uz, Uy) dx dy 
(3.1) : 
= [| [uswe(u) + uyw.(u) + wor(u)] dx dy. 


a 


We now wish to show that J,{U] = 0. In view of the assumption (i) satisfied 
by the minimizing surface E and also the solution u of the accessory equation, 
the functions w,(u), w,.(u), and w;(u) are continuous on the closed and bounded 
set % + €. Hence, these functions may be extended to be continuous over 
the entire plane.’ We shall denote these extended functions simply by @, , 
wo, anda. Let 

1 zt+d 


ytd 

Wea, y) = 4d? J,-a ee we(8, t) ds dt, 

the functions «,;a(x, y) and wy;a(z, y) being defined by the corresponding integral 
means. It then follows that these functions are of class C’ throughout the 


(z, y)-plane; in particular, 


a TD tu 1 

ap Oras y) = ia? i. [w(x + d,t) — w(x —d,t)|dt = az J. dy, 
(3.2) y zyid 

© isis y= 2 we +@)—w(s,y-@lds= ef wd 

ay Wd\t, Y) = 4d? = OAS, Y C @®,\8, Y ale 4d? teats @, AL, 


where C,,;¢ denotes the boundary of the square over which the integral mean 
is taken. 

AS we;a(Z, y) — we(2, Y), Wesa(Z, y) — w(x, y), and wr-a(x, y) — w(x, y) uni- 
formly for (xz, y) in a bounded closed set, it follows that 


Toa = [| [urwe;a(x, y) + Uy Wx;a(2, y) + Umr-a(X, y)| dx dy 
” 


approaches J,{[U/] as d + 0. Since u = 0 on &, by evaluating the first two 
terms of J2:4 as iterated integrals we find 


0 é 
3.3 = d — —Wed — —O,z: ’ 
(3.3) T:4 J] u E ag Or =" «| dx dy 


Now consider the integrand of (3.3). If (z, y) is a point of & whose distance 
from € is greater than 2'd, the functions w,(z, y), w(x, y), w(x, y) coincide 
with w,(u), w.(u), we(u) interior to and on C,y;¢ , and in view of the Haar accessory 
equation the bracketed term in the integrand is zero. If (z, y) is a point of 


™See, for example, Carathéodory [4], p. 620. 
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whose distance from € does not exceed 2'd, then from the Lipschitzian char- 
acter of U(z, y) there exists a constant M such that | u(z, y)| S Md;if Kisa 
constant such that w,(z, y), w.(z, y) and w(x, y) do not exceed K in absolute 

value on the 2*d-neighborhood of ©, then at such a point (z, y) 

, 8 K a K 

wa| SK —Ws;a| Ss —W4| SS. 

loral SK, 1 ay “|= d 
Consequently, there is a constant K, such that the integrand of (3.3) does not 
exceed K, in absolute value for all values of d. Since at each point of % this 
integrand approaches zero as d — 0, it follows by a well-known theorem on 


Lebesgue integrals that I2.4 ~ 0asd—0. Hence J.{[U] = lim Ie.4 = 0. 
d—0 


Now let (zo , yo) be a point of € interior to A at which u, and u, are not both 
zero. It follows from the lemma proved in the following section that there 
exists a connected open subset %, of A with frontier ©, such that (a , yo) isa 
point of ©, , u(z, y) = 0on ©, while u(z, y) 0 on A, ; moreover, if we suppose 
for definiteness that u, # 0 at (a, yo), there is a rectangle R: |x — x| Sl, 
\y¥y — yo} S h such that the points of ©, in this rectangle are the locus of an 
equation y = f(x), where f(a) = yo, | f(x) — yo| < hon|x — x%| Sl, and 
u, ~ Oat all points of A, + Gin Rk. For |x — x| S 1 the function f(z) is of 
class C’ and f’(z) = —u.(x, f(x))/u,(x, f(x)); furthermore, the curve y = f(z) 
divides the rectangle R into two parts one of which belongs to %, , while the 
other lies in the complement of % + ©. If u(z, y) is defined and of class C’ 
in a neighborhood of (zo , yo) this result follows immediately from the implicit 
function theorem; under the weaker assumptions here made additional proof is 
required. In other words, we may suppose that Y&, € satisfy the additional 
conditions stated above for %, , ©, , and in the rest of the proof of Theorem 3.1 
we shall do so. For simplicity in notation, we write %&{ and € instead of % 
and ©, . 

As u,(z, y) ¥ 0 for points of % + C in R, it follows from the non-singularity 
of E that for points of € in R 


0 < Soptle + 2 pqtzlly + fogs = Um,(u) + Up,(u), 
and since f'(r) = —u,(z, f(x))/u,(z, f(x)), the function 
we(u)f’(r) — w,(u) 


is different from zero at the points (z, f(x)), | 2 — 2 | s lL. 

Let v(z, y) be a function of class C’ which is different from zero on the in- 
terior of R and which is identically zero on the boundary and exterior of this 
rectangle. It will now be proved that for such a function v 


I,{v; U| = If [vewe(U) + vyw,(U) + vw,(U)] dx dy 


iI 


lf [v,we(u) + v,w,(u) + vw,(u)] dr dy, 


"Rr 
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where %p is the part of R which belongs to Y, is different from zero. If k isa 
value such that | f(x) + k — f(x) | < hon |x — 2a| S land the curve y = 
f(z) + k, |x — a | S 1, lies in Ae , denote by R, the subregion of A bounded 
by this curve and ares of the rectangle R. Clearly, 


(3.4) I.{v; U) = lim I [vewe(u) + vyw,.(u) + vw,(u)] dx dy. 

k—0 a 
Moreover, if wr:a, Wx;a and wr;q are defined as above, for each k the integral in 
(3.4) is the limit as d — 0 of 


(3.5) I! [vewWe:a + Vy Wea + Vwx;a] dx dy. 

Rk 
Now there exists a dy such that if d < dy the square C,,-¢ and its interior corre- 
sponding to a point (x, y) of R, lies in %. Hence by the Haar accessory equa- 
tion, we have for d < dy that the function dw,.4/0x + d0,.4/dy — wr;a is iden- 
tically 0 on R;,. Therefore, (3.5) is equal to 


I 2 (vw x:<) + . (ws) | dx dy. 
ax dy 
Rk 


As the boundary of R; is rectifiable and the functions », wy:4 , @,-¢ are of class C’ 
in a neighborhood of R, and its boundary, Green’s Lemma is applicable (see 
Bray [3]). Moreover, since v = 0 on the boundary of R, except along the 
curve y = f(x) + k, this integral is equal to 


rotl 
+/ vlws:af (x) ‘ies Wt] dz, 
zo-l 


where the arguments of v, wy;a , and @,:¢ are (x, f(x) + k). First, letting d - 0 
to obtain the value of the integral in (3.4), and then letting k — 0, we obtain 


rotl 
(3.6) Ifv; U) = +/ vlwe(u)f’(x) — w,(u)] dz, 
rol 


where the arguments of the integrand are (2, f(x)). Since the integrand is 
different from zero and continuous, we have /,[{v; U’] # 0, whereas J,{[U] = 0. 
On the assumption that the extended Jacobi condition does not hold we have 
thus arrived at a contradiction to the corollary of Lemma 2.2. This completes 
the proof of Theorem 3.1. 


4. An auxiliary lemma. In this section we shall prove the following lemma, 
the results of which were used in the proof of the preceding section. 


LEMMA 4.1. Suppose that % is a bounded connected open set with frontier &, 
and that u(x, y) satisfies condition (i) of §820n A+ C, whileu =0,| us| +) u,| # 
Yon ©. If (xo, yo) is a point of © at which uz, and uy are not both zero, then 
there exists a connected open subset A, of A with frontier ©, such that 

(a) u(x, y)  Oon A, u(x, y) = O on ©, , and (x , yo) is a point of & ; 

(b) if we suppose for definiteness that u,(x0, yo) # 0, there is a rectangle 
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R:\|2 — a%| S1,\y — yo| S h such that the points of ©; in this rectangle ave 
the locus of an equation y = f(x), where f(a) = yo, | f(x) — yo| < hon 
|\2 — 2 | Sl, and u, ¥ 0 at all points of A, + G, in R. For |x — x%\ S1 
the function f(x) is of class C’ and f'(xr) = —u,(x, f(x))/u,(x, f(x)); furthermore, 
the curve y = f(x) divides R into two parts one of which belongs to XA, , while the 
other lies in the complement of %, + G. 


Let (to, yo) be a point of © at which u, and u, are not both zero, and for 
definiteness suppose that u,(2o, yo) # 0. We may without loss of generality 
suppose u,(2» , yo) < 0, since otherwise we could consider the function —u(z, y), 
Then there exist constants k > 0, h > 0 such that at each point of A + ¢ 
belonging to the square D: |x — a! S h,\ y — yo| S h we have u, < —k. 
Let (x, , yn) (n = 1, 2, --- ) be a sequence of points of A lying in D, and tending 
to (xe, Yo) as limit, and such that for every n either u(z,, y.) S 0 or u(z,, 
yn) 2 0. For definiteness, suppose u(z,, yn) 2 O(n = 1, 2,--- ) and con- 
sider the segments S,: 2 = 21, y — h S y S yn. For fixed n, and y 
sufficiently close to and less than y,, the point (z,, y) belongs to W and 
u(z,, y) > 0. Since u, < —k <0 on D, it then follows that each point of 
the segment S, belongs to Y&%. Now let y* be any value satisfying y — h < 
y* <yo. Fornsufficiently large, n > n*, we have | yn — yo | < 3(yo — y*) and 
consequently u(x, , y*) 2 u(tn, Yn) + K(yn — y*) = $k(yo — y*). In particular, 


u(x, y*) = lim u(z,, y*) 2 3k(yo — y*), and (a, y*) is a point of A. Hence 
n-?o 
the entire segment rx = 2, yo — h S y < yo belongs to Y, and if A, denotes 


the maximal connected subset of 2 containing this segment and on which u > 0, 
the frontier ©, of %, contains the point (x , yo). Clearly %, and ©, satisfy the 
conditions of conclusion (a). 

Now by exactly the argument used above it follows that if (, 7) is a point of 
%, + €, in D, then the entire segment x = #, y — h S y < 7 belongs to %. 
In particular, the point (x , yo + h) does not belong to %, + ©, , while (x, 
yo — h) isa point of %,. Consequently, there is a value 1,0 < 1 S h, such that 
each point of the segment | x — za» | Sl, y = yo + h does not belong to A, + &, 
while the segment | z — 2 | Sl, y = yw — hliesin A,. It then follows that 
on | z — 2 | S I there is a unique value f(x) such that | f(z) — yo | < h, (2, f(z) 
is on ©, , the segment f(x) < y S yo + his in the complement of 4% + &, 
and the segment y — h S y < f(x) belongs to %,. That is, the points of & 
in D are the locus of the equation y = f(z). 

Let N be such that | u.(z, y) | < N forall points of %, + ©, in the rectangle 2 
It will now be shown that if 0 < ¢ S land Nt/k < h, then the entire line segment 


(4.1) y = yo — Nt/k, r—2\|st 

isin A%,. Otherwise, there would exist a value ¢, —1 < @ S 1, such that u(ap + 4, 

yo — Nt/k) = 0, while each point of the segment joining (2 , yo — Nt/k) and 

(to + Ot, yo — Nt/k), except the second end-point, is in %,. Then 

O = [u(r + Ot, yo — Nt/k) — u(ao, yo — Nt/k)| + [u(ao , yo — Nt/k) — u(2o , yo) 
= uz(Z, yo — Nt/k)Ot — u,(ao , 9)Nt/k, 
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where = and g are suitable intermediate values. It would then follow that 
| Us(E, yo — Nt/k) |-\|0|t = | uy(xo, 9) | Nt/k, 
N |\0|t> kNt/k, 


that is, |@| > 1, and this is a contradiction. Hence the entire segment (4.1) 
isin % . 

We shall now show that y = f(z) is continuous and has a derivative at (zo , 
yo). Let (a + Az , yo + Ay) be a point on this curve such that 0 < | Ar} S 1, 
and N | Ar |/k <h. Then 


0 = u(x + Az, yo + Ay) — u(zo, Yo) 

u(to + Ax, yo + Ay) — u(t + Ax, yo — N | Ax |/k) 
+ u(x + Az, yo — N | Ax |/k) — ulxo, yo — N | Ax |/k) 
+ u(x, yo — N | Ax |/k) — u(xe, yo) 

u,(r% + Ax, y:)(Ay + N | Az |/k) 


Hl 


+ u(t, yo — N | Ax |/k)Ax — u,(20, y2)N | Ax |/k), 


where y; , 2; , and ye are suitable intermediate values. Then 


Ar Uy(Lo + Az, 1) 


and therefore 


by _ _ ust, yo — N | Ax |/k) + [N| Ax |/(kAzx)][uy(zo + Ax, yx) — uy(x0, ys) 


_ Ay 
, = lim 
f (20) 4z-0 Az 


—uz(xo, Yo) /Uy(xo, Yo) 


—uz(xo, f(x0))/uy(x0, f(x0)). 


The same type of argument suffices to show that at each value z on 
\2 — Z| S l the function f(z) is continuous and has a derivative given by 
—u,(x, f(x))/u,(z, f(z)). Hence f(x) is of class C’ on |x — a! SL. 


5. Further results on the Jacobi condition. Now suppose that for a non- 
singular minimizing surface EZ there exists an elementary solution on A for the 
accessory equation (2.4). By such an elementary solution we shall mean a 


function w(x, y; §, 7) defined for arbitrary points (x, y), (¢, n) of A that is of the 
form 


(5.1) w(x, y; & 2) = o(z, y; & 0) log [(2 — &)* + (y — 2)*) + W(a, 95 &. 9), 


where for fixed (£, 9) the functions ¢, y are of class C’ on A, $(&, 9; £, 9) ¥ 0, 
and w is a solution of the accessory equation (2.4) on the connected open set 
obtained by deleting the point (€, 7) from A. Along a non-singular minimizing 
surface E which satisfies suitable differentiability properties such an elementary 
solution is known to exist (see Levi [7], and Lichtenstein [8]). We shall prove 
the following result. 
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THEOREM 5.1. If E 18 & non-singular minimizing surface for which there exists 
an elementary solution of the accessory equation on A, and % is a connected open 
subset of A whose frontier € also belongs to A, then along E there can exist no solu- 
tion u(x, y) of the Haar accessory equation (2.4) such that u # 0 on A, wu satisfies 
condition (i) of §2 on A + €, and u = Oon ©. 


For suppose that along a non-singular minimizing surface E there did exist 
a solution u(z, y) of the accessory equations satisfying the conditions stated 
in the theorem. In the preceding sections we have arrived at a contradiction 
under the additional assumption that | uz| + | u,| # 0on ©. Hence there 
remains the case in which u, and u, are both identically zero on ©. In this 
case the function U(z, y) defined as equal to u(z, y) on Y% and zero elsewhere is 
of class C’ and an admissible variation. Since, as in §3, J.[U’] = 0, the function 
U(x, y) is a minimizing surface for J.[¢] and hence the accessory equation (2.4) 
is satisfied by U on the set A. Now let (é, 7) be an arbitrary point of ¥, 
and w(z, y) = w(z, y; , n) the corresponding value of the elementary solution. 
Denote by vy the circle x = — + p cos 0, y = » + p sin @, where p is chosen so 
small that y, together with its interior, is in Y%; moreover, let %, denote the 
subset of % exterior to y, and set 


I? = lf [uswe(w) + uywo,(w) + uw,(w)] dx dy 
(5.2) a, 
= l/ [wawe(u) + wyw,(u) + wa,(u)] dx dy. 
ay 
As in the preceding sections, let w,;a(w), wx;a(w), and w;:a(w) denote the integral 


means of w,(w), w,(w), and w,(w) over the corresponding square with boundary 
Causa . Then 


II 


$” = lim II [Usre:a(W) + Uyo,:a(W) + Uwy:a(w)] dx dy 
4 


d--0 
F 0 0 
= lim (ff E {uw,-a(w)} + = fuasaw)} | de dy 
d—0 Ox OY 
ay 
vs fF) ] 
(5.3) Zo ul wr: u(w) — @y:q(w) — — w,.a(w) | dx dy 
Ox oy 
ay 
= lim — ulwy:a(w) dy — w,,a(w) dz] 
d--0 Y 
=— / ulw,(w) dy — w,(w) dz}, 
s 
where the third equality above results from the fact that w(z, y) satisfies the 
accessory equation in a neighborhood of %, + y + G, and also the fact that 
u = 0on ©. 


Now let % be a connected open subset of A containing % + C€ and such that 





As | 
simi 


Sinc 
alon 
On 1 
latic 


for 
gene 
proy 
solu 
class 
lowi 
Ci 
Ww (2 
conti 
ellip 
there 
that 
is th 
whic 


exists 
| open 
. solu- 


tisfies 


exist 
stated 
iction 
there 
n this 
1ere is 
nection 
. (2.4) 
of Y, 
ution. 
sen so 
te the 


dx dy. 


itegral 
indary 


dx in) 


ies the 
et that 


ch that 





THE JACOBI CONDITION 867 


§,, the frontier of %, is in A. Since U = 0 except on A, for d sufficiently 
small wra(U), w,:a(U), and wy.a(U’) are all zero on G). If %, denotes the subset 
of % exterior to 7, then clearly 


I” = lf [wewe(l) + wyo.(U) + we,(U)] dx dy. 


Hoy 


As U(z, y) is a solution of the accessory equation on A, it then follows by a 
similar argument that 


Ix’ = lim II [wews;a(U) + wywxa(U) + wey a(U)] dx dy 


d—-0 
Hoy 
(5.4) = lim — wlw,s;a(u) dy — w,:a(u) dz] 
d—0 y 
=— / wlw,(u) dy — w,(u) dz). 
a 
Consequently, 
(5.5) | ulw,(w) dy — w,(w) dz] = / wlw,(u) dy — w,(u) dz). 
Y of 
Since w becomes infinite as log p as p — 0, and dy = p cos @d@, dx = —p sin 6 dé 


along 7, it follows that the right-hand integral in (5.5) approaches zero as p — 0. 
On the other hand, in view of the particular form (5.1) of w, it is an easy calcu- 
lation to show that as p — O the left-hand member of (5.5) approaches 


tf ov(€, n) + Saalé, n)lo(é, n; & n)u(é, n); 


and the non-singularity condition implies u(é, 7) = 0. Since (é, 7) was chosen 
as an arbitrary point of Y, it follows that u(z, y) = 0 in A, contrary to hypothe- 
sis. Hence Theorem 5.1 is established. 

It is to be emphasized that the above proof establishes a necessary condition 
for a minimizing surface EF of class C’, but does not in itself give a proof of a 
general property of solutions of the accessory equation (2.4). The minimizing 
property of E was used to show that the above defined function U(x, y) was a 
solution of (2.4) on the open set A. Analogous to what is proved under more 
classical conditions (see Bolza [2], p. 679) one would expect to prove the fol- 
lowing result for a general equation of the form (2.4). 


ConsEcTURED Resutt. Suppose: (1) the coefficients of a quadratic form 
w(x, y, ¢, f<, fy) are continuous in (x, y) on a bounded open set A, and approach 
continuous limits on the frontier © of A; (2) the corresponding equation (2.4) is 
elliptic in the sense thal WarWa — Ws, > OonA + GC; (3) for each point (&, n) of A 
there exists a corresponding elementary solution of (2.4) of the form (5.1), such 
that the functions @ and y satisfy condition (i) of §20on%+ C€. Then u(x, y) = 0 
is the only solution of (2.4) on A which satisfies condition (i) on A + C, and for 
which u, uz and u, are identically zero on &. 








S68 WILLIAM T. REID 


Clearly this result is true if for wu and w relation (5.5) can be established; in 
turn, this equation holds if (5.3) and (5.4) are provable. Now the above proof 
of (5.3) did not make use of the minimizing property of Z, but it did use the 
fact that for fixed (, 7) in & the function w(z, y) = w(z, y; &, 7) was a solution 
of (2.4) in a neighborhood of & + €. This latter condition can be replaced, 
however, by the assumption that w satisfies condition (i) on each region Y,. 
The functions w,(w), w,(w) and w(w) may then be extended to be continuous 
throughout the entire plane, and as u is Lipschitzian on & + € and u = 0 on ¢, 
by an argument similar to that used in §3 to show that J;{u] = 0 it follows that 


0 
If uf exaCu) = 2. Ws;a(w) — 2 scale) ara 
a, 


approaches zero as d — 0. Hence relation (5.3) is true under the conditions 
listed in the above Conjectured Result. 

The author is unable, however, to give a proof of (5.4) under these assump- 
tions. It is possible, however, to establish this latter relation if the further 
assumption is made: 


(4) If A, is the set of points (x, y) of A such that pg[x, y] S k, where pez, y| 
denotes the distance of (x, y) from © and m(%;) is the measure of A, , then there isa 
constant N such that m(%,)/k < N for all values k satisfying 0 < k < 1." 


For, let U(x, y) = u(x, y) on A, U(x, y) = O elsewhere. Then U(z, y) is of 
class C’ in the entire plane, and the functions w, , w, and w; defined as the cor- 
responding w,(u), o,(u) and w;(u) on A, and as zero elsewhere, are continuous in 
the entire plane. By using the integral means of these functions, and an argu 
ment similar to that of §3 in the proof of the relation J;{u] = 0, it follows that if 
v is Lipschitzian on %, +7 + ©, andv = Oon &, then 


(5.6) If [vew,(u) + v,w,(u) + va,(u)|drdy = — | vlw.(u) dy — w,(u) dz). 
“, 7 

Now for (é, 7) a point of & and w(z, y) = w(z,y; & mn), set u(x, y) = 

w(x, y)Fi(pe(x, y]), where F;(p) is a function of the sort used in the proof of 

Lemma 2.2. If k is restricted to values such that the circle y has no point in 

common with Y%, , then »% = w on y, and as » is Lipschitzian on U%, + y + € 

and v, = O0on G, we have by (5.6) that 


If [verwe(U) + Vey w,(U) + vewr(u)] dx dy 


(5.7) * 
=— | wlw.(u) dy — w,(u) dz). 


Since »,. = won A, — A, we have in view of (5.7) that 


* It is readily seen that condition (4) is true if € consists of a finite number of isolated 
points and rectifiable arcs. 
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I? = [/ [wews(u) + wyox(u) + wo(u)] dx dy 


Me 


(5.8) _ lf [viswe(U) + Viyw,(U) + ve we(u)] dx dy 


3 


- [ wlo(u) dy — w,(u) dz). 


The first integral in (5.8) approaches zero as k — 0 since m(%,.) 0. Now there 
is an e(k) which approaches zero as k — 0 and such that w,(u), w,.(u) and we(u) 
do not exceed e(k) in absolute value on YX, ; moreover, in view of the properties 
of F;, there is a constant M such that |», | S M, |u| S M/k, | m,| S M/kon 
%, fork <1. Consequently, if condition (4) is satisfied, the second integral of 
(5.8) also approaches zero as k — 0; that is, relation (5.4) holds for J”. It 
has been proved, therefore, that the conclusion of the above Conjectured Result is 
true if in addition to hypotheses (1), (2) and (3) condition (4) is also satisfied. 


6. Remarks. In the preceding sections we have been concerned with a double 
integral problem of the calculus of variations involving a single dependent 
function. The above theorems extend with all the corresponding generality, 
and with no essential change in argument, to an m-tuple integral problem 
involving m independent variables z' , .-- , z” and a single dependent function 
2=2(2',---,2”). 

However, for a multiple integral problem, or even a double integral problem, 
involving more than a single dependent function there is an essential difficulty 
in carrying through the above type of argument to obtain an extended form of 
the Jacobi condition with all the corresponding generality. This difficulty lies 
in the fact that there is no longer a result corresponding to that of Lemma 4.1. 
For let u;(2, y), ue(z, y) be two functions satisfying condition (i) on a bounded 
open set A and its frontier ©, u, = 0 = uw on G, while wz, wy , Vez aNd Uy are 
not all identically zero on €. Suppose, for definiteness, that u, # 0 at a point 
(to, yo) of ©. Then there is a connected subset YI, of UM with frontier ©, satis- 
fying conditions (a) and (b) of Lemma 4.1 for the function u; ; there is, however, 
no assurance that uw =Oon €,. If, however, we assume that u, ~ 0 at a point 
(t» , yo) of the outer boundary’ of A, and that near this point u(x, y) may be 
extended to be of class C’, then the usual implicit function theorem is applicable 
to show that near this point C€ itself is representable by an equation of the form 
y = f(x), and argument similar to that of §2 suffices to prove an extended Jacobi 
condition for such a problem. The extensibility of u is certainly assured if we 
initially assume that the solution u , ue of the accessory equations exists and is 
of class C’ on a neighborhood of each point of the outer boundary of & belonging 
to A; in particular, if we initially assume that u, , ue exist and are of class C’ on A. 
Corresponding results for general multiple integral problems involving more 


*The outer boundary of % consists of those points of € which are limit points of the 
complement of A + G. 
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than a single dependent function are readily proved. For a discussion of the 
Jacobi condition for multiple integral problems under more classical hypotheses 
the reader is referred to Raab [9]. 


1. 


ore Ww bo 


10. 
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GROUPS AND ABELIAN GROUPS IN TERMS OF NEGATIVE 
ADDITION AND NEGATION 


By B. A. BERNSTEIN 


1. Object. Let + be the “direct” operation in groups and a’ the inverse, or 
“negative”, of a. Let A be the operation of “negative addition”, given by 
adtb = (a + b)’. The object of this paper is to define groups and Abelian 
groups in terms of A, ’. 

The definitions are postulational. I give a set of independent conditions on 
a class K, a binary operation A, and a unary operation ’, so that the system 
(K, A, ‘) isa group. Similarly for an Abelian group. The postulates are such 
that the set for groups is embraced in the set for Abelian groups. The use of 
the operation A and the use of a unary operation are, as far as I know, novel in 
the definition of groups and Abelian groups.’ 

The postulates for groups are Po-P; below; those for Abelian groups are 
Py-P,. Of these, Po merely rules out trivial systems—systems in which K is 
empty or contains but a single element. For unrestricted groups, omit Pp. 
For merely non-vacuous groups, replace P» by: Pi. Kisnotempty. The postu- 
lates and the theorems derived from the postulates will bring out properties of A 
not easily seen when a A b is written in the form (a + b)’. 


2. Postulates for groups. The postulates for groups follow. In P;-P;, 
supply the clause: whenever the elements involved and their combinations are in K. 

P) . K contains at least two distinct elements. 

P,. aAbisin K whenever a, b are in K. 

P,. a’ is in K whenever a is in K. 

P;. (a Ab)’ Ac=adA(bAc)’. 

P,. (ab) Aa = b. 

P,. (a Ab)’ = db’ Aad’. 


3. Theorems. Sufficiency of P)-P; for groups. Theorems T)-T); following, 
derivable from Po-P; , will establish the sufficiency of Po-P; for groups. 
T,. bA(a Ab) =a’? 


Received June 27, 1939; presented to the American Mathematical Society, April 15, 1939, 
under the title Groups and Abelian groups in terms of negative addition. 

' For references to postulates for groups and Abelian groups in terms of operations other 
than the ‘‘direct’’ operation, see footnotes to my Postulates for abelian groups and fields in 
terms of non-associative operations, Trans. Amer. Math. Soc., vol. 43(1938), pp. 1-6. For 
the first explicit use of an undefined unary operation in a set of postulates, see my paper 
Whitehead and Russell’s theory of deduction as a mathematical science, Bull. Amer. Math 
Soc., vol. 37(1931), pp. 480-488. The term unary was introduced in this paper. 

>'T, ean evidently be used in place of P, in the postulates for groups and Abelian groups 


871 








872 B. A. BERNSTEIN 


For, a = [((a4b) Aa] A(a Ab) = bA (a Ab), by Pa, Pa. 

T;. a” =a. 

For, a = (b Ac)’ A la A (b Ac)'] = (6b Ac)’ A [(a A db)’ Ac] = b4 
fc A[(a Ab)’ Acl}’ = bA (a Ab)”, by T,, Ps, Ps, T:. Therefore, 


(i) (adb)” = aAdAb, 


by Py. Hence, a” = [b A (a Ab))” = bA(aAb) = a, by T;, (i), T1. 

T;. ada’ = (adAaqa’)’. 

For,a Aa’ = a” Ad’ = (adAa’)’, by Tz, Ps. 

T,. aAad =a’ Aa. 

For,a Aa’ = aA[(aAa) Aa}’ = [aA (adAa)|'’Aa=a' Aa, by Py, Ps, Ty. 

T;. ada’ =bAbD’ = bd’ Ab. 

For,a da’ = aA([(bAa) Abj' = [aA (bAa)|’Ab=b'Ab=bAbD’, by i, 
i ee On 

DerFIniITION D,. z=adAa’=a'Aa=(ada’)’. 

Te. @aAz=zAa=a. 

Proof: D; , T;, Ps. 

T;.z2=2' =2zAz. 

For,z = zAz’ = (zAz’)’ = 2’ = z Az, by D,, T3, D,, Ts. 

DeriniTion D,. a + b = (a Ab)’. 

Ts. a+ bisin K. 

Proof: De, Pi, Pe. 

Ty. (a+b) +ce=a+ (b+ 0). 

For, (a + b) + ¢ = [(a Ab)’ Ac)’ = [a A(bAc)’)’ = a + (6 + 0), by Dr, 
P; ’ De e 

Two.z2+a=a. 

For, z + a = (z Aa)’ = a” a, by Dz, Ts, T2. 

Tu. a+2z=a. 

For, a + z = (a Az)’ = a” = a, by De, Ts, Te. 

Ts. a +a =z. 

For, a’ + a = (a’ Aa)’ = 2’ =z, by De, D1, T7. 

T3.at+a’ =z. 

For,a + a’ = (aAa’)’ = z, by De, D,. 

Po , Ts-Ti3 make (K, A, ’) a (non-trivial) group. 


4. Additional theorems for groups. Theorems Ty-Ti) following are addi- 
tional theorems for groups. ‘The proofs are left to the reader. 

Tu. a = (bAb’) Ad’? 

Ts.a=a' A(bAD’). 

Ty. aA(bAc) = (cAa’) Ab’. 

Ti. (ab) Ac =b' Ale’ Aa). 

Ts. adr =ady,orifxrha =y Aa, thenz = y. 

Tw. Ifadb =c, thna = bAcandb=cAa. 


3 T.4 may be used in place of P, in the postulates for groups and Abelian groups. 
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5. Postulates for Abelian groups. The postulates for Abelian groups follow. 
In Postulate Ps , supply the clause: whenever the elements involved and their com- 
binations arein K. The postulates are: 

Po-Ps e 

Ps. aAb= bAa. 

As theorem from P,-P. we have Tx» following. 

Too - a oe b = b oS a. 

Proof: De, Ps, De. 

Po , Ts-Tis , Too make (K, A, ’) a (non-trivial) Abelian group. 


6. Additional theorems for Abelian groups. The following are additional 
theorems for Abelian groups. 

Ta. (a db)’ = a’ AD’. 

Tx. aA (bAc) = b’A(cAa’) =c’ A(a’ Ab) = (a’ Ab) Ac’. 

Taz . aA (bAc) = [(k A a) Ab] A (k Ac). 

Tu. (@Ab)AfeAd)=a+b+cec4+d. 

Tx. (a Ab) A (ce Ad) is invariant under the interchange of any two of the ele- 
ments a, b, c, d. 

Tx. Ifadb =c, thnb=adAcanda=cAb. 

Tx. aA (adb) = (bAa) Aa = b. 


7. Consistency and necessity. Postulates Po-P. are obviously consistent, and 
necessary for (non-trivial) Abelian groups. Po-P; are necessary for (non-trivial) 
groups. 


8. Independence. The mutual independence of Po-P¢ is established by sys- 
tems Py-P, in the table below. In this table, system P, is the independence- 
system for Postulate P;. In systems P,; and Ps, the blanks indicate absence of 
K-elements. The table follows. 


SyYsTEM K aAb a’ 

Py Null class 

P, 0, 1 01 a ja’ 
oi- 0/0 
1i-- 1/1 

P, 0, 1 {01 a La’ 
0/01 te 
1/10 oF 

P; 0, 1 (01 aja’ 
0/01 0/0 
1/10 1/0 
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SYSTEM K 

P, 0, 1 

P, 0, 1 


P, 0,1,2,3,4,5 
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CONTRIBUTIONS TO THE THEORY OF HERMITIAN SERIES 
By Ernar HILtie 


Introduction 


The present paper is devoted to a study of Hermitian series in the complex 
domain. We shall consider expansions of the form 


(1) f(z) = LX fahn(2); 

where 

(2) ale) = oH.) = (-1'" £ “1, 
dz” 


z being a complex variable.’ While such series have been rather thoroughly 
studied for real values of the variable,’ no adequate discussion of the complex 
case seems to exist anywhere in the literature. Various aspects of this problem, 
such as the domain of convergence, the presence or absence of singularities on the 
boundary of this domain, gap-theorems, and the relations of Hermitian series to 
associated Dirichlet and Fourier series, will be discussed in this paper. 

The only phase of the complex theory for which the author has been able to 
find a discussion in the literature is the representation problem. Here G. N. 
Watson [30] and O. Volk [28, 29] have found essentially equivalent sufficient but 
far from necessary conditions for the representability of a given analytic function 
by a Hermitian series. We shall not discuss this problem here. We shall solve 
this problem in the second paper of this series to appear in the Transactions 
of the American Mathematical Society. 

The first problem that confronts us in the complex theory is the domain of 
convergence of a given Hermitian series. While it is well known to analysts 
working in this field that the domain of convergence is a strip, —r < y < 7, no 
simple proof of this fact appears to be available in the literature. Such a proof 
is given in Chapter 2 of the present paper. 

Any convergence proof must be based upon some estimate of the asymptotic 
behavior of the Hermitian functions h,(z) for large values of n. Such estimates 


Received August 4, 1939; presented to the American Mathematical Society, April 7, 1939. 

! The definition of a Hermitian polynomial differs from one author to the next. I shall 
employ the notation of an earlier paper of mine [12] to which the reader is referred for the 
formal properties of Hermitian functions used in this paper. Numbers in brackets refer 
to the bibliography at the end of the present paper. 

2 A good summary of the theory of Hermitian series in the real case is to be found in 
Chapter 4 of the treatise of G. Vitali and G. Sansone [26]. The Tchebycheff-Hermite 
polynomials of these writers differ from those of the present paper by the factor (—1)". 
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were first found by G. N. Watson [30, 31] by rather laborious analysis. More 
recently, N. Schwid [22] gave a thorough investigation of the problem using the 
methods of R. E. Langer. I prefer to make a new attack on the problem along 
different lines. I shall use what is essentially a variant of the method of asymp- 
totic integration which I developed in a number of papers many years ago.” 
The point of departure is the differential equation 


(3) w’ + (2n+1—2)w=0 


which is satisfied by h,(z). From this differential equation one concludes that 
h,(z) also satisfies a Volterra integral equation 


(4) hn(z) = en(z) + (2n + 1)? f f sin [((2n + 1)*(z — t)] halt) dt, 
0 


where 
(5) cn(2) = A, cos [(2n + 1)'z — 4nz] 


and A, is a positive constant determined by the initial values of h,(z) and 
h',(z) at the origin. The Volterra equation can be integrated by the method of 
successive approximations leading to a rapidly convergent series of which c,(z) 
is the first term. For values of z which are sufficiently small in comparison 
with n this first term also dominates the series. This study of the basic integral 
equation and its consequences for the asymptotic behavior of h,(z) is carried 
out in Chapter 1. 

While this method of attack is far from being as powerful as that of Langer- 
Schwid, it is simple and adequate for our purposes. In addition it has one 
definite advantage; it emphasizes that the passage from c,(z) to h,(z) is a linear 
functional transformation the analytical properties of which can be studied in 
detail thanks to the explicit expression furnished by the theory of integral 
equations. This is of fundamental importance for the theory of Hermitian 


series. 
Equation (3) implies that 
(6) 52h,(z) = (2n + 1)h,(2), 
where the differential operator 
2 
(7) 5, = 2 —_ Ls . 


In other words, the functions h,(z) are characteristic functions of the operator 
6. , corresponding to the characteristic values 2n + 1. This is of course well 
known from the modern quantum theory where 6, = p’ + q° is the operator of 
the harmonic oscillator. In Chapter 3 of this paper we study analytic fune- 

* See, for example, Hille {11}. The discussion of asymptotic behavior of the Hermite- 


Weber functions given in this paper refers to large values of z, however. See also the 
Addendum at the end of this paper 
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tions of this operator. If G(w) is an entire function, then a necessary and suffi- 
cient condition that G(é,)-f(z) shall exist and be holomorphic wherever f(z) is holo- 
morphic, and this for all analytic functions f(z), is that G(w) be of order S 4 and 
of minimal type if its order equals 4. These differential operators G(é,) play a 
similar réle in the theory of Hermitian series as the operators H(d/dz) in the 
theory of power series and Dirichlet series where H(w) is an entire function of 
order one and minimal type.‘ That in the former case the order of the entire 
function is restricted to 3, whereas it is one in the latter case, is perhaps ex- 
plained by the fact that the order of the operator 6, is two, whereas that of 
d/dz is one. Thus the product of the orders is the same in both cases. If f(z) 
is restricted to be an entire function of specified order p, the maximal order of 
G(w) must be less than or equal to the conjugate exponent ¢ determined by the 
equation 


1 1 
ote" 


provided p > 2, otherwise o = 1. This is to be compared with the corresponding 
situation for operators H(d/dz) studied in detail by H. Muggli [15] with the aid 
of the methods of Pélya [19]. The details of this discussion of G(é,)f(z) for 
entire functions f(z) will be published elsewhere as it has very little immediate 
bearing on the main problem of the present paper. 

The results of Chapter 3 are utilized in Chapter 4 for a study of special types 
of regularity preserving factor sequence transformations for Hermitian series. 


Given a sequence {a,} such that lim n log | a, | = 0, we form the transformed 
series 
(8) F(2) = 2D anfahn(2). 


This series has the same strip of convergence as series (1) thanks to the choice 
of the a’s. What additional conditions must be imposed on the a’s in order 
that F(z) shall have the same singularities as f(z) or at least no other singu- 
larities than those of f(z)? In other words we ask when it is possible to perform 
the analytic continuation of F(z) along any finite path along which f(z) can be 
so continued. The problem is a familiar one in the theory of power and 
Dirichlet series and the results which we arrive at are analogous to well-known 
theorems due to Leau, Faber, Fabry, Cramér, Pélya, Ostrowski and others. 
In Chapter 5 these results are utilized in order to prove the existence of singu- 
larities of Hermitian series on the boundary of the strip of convergence under 
various assumptions on the coefficients. We obtain analogues of well-known 
theorems by Pringsheim, Vitali, Dienes and others. Finally, we prove several 


* Though the formal theory of differential operators of infinite order is quite old, rigorous 
applications to the analytic continuation problem appear for the first time in H. Cramér [3]. 
This field has been dominated during the last fifteen years by the investigations of G. 
Pélya and his pupils. 








878 EINAR HILLE 


gap theorems of which the following analogue of the theorem of Fabry should be 
mentioned. The series 


(9) f(2) = > Sny hn, (2) 
has its strip of convergence as natural domain of existence if 
Nk ° ° ; } 
(10) g~° and lim inf [(mg41)’ — (m)*] > 0. 


In Chapter 6 we return once more to our starting point, the basic integral 
equation. The relation between h,(z) and c,(z) suggests the introduction of the 
associated Fourier series 


(11) C(z) = * facalz), Sle) = D futale) 


where s,(z) is obtained by replacing cos by sin in formula (5). We also introduce 
the associated Dirichlet series 


(12) E*(z) = C(z) + iS(z), E (z) = C(z) — iS(z). 


We obtain explicit representations of the linear transformations joining f(z) with 
its associated functions. From these representations we obtain in particular 
that f(z) is holomorphic in the cross section of the principal Mittag-Leffler stars of 
C(z) and C(—z). Further, if zo and —z are a pair of nearest vertices in the 
cross section star, then at least one of these points is a singularity of f(z). From 
this result we conclude, for instance, that conditions (10) of the gap theorem 
are the best of their kind. Further, there exist entire functions representable by 
Hermitian series having a strip of convergence of finite width, i.e., there need not 
be any singular points on or anywhere near the lines of convergence. 

A number of problems have presented themselves in connection with this 
investigation which had to be omitted for one reason or another. The repre- 
sentation problem, Hadamard’s multiplication theorem, the relations between coeff- 
cients and singularities, overconvergence and gap theorems, the extensions to La- 
guerre series and to Hermite-Stieltjes integrals, further study of the differential 
operators, all these problems call for special investigations, some of which are 
already in progress. The author hopes to return to these problems shortly. 


Chapter 1. The asymptotic behavior of h,(z) for large n 


1.1. The basic integral equation. It is well known that the function 
(1.1.1) hae) = (—1)"e#* © fe") 
dz” 


satisfies the differential equation 


(1.1.2) w"’ + (2n + 1 — 2°\w = 0. 
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The positive square root of 2n + 1 is going to occur throughout this paper and 
will be denoted by », or vy whenever such an abbreviation can be used without 
ambiguity. 

Let wo(z) be a given solution of the equation 


(1.1.3) w’ + vw = 0 
and form the integral equation 

t gg rae 
(1.1.4) w(z) = wo(z) + t sin v(z — t) w(t) dt. 

v Jeo 
It is easily seen that the solution of (1.1.4) is uniquely determined and coincides 
with that particular solution of (1.1.2) which is defined by the initial conditions 
(1.1.5) w(Zo) = Wo(Zo), w’' (Zo) = wo (Zo). 


Here 2 is an arbitrary but fixed complex number. 
The method of successive approximations shows that the solution of (1.1.4) 
ean be written in the form 


(1.1.6) w(z) = 2) wr(z), 
k=0 
where 
- Yo ww 
(1.1.7) w,.(z) = J t’ sin v(z — t) wea(t) dt 
V “z6 
or 


z t tk-1 
(1.1.8) w,.(z) = / / tae / (ty te tee t.)"K(T; n) wo(t,) dt, dt, ee dt, 
with 


k 
(1.1.9) K(T;, n) =r“ II sin v(t — t)), lo = 2. 

j=l 
It is a familiar fact that such a series is rapidly convergent, and we shall not 
spend any time on giving a convergence proof for the general case which is of 
no interest to us. The solution of (1.1.4) is of importance to us from two 
different points of view, one more formal, the other purely analytical. The 
formulas (1.1.6) to (1.1.9) can be regarded as defining a linear transformation 
on the solutions of the equation (1.1.3) to the solutions of (1.1.2). This trivial 
observation has important consequences for the theory of Hermitian series which 
will be presented in Chapter 6 of the present paper. Secondly, the series is 
asymptotic in nature within certain ranges of z and n, i.e., the first term domi- 
hates the series and still better approximations can be found by using partial 
sums of low order. This property will be verified in the instances of special 

interest to the Hermitian series in the subsequent paragraphs. 








S80 EINAR HILLE 


It should be noted that the asymptotic property does not hold unless 2 and z 
are relatively small compared to n. The calculations show that preferably ~ 
and z should be o(n*). If this condition is violated, the approximation furnished 
by the first term of the series is no longer a good one and the problem of asymp- 
totic representation must be tackled by other means. For such questions we 
refer the reader to the paper by N. Schwid [22]. For the purposes of the present 
paper, the results obtained by our method are amply sufficient. 


1.2. The case of h,(z). Since 


(1.2.1) H,(z) = 2 (-0" (3) ak (22)"- 


we see that 


Hin(0) = 0, 


m)! 
H.(0) = (-1)" Om! 
m: 


(1.2.2) 
(2m + 1)! 


Homsi(0) = 0, — Ham4i(0) = (—1)"2 = 
Let us define 

(1.2.3)  Aem = |Hem(O)\, Amar = | Homsi(0) | (4m + 3)%, 
(1.2.4) cn(2) = A, cos [(2n + 1)'z — 4nz, 

(1.2.5) s,(z) = A, sin [(2n + 1)'z — }nz]. 

It is clear that both c,(z) and s,(z) are solutions of (1.1.3). Further 


h,(0) = ¢,(0),  hn(O) = c,(0). 


Hence, if we choose z = 0, wo(z) = c,(z), then the corresponding solution of 
(1.1.4) is h,(z). It follows that h,(z) admits of an expansion of the form (1.1.6). 
The functions w,,,(z) entering in this expansion have a fairly simple structure. 
Putting 


(1.2.6) Wnc(2) = v Wn,e (v2), 
we find that 


(1.2.7)  wa.z(u) = [ v’ sin (u — v) wn, n—1(v) dv, @n,o(u) = A, cos (u — 4nz). 
0 


It is clear that w,,,(u) is going to be a linear combination of sin u and cos u with 
coefficients which are polynomials in u, one of which will be of degree 3k and 
the other of degree 3k — 1. The coefficients of the polynomials are real, 
rational numbers and their signs appear to alternate. Thus we get finally 


(1.2.8) ha(z) = Cn(z) i P,(vz)v™* + s,(z) 2B Q,(vz)v ”. 
k—=0 k=0 
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Here 


Po(u) = 1, Qo(u) 
P,(u) = 3v — 1, Q:(u) 


II 
_— 


Il 
om 
=. . 
| 
~ 
= 


P,(u) is an even and Q;(u) an odd polynomial, one of degree 3k, the other of 
degree 3k — 1, according to the parity of these numbers. 

Formulas of this type seem to be new in the theory of Hermitian polynomials 
though they should be compared with the asymptotic formulas of Adamoff [1] 
and, in particular, those of Plancherel-Rotach [18]. It should be noted, how- 
ever, that (1.2.8) is a convergent expansion and not of the asymptotic semi- 
convergent type familiar in the theory of Bessel functions. 

We shall discuss the cases in which z is either real or purely imaginary in more 
detail. Suppose first that z is real, z = xz. A simple calculation based on 
(1.2.7) shows that 


m ) 3k 
2.9 hy ee ae n, kA S As |= | . 
(1.2.9) in(x) > v wn, p(vt)| SA > (30) "kl 
In particular, 
| f | x |’ 
(1.2.10) h,(x) — en(x) | S An<exp | — —1>. 
\ 3v 


1.3. The behavior of h, (iy). Let us define 
(1.3.1) ynly) = Anle” + (—1)"e ””]. 
We shall prove 


THEOREM 1.1. For positive values of y 


3 
(1.3.2) 0 <i "h,(iy) — yaly) < Ane”™ [exp (“) -1]. 

Proof. Formula (1.2.1) shows that ¢ "h,(iy) > Ofory > 0. Put A,(iy) = 
i'n(y). We note that c,(iy) = t"y,(y). Consequently equation (1.1.4) 
becomes 

e a a 
(1.3.3) nn(y) = yn(y) + < [ u sinh v(y — u) na(u) du. 


All the quantities involved in this equation are positive when y > 0. This 
proves the first part of the required inequality. In order to prove the second 
half, let us consider formulas (1.2.6) and (1.2.7). Putting ,.(iu) = &,.(u), 
we get 


u 
@n,n(u) = | v sinh (u — v) &n,x-r1(v) dv, 
0 
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and by induction 


3k 


Uu 
6*k! ” 


(1.3.4) 0 < Gn,x(u) < Ane” 


The second half of the inequality follows from this estimate. 
For values of y which are large in comparison with n, Theorem 1.1 gives a 
rather poor upper bound for 7 "h,(iy). But by formula (1.2.1) 


(1.3.5) i *haliy) <i "h,(i)y"e”, y>1, 


and i “h,(7) can be estimated with the aid of Theorem 1.1. 
The series in (1.2.8) can obviously be differentiated term by term. Since 


@n,e(u) = [ v cosh (u — v) dn,x—-1(v) dv, 
0 


we find by induction that 
bk 


(1.3.6) 0 < dns(u) < 2Ane" SEI” 
Putting 
(1.3.7) only) = ZAnle” — (—1)"e ™], 
and utilizing formula (1.3.6), we obtain 
THEOREM 1.2. For positive values of y 
3 
(1.3.8) 0< i ”* hi (iy) — von(y) < 2vAne”™ | exp (x) _ i]. 
Vv 
Combining these two theorems, we get 
THEOREM 1.3. ForO <e Sy S 1/e 
(1.3.9) ha (ty) =-—-i+ o(?) as n— ®, 
vh, (ty) v 


uniformly in y. The relation is also true if i is replaced by —i. 


1.4. The behavior of h,(z) on horizontal lines. We shall study h,(x + iy) 
for y fixed, y = yo > 0. We use (1.1.4) with 2 = iy and 


ee ; 1 ; ; ; 
wo(z) = h,(iyo) cos v(z — iyo) + ~ ha (iyo) sin v(z — iyo). 
The maximum of the absolute value of this expression for y = yo equals the 


larger of the two quantities | h,(iyo) | and | h’,(iyo) |/v, the ratio of which tends 
to 1 by Theorem 1.3. 





wl 


wi 


Cc 


Us 


Fr 


+ iy) 


Is the 
tends 
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Substituting these values of z and wo(z) in (1.1.4), we get h,(z) = z. w,(z), 
where now 


w(x + iyo) = : [ (t + iyo)’ sin v(x — t) walt + iyo) dt, 


whence by complete induction 


1 


| wel + iyo) | S sy [Bl zl? + |e | yol*-max | wolt + tye) |. 


Consequently 


| baz + iyo) — haliyo) cos vx — * ni (iyo) sin vx | 
(1.4.1) 


< max [ ha(iyo) |, : | ha (iyo) || {exp E (All? + \z|vd | - i}. 


Using Theorem 1.3 we see that 


ha(égu) 008 ve + : Bh! (ian) sin va = haLign) {em +0 (?)}. 


From these estimates we get 
THEOREM 1.4. Fory #0 
(1.4.2) ° aan hala + ty) =1+ o(?) as n>, 
h,(ty) v 
the sign in the exponent being the same as that of y. The relation holds uniformly 
with respect to x and y in the regions —1/e Sx S1/e,0 << e S\y| S l/e. 


Theorem 1.1 implies that 


h,(iy) = cain +0 (4) asn— o, 


eF"*c, (iy) = cn(x + iy){1 + O(e”')}, 


we can restate Theorem 1.4 as follows: 


Since 


THEOREM 1.5. Forz = x + ty, y ¥ 0, 


(1.4.3) h,(z) = ea) 1 + o(*)] asn—> o, 


The relation holds uniformly with respect to z in any bounded closed region having 
no point in common with the real axis. For real values of z, z = x, (1.4.3) is to be 
replaced by 


(1.4.4) h,(x) = ca(x) + o(4 ). 


4in 
v 
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If a higher degree of approximation is desired than is furnished by this theo- 
rem, we can obtain the desired result from formula (1.2.8). The estimate of the 
remainder can be obtained with the aid of (1.2.7) in the usual manner and the 
result is 


THEOREM 1.6. For all values of z 


ans) ~ ele) > Pibelo® — ale) 5° O60) 
k=0 k 


c=0 


(1.4.5) 


| iz |* 
s Ad” . 
S Ane 2 yi 


Chapter 2. Convergence theory 


2.1. The strip of convergence. Let 
(2.1.1) > fuha(z) 
n=0 


be a given Hermitian series. We shall determine the domain of convergence of 
this series with the aid of the asymptotic relations of the preceding chapter. 

There is a classical theorem in the theory of power series according to which the 
boundedness of the terms at a point z) ~ 0 implies the absolute convergence of 
the series in the circle | z| < | z|. This theorem has the following analogue 
in the theory of Hermitian series. 


THEOREM 2.1. If | faha(zo) | S M for all n and z = x + iyo , where yo ¥ 0, 
then the series (2.1.1) ts absolutely convergent in the strip — | yo| <y < | Yo 

Proof. The theorem is a simple consequence of Theorem 1.5 which says that 
we can find a positive constant a such that for all large n 


h,(ao + tyo) | > a| en(to + iyo) | > 3aA, exp [v | yo | J. 


Similarly if z = x + ty, y ¥ 0, we can find a positive constant A such that for 
all large n 


h,(x + ty) | < A|en(x + ty) | <AA, exp [v | y | ]. 


When y = 0 we still have an estimate of the form | h,(x)| < AA,. Conse- 
quently, 


\fnhn(x + ty) | < 7 AM exp [—r(| yo| — | y| )J. 


This estimate proves the convergence of (2.1.1) for — | yo| < y < | yo 

From this theorem it follows that the set of convergence of a Hermitian series 
is a strip --7r < y < 7 with the possible addition of points on the lines y = +r. 
We shall call + the ordinate of convergence and the lines y = +r the lines of con- 
vergence of the given series. It remains to determine 7. This is done in 





we 


the 


heo- 
f the 
| the 


RY 


& 


ice of 


‘h the 
ice of 
logue 


~ 0, 


s that 


at for 


Sonse- 


1 series 
= +r. 
of con- 





CONTRIBUTIONS TO THEORY OF HERMITIAN SERIES 885 


THEOREM 2.2. 


; ] 
(2.1.2) t = —limsup ~ log[A,|f, |]. 
n-?-2 Vn 
Remark. We can clearly replace v, = (2n + 1)' by (2n)! and instead of A, 
we can write 2"I'(3n + a), where ais an arbitrary fixed real quantity, or simply 
(2n/e)*". We shall use these equivalent forms whenever they are preferable. 
We base the proof of this theorem upon the following 


Lemma. Let {d,} be a monotone increasing sequence of positive numbers, 
0 < An < Anyi, Such that r,/logn— «. For the given series } Un , Un 2 O, form 


: 1 
L = lim sup — log uy. 
no n 
If L < 0 the series >> un converges, if L > 0 it diverges, and there is indetermination 
when L = 0. 

The classical case \,, = nis well known, and the general case is easily proved by 
noticing that the assumptions on \, imply that >> e’’ converges for z < 0 and 
diverges for x > 0. 

Proof of Theorem 2.2. We apply the lemma with A, = », to the case u, = 
\frhn(z) | withz =2+ty,y #0. Wehave 


1 1 | \An(iy)| , 1 h,(z) 

— log | frhn = — log [A, | fa | — l - 

og | frhn(z) | - og [An | fn |] + ; og A. + - og h, (iy) 
By Theorem 1.1 the second term on the right tends to | y | as n — «, whereas 
the last term tends to zero by Theorem 1.4. Hence 


; 1 
lim sup — log |frha(z)| = —7r + |y|. 
no Vn 

Thus we have convergence for | y | < 7. That we have divergence for | y | > r 
follows from the fact that there will then be infinitely many terms in the series 
of absolute value greater than one. Thus 7 is the ordinate of convergence of the 
series. The letter 7 will always be used in this sense in the following. 

THEOREM 2.3. If a Hermitian series is absolutely convergent at any one point 
on one of the lines of convergence, then it converges absolutely at all points of the 
lines of convergence. 


This is an immediate consequence of Theorem 1.4. 


2.2. An equiconvergence theorem. ‘The discussion in the preceding section is 
elementary and it has the advantage of paralleling the familiar discussion of 
power series. It is unnecessarily long, however, and the main theorem could be 
derived more directly. It is an immediate consequence of the following 
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THEOREM 2.4. The series (2.1.1) converges for a non-real value of z if and only 
if the associated series 


(2.2.1) 5 ¢n(z) = C(z) 


converges for this value. 


Proof. (i) Absolute convergence. If one series is absolutely convergent so is 
the other by virtue of Theorem 1.5. 

It is easy to obtain the theorems of §2.1 from this observation. We can write 
C(z) as the sum of two Dirichlet series 


nd bi fAne™ and 4D i*frAve™ 
_ n=0 


of which the former converges in a half plane y > a and the latter in y < 8. 
If \,,/log n > ~«, the abscissa of absolute convergence of the Dirichlet series 


px Qn eo 


coincides with the abscissa of ordinary convergence and is given by 
; 1 
o = lim sup — log |a,|. 
no An 


Applying this formula to the present case, we find that a = —7r and B = +. 
Hence the series (2.2.1) is absolutely convergent for —r < y < 7 and diverges 
outside of this strip. The same then is true of the Hermitian series. This is an 
alternative proof of Theorems 2.1 and 2.2. 

(ii) Non-absolute convergence. Suppose that (2.2.1) converges at a point % 
on the boundary of the strip of convergence without being absolutely convergent. 
Now if 7. a, is a convergent series and if {€,} is a monotone decreasing sequence 
of positive numbers, then > én@, is also convergent. Hence the convergence of 


> faen(zo) implies that of > va*fncn(zo) 


n=0 n=0 


for every k = 0. Further the Dirichlet series (2.2.2) must converge for z = % 
and hence also 


> van f n8n (zo) 


n=0 


for every k 2 0. 
We now appeal to Theorem 1.6. Taking m = 2 we get 


haz) = en(2){1 + Pi(vz)v™* + Po(vz)v} 
+ 8n(z){Qi(vz)v* + Qe(vz)v*} + Ra,s(2), 
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where 


| R,3(2) | < M(z) A. s elu 


M(z) being independent of n. Here we can replace s,(z) by + ic,(z), the sign 
being opposite that of y, making an error which will be O{A,e"'”'}. Further, 
in the polynomials we can suppress the constant term of P, , the first degree 
term of Q, , and all terms of degree < 5 in P: and Q, without affecting the order 
of magnitude of the remainder. Hence 


(2.2.3) n(z) = en(z){1 + (do + age*)v* + (az + agz’)v*} + Rplz), 
where the a’s are numerical constants and 

(2.2.4) | Ra(z) | S M(z)Anv*e"!™!, 

Multiplying by f, and adding we get 


XL faha(e) = D facn(e) + (ao + asz’) > v "fn €n(2) 
(2.2.5) 


+ (agz” + aez°) > v"fatn(z) + D fu Rule). 


As N — the first three terms on the right tend to finite limits for z = z and 
(2.2.4) shows that this is also the case of the last sum. Hence the convergence 
of (2.2.1) implies that of (2.1.1). 

Suppose conversely that (2.1.1) converges for a non-real value z = z. We 
can still use (2.2.5) and conclude that the last sum tends to a finite limit for 
z=2asN—>«. But the convergence of >> f,h,(z) implies that of >> »“f,ha(z) 
foreveryk 2 0. A simple calculation shows that 


Y falal2) ini (do + a32’) > vfahn(z) 


+ (ao — az” + a3z” — age’) > v*faha(z) = LX faen(2) +  fR3@), 


where R>(z) also satisfies (2.2.4). As N — ©, the sums on the left and the 
second sum on the right tend to finite limits for z = z. Hence the convergence 
of (2.1.1) implies the convergence of (2.2.1). 

Thus we see that the discussion of the convergence of a Hermitian series on the 
lines of convergence bordering its strip of convergence is reduced to the ap- 
parently much simpler discussion of the associated Fourier series (2.2.1) or the 
associated Dirichlet series (2.2.2). The reader should note that our results do 
not apply if the set of convergence of the Hermitian series reduces to a point set 
on the real axis. For this case, however, G. Szegé has proved an equicon- 
vergence theorem to which we have nothing to add.’ Theorem 2.4 can be 
regarded as a complex analogue of this theorem. 


5G. Szegé [24], pp. 114-115. 
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Chapter 3. A class of differential operators 


3.1. The differential operator 6.. We have seen that h,(z) satisfies the 
differential equation (1.1.2). Let us introduce the differential operator 


ere 
(3.1.1) 6, = 8 re 
We have 
(3.1.2) 52h,(z) = (2n + 1)h,(z). 


In other words, h,(z) is a characteristic function of the operator 6, corresponding 
to the characteristic value 2n + 1. 
Thus if 


f(z) = LX faha(e) 


is a given Hermitian series whose ordinate of convergence is t > 0, we have 
clearly the right to apply the operator 6, termwise obtaining 


i.fle) = L Ont Dfahal, 


valid within the strip of convergence of the original series. This operator 
consequently has the effect of multiplying the n-th coefficient of a Hermitian series by 
2n + 1. 

The k-th power of 6, will be denoted by 6: . We have clearly 


CS. al: af”. 


k 
Let P(w) be a polynomial with constant coefficients, P(w) = > a;w’, and form 
j=0 


the operator 


. 
(3.1.3) P(6,.) = >. a;8?, 


j=0 


where 6; is the identity. It is an easy matter to show that 
P(6.) f(z) = Do P(2n + 1)fahalz), 
n=0 


again valid within the strip of convergence of the series for f(z). We shall see 
later that corresponding formulas hold for certain classes of entire functions of 6, . 

The present chapter will be devoted to a study of those properties of 6, and 
of functions of 6, which will be useful to us in the study of singularities of fune- 
tions defined by Hermitian series. 

The basic property of 6, in this connection is that it preserves holomorphism 
in the finite part of the plane. In other words, if the analytic function f(z) is 
holomorphic, i.e., single-valued, continuous, and differentiable, in the domain D, 
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not containing z = «, then 6, f(z) is an analytic function holomorphic in D. 
The theory of linear differential equations shows that we have the following 
converse of this statement. If g(z) is an analytic function, holomorphic in a 
simply-connected domain A not containing z = ~, and if z «A and a and b are 
given complex numbers, then there exists one and only one analytic function 
f(z), holomorphic in A, such that 6, f(z) = g(z), f(z.) = a, f’(z) = b. 

These properties extend to polynomials in 6, with constant coefficients. Let 
P(6.) be defined by (3.1.3) and let f(z) be holomorphic in the circle | z — z | < R. 
Then P(6.)f(z) = g(z) is holomorphic in the same circle. If f(z) can be continued 
analytically along a bounded Jordan are L from z = 2 to z = 2, , then g(z) can 
be continued along the same are. On the other hand, if z = z, is a singular 
point of this particular branch of f(z) for continuation along L, then the same is 
true of g(z), and 2, cannot be a singular point of g(z) unless it is singular for 
f(z). In this sense the operator neither introduces nor removes singular points. 
It clearly preserves the property of being single-valued, but it may very well 
transform a multiple-valued function into a single-valued one. 

We begin our discussion with an elementary question, that of expressing f(z) 
in terms of g(z) in the case in which P(w) = w*. In the remainder of the chapter 
we are concerned with the question of extending some of the results for poly- 
nomial operators to more general classes. Here convergence questions become 
of importance and the first problem we have to solve is to estimate as accurately 
as possible the rate of growth of 6:f(z) with respect to k under different assump- 
tions on f(z). We then determine certain classes of entire functions G(w) such 
that for every analytic function f(z) the transformed function G(6,)f(z) is holo- 
morphic wherever f(z) is. The results referring to the case in which f(z) is an 
entire function of given order are only indicated as they are of no importance 
for the singularity problem and the author intends to treat the questions involved 
in full in another publication. 


3.2. The equation 6: F(z) = f(z). We shall derive explicit formulas for the . 
solution F(z) of the differential equation 
(3.2.1) 6: F(z) = fle), 


where f(z) is a given function. 
We start with the case k = 1, i.e., 


(3.2.2) w"’ — 2° w = —f(z). 

It is well known that the corresponding homogeneous differential equation 
(3.2.3) w"’ — zw = 0 

is satisfied by 

(3.2.4) w(z) = 2'J_4(42’), we(z) = 2'J;(42°), 


where J(u) is the ordinary Bessel function of order a. These functions form 
fundamental system. 


es 
i=) 
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Let us introduce the function 
(3.2.5) G(z, t) = ove {w;(z)we(t) — w,(t)we(z) }. 
A simple calculation shows that 
(3.2.6) 5,G(z, t) = 6,G(z, t) = 0, ‘2 G(z, ob = —l. 


Suppose now that f(z) is a given analytic function, holomorphic in a bounded 
simply-connected domain A, and let z¢4. We shall determine that solution 
F(z) of (3.2.2) for which F(z) and F’(z) take on preassigned values. Let 
W,(z) be that solution of (3.2.3) for which 


(3.2.7) Wi(zo) = F(z), Wile) = F’(2). 


A simple calculation based upon (3.2.6) shows that 
(3.2.8) F@) = Wie) +f Ge, oso at 
zo 


is the required solution of (3.2.2). This function is holomorphic in A and can 
be continued analytically along any path L from z = 2 along which f(z) can be 
continued. This is an immediate consequence of the fact that both W,(z) and 
G(z, t) are entire functions of z and that the latter is also an entire function of ¢. 

Using (3.2.8) we can now derive the general solution of (3.2.1) by complete 
induction. We have merely to put 


6; F(z) = gilz) 
and solve the resulting equation for ¢,(z) with the aid of (3.2.8). We then put 
8: F(z) = g2(z), 5 ga(z) = gilz), 


and apply the same process once more, etc. The final result is an expression of 
the form 


F(z) = Wi(z) + | G,(z, t) W(t) dt + / G2(z, t)W3(t) dt 
(3.2.9) . Olin 
Ae vce + [ Gi-a(z, t)W,(t) dt + / G(z, t) f(® dt. 
Here 


(3.2.10) G,(z,t) = Gz, 0, G,,(z, t) = [ Gi(z, u)G,,-1(u, t) du, 


and the W,,(z) are solutions of (3.2.3) determined by the initial conditions 
[57"" F(z) lemey _ W (zo), 

(m = 1, 2,3, ---, &). 
Wn(20); 


(3.2.11) ys, 
| da: Fe) | 


tan 5Q 
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The solution is clearly holomorphic in any bounded simply-connected domain 
4 in which f(z) is holomorphic. We note that all the iterated kernels G,(z, 0) 
are entire functions of z and ¢. 


3.3. Estimates of 4: f(z). In the present section we shall derive suitable 
expressions for 5! f(z) from which we can obtain estimates of the rate of growth of 
this function with respect to k under different assumptions on f(z). 

We start with the case in which f(z) is holomorphic in the circle | z — z | < 
R < «, and let M(r) denote the maximum modulus of f(z) on the circle | z — 2 
=r < R, ie., 


M(r) = jmax | f(zo + re”) |, 


and put |z|= s. 
From the definition of 6, f(z) follows that 
1 f(t) dt 
3.1 fle) = 2fla) — f ' 
(3.3.1) 5:f(z0) = zo0f(20) ade ia a 
where C can be taken as the circle |t — | = p < R. If in this formula we 
replace f(z) by 6, f(z), we get 


af fddt 1 Uf@de 


mi Jc (t - Zo) ri Je (t — x)? 


1\’ f(ts) dt, dt, 
+ (+) I, cy (tr — te)*(te — 2)?” 


Here C, : | 4, — t2| = pi, C2: | bt: — 2% | = pe, where p: + pe < R. By complete 
induction we obtain 


3.3.3) Sf(eo) = Do J§m..;,. 


Here O S m S k and 


J® = 2i'f(e), 


J? = fra =a t f(O) dt 
’ mi 4c (t — %)* 


J —_ gi i1- im) (=*) [ / ti”? t”* f(t) dt, dts 
vite a ce, 4c, (4 — t)®(t2 — %)' 


(3.3.4) (0 Sj: + je S k — 2), 


52 f(z0) = 20 f (zo) si 
(3.3.2) 


Jig, 2 grin (=P 
| i | tht’? ... B" f(t) dtidts - - - dtm 
e ce, 4¢, (4 — t)*(te — t;)* --- (t. — 2)* 


(OSf,itjot+ --- tjm Sk — my), 
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Thus there are (*) m-fold integrals J5”’..;, (m = 1,2,3,---,k). Itis under. 


stood that the integration is first carried out with respect to 4 , then with respeet 
to tz, ete. As contours of integration we can use circles |t, — l| = Daa, 
to — ts | = Pm.2,--+, | tm — 20| = Pm,m, With the sole proviso that >> pn; < R. 
If 2m <S k the integrals are in a convenient form for estimating, but for 
2m > k they should be further reduced. If 2m > k, then k — m < 4k and this 
means that among the m integers ji , je, --- , jm at least (2m — k) numbers are 
equal to zero. Suppose that they are not all equal to zero but j; ¥ 0 for i = 
t,%2,---,% and no other values. To simplify the notation, let us put 


ig = Nay MtEMt:---+¢n=N,, H=9, yy=m if t<m, 
2(ta — tan) = da, ti, = Ue. 


If 1, < m we have then 


ut] 
(m "\— 4s 2(k—m)—! 
Jim, = (ae) *"* IT @)1h?-*- 
a=l 
(3.3.5) aes es 
x If | uy Ug? «++ Uy" flu) durduy «++ dtiys1 
(uy — U2)" **(ug — ug)92** «© (Uy — Ug) (Ug — 20) 


This formula is also valid if allj7; = 0. We have then wu = 0, d, = 2m, Ny = 0, 
and there is a single integral. If 7, = m, the formula must be modified in an 
obvious manner. In the outside factors u + 1 is replaced by uw and there are » 
integrations instead of u + 1, so that the differential du,,, drops out and the 
last two factors in the denominator are replaced by (u, — 2)***’. 

Let us now proceed to an estimate of these integrals. For this purpose we 
have to dispose of the circles of integration in a suitable manner. The results 
are somewhat different according as R is finite or infinite, but it is possible te 
derive estimates valid for both cases. We do this by introducing two param- 
eters p and q, the values of which will be disposed of later. For the time being 
it is enough to know that 0 < p,q < R, that they are independent of j; , je, - -- 
jm, but may depend upon k, and that p enters in the integrals with 2m sk 
and q¢ in those with 2m > k. 

We start with the case 2m S k. Here we take J;"’..;, in its unreduced form 


and choose 


p 
Pm = Pm = +++ = Dam = 
m 
Using the fact that |z2|=«<s6+p,\t4|S 8+ pla 1,2,.--,m), we get 


by standard procedure 


2m 
(3.3.6) J; in| & 2°(8 + p)" »(”) M(p). 
P 


Snes Daa ee Oe 
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Denoting by Sj the sum of all integrals J‘”’ with 2m < k and by Si those with 
2m > k, we have 


(333.7) Ist| << M@) (Foe m pr (m) | 
2msk m Pp 


We can obtain several useful estimates of this sum. First, we may replace 
(m/p)°” by its largest value (k/(2p))* and then extend the summation with respect 
to m up to k instead of to [$k]. The result is 


x k\’ 2 k 
(3.3.8) |Si| S M(p) (*) [(s + p)° + 2P. 


Another possibility is to replace (m/p)*™ by (k/(2p))°’" and then sum with respect 
tomup tok. This gives 


. \ 27) 
(3.3.9) |Si| < M(p) | (s +p)? + 2(*) ] : 
2p 
Incidentally, since (3.3.6) is valid for all m and not merely for 2m < k, we 
can use the second method to estimate 5! f(z) itself. This device gives 


\ 2k 
(3.3.10) | 6: f(z0) | S$ M(p) | (ze + py + 2(*) | ' 


an estimate easy to obtain and easy to handle though as a rule not the best 
possible. 


, ° +2 . . 
We now proceed to an estimate of S;. Here we use the reduced form of the 
integrals. We choose as contours of integration the circles 


le 
| Me = Uas+1 | =‘ q (a = 1,2,---,p(or---,ppet+ 1)), 
2m 


where Uys: = Zo in the first and u,;2 = zo in the second case. Customary methods 
give 


418 (°") IT {(d.)1dz**}(s + 9)” MQ), 
¢ a 


where the product extends over u or « + 1 factors as the ease may be. 
But for any integer d = 1 


d!d™“ < (2d) exp [— d + (12 d)"). 


Further yy d, = 2mand x (1/da) < 4(u + 1), since each d, 2 2 and they are 
vorg + Lin number. The maximum of IT d, is reached when all the d's are 
equal. Combining these observations we get the estimate 


» 2m iaetd) . . 
lJ it in | S (*) (5) (s + 9)" M(Qq) 
A 
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for 2m > k. Here « = e” and we have taken the case in which there are u + 1 
integrals rather than ». The estimate holds also in the latter case, however, 
since the factor involving yu is an increasing function of u within the range con- 
sidered. We have u < k — m, but for the reason just mentioned we can always 
take » = k — min the formula. 

Since 4re < 16, we obtain 


- 2 2m 16m 4(k—m+1) oe 
lJ itt | = (**) (; ye :) (s + q)*“ ’M(q) 


k\(/2m\™" 16m panes 2(k—m) 
= M@) = (t=) (,—s. i) die i 


Introducing k — m = j, we can write this sum as follows 


and 


| o2 
| Se 





2k+ k! 2(j—k) +\ 2k— j- . —h(j+ 23 
ae Dre ap OO — AG + WI + 0%. 
isk J: (K — J): 


But for 1 S 7 S 3k 
kV(k—j)!<k’ and (k— jy? < Re”, 
Hence the sum is dominated by 
2k 23 
4 (2) {x ‘> ato 
eq Fi! 

where 1 < j S 3k. The expression within the braces is evidently dominated 
by a suitably chosen exponential function and a simple calculation shows that 


\ 2k 
(3.3.11) |Si| < 8M(q) (7*) ki exp [4q(s + q)]. 


Let us now consider the case in which R is finite. We can then choose p = 
q < R. Formula (3.3.8) gives the best estimate of S; and combining with 
(3.3.11) we get 


ok f(kV ie. to 2k 
| 6: f(z0) | S M(p) (#) (s+ p) + 2) + 8( 


ep 
From this inequality we conclude the existence of an M(p, zo), finite and inde- 
pendent of k, such that 
(3.3.12) | 8: f(zo) | <S M(p, zo)(2k)! p ™, 
where p is any quantity less than R, the distance from z to the nearest singu- 
larity of f(z). Consequently 
' 2\? 
lim sup k? | 52 f(z) |" s ( ) , 
ko ep 
6 Let D be a bounded domain such that f(z) is holomorphic at all points of D, the radius 


of holomorphism having a positive lower bound in D. Then the proof shows that M (zo , P 
is bounded in D. Further, formula (3.3.13) holds uniformly in D 


y ki exp [4p(s + ni. 
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and since this holds for every p < R, we have finally also 


2 
(3.3.13) lim sup k* | 8:f(z0) |" < (3) / 
ke eR 

This is the best estimate of its kind in the sense that in the class of functions 
holomorphic in the circle | z — z | < R there are members for which the sign 
of equality holds in (3.3.13) even if lim sup be replaced by lim. We shall con- 
struct such functions. 

Let zo = 2 + iyo, Where we can suppose 2 2 0, yo 2 O without restriction. 
At the start, we exclude the case in which % is real positive, so that either 
~ = O0ory >O0. Now form 


(3.3.14) f(z) = > (—1)" exp [—(a _ ixo)(4n he 1)') hen(z) 


’ 
n=m Am 


where a is real and greater than yp and m will be chosen later. The series con- 
verges in the strip —a < y < a@ so that f(z) is certainly holomorphic in 
\z—2|<a—yo. Wehave 


aif) = D (— "an + D exp (— (a — ixe)(4n + 19h Me 


Qn 
By Theorem 1.4 
hen(Xo + ty) = hen(ty) exp [—txo(4n + 1)}{1 + men(%o , y)(4n + 1) y 


Let us choose m so large that | non(to, y) | (4n + 1)° < 4 forn = mand a < 
ya. We have then 


| 5*f(zo) | = R[8*f(20)] 


IV 


= 3 > (—1)"(4n + 1)* exp [—a(4n + 1) ~~ 


m 412n 
>} ; (4n + 1)‘ exp [—(a — yo)(4n + 1)'], 


where the last inequality follows from Theorem 1.1. The sum of the last series 
exceeds its largest term. Now the function u* exp [—au'] reaches its maximum 
foru = (2k/a)’, the maximum value being (2k/(ea))", and the function exceeds 
one-half times its maximum value over an interval of length O(k). It follows 
that 


\ 2k 
| d:f(zo) | > C (*) (a — yo)”, 


e 


where C is a positive constant independent of k. Hence 


lim inf k”* | 6 f(z0) |'* = (?) (a — yo). 
ko 
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For k = 0 we have in particular 
Ri f(xo + ty)] : Lexp [—(a@ — y)(4n + 1)'] 4 « as ya. 


It follows that z = 2 + ia is a singular point of f(z). Consequently R = 
a — yo and for this particular function we have 


: ae ' 2\° 
(3.3.15) lim .~ | 8: f(z0) PP = (3). 


In the case in which z = 2 > O, we have to take into account the fact that 
h,(z) oscillates on the real axis. By formula (1.2.10) 


| x8 \ 
— Cs o) | a i 2n \ CX «i ‘ 
| Ran(20) — con(zo) | S Am dexp srg aya — VY 


We choose an m first subject to the condition that the expression within braces 
shall be less than } for n 2 m. Further, using the same notation as above, 
we require that | non(zo , y) | (4n + 1) * < }forn = mand fa S y S a, where 


a is a given positive number. Let @, be the uniquely determined are in the 
interval [— 42, $2] to which —(4n + 1)'zo is congruent modulo 27, and define 
e, to be (—1)" if —4m7 S 6, S ia, and O otherwise. 


If vn = arg {1 + mon(ao, y)(4n + 1) ') then —in < y, < in forn =m. 
Further, arg {(—1)"hen(zo + ty)} = On. + wn lies between +57 and cos 
(6, + W.) 2 sin yyx > }. After these preliminaries let us form 


hen(z 
(3.3.16) f(a = > e, exp [—a(4n + 1)') =. ) 
m 2n 
Here R = a by virtue of the construction of the series. In order to prove that 
R = a it is enough to show that z = x + ta is a singular point of f(z). For 
a sy S awe have 


nie 


c-) 


RE f(zo + iy)] = > len | exp [—a(4n + 1)'] | hen(zy) | 


1 
-|1 + mon(xo, y)(4n + 1)7*| cos (@, + Vn) 4 j 


> 42> | en| exp [—a(4n + 1)'] = | 


412n 
> Ys Dd Jen] exp [(y — a)(4n + 1)'] > @ asy—a. 


This shows that z = 2 + ita is a singular point and that R = a. Further 


hon (xo) 
Aon 


8:f(x0) = > en(4n + 1)* exp [—a(4n + 1)') 


and all terms of this series are = 0. In any interval of the form (uw — ¢, 
2 . . k } 
uo + ck), where uw = (2k/a)* and c is a constant, the function u* exp (— av) 








that 


e that 


ther 


— ck, 
(— uu’) 





CONTRIBUTIONS TO THEORY OF HERMITIAN SERIES 897 
Y 2k + . . . ° 
exceeds C(c)(2k/(ea))”. For a suitable choice of c, such an interval contains 
at least one integer 4n + 1 such that e, ~ 0 and for such an n we have 


hon(x 
En alte) > 005 Oy — § > 4/2 - 3. 
<22n 


Hence for large values of k 


\ 2k 
5:f (x0) > A (7*) : 


ea 
where A is independent of k. Consequently 


lim inf k*[65f(2)]"* = (3 ) 
kw 


eR 
and combining this result with formula (3.3.13), we get finally 
— 2\ 
3.3.17 lim k~* [82 f(x0)]"* = ( ). 
( 7) — (6, f(20)] eR 


We have consequently constructed counter examples valid for every preassigned 
set of finite values of z and R. Thus we have proved 


THEOREM 3.1. If f(z) is holomorphic in the circle |z — 2 | < R, then 
; ee 2\ 

lim sup k* | 6! «2 ( ). 

vob P | F(ea) | oe eR 


This estimate is the best possible of its kind in the sense that to every given set of 
finite values of z and R there exist functions f(z) for which lim sup can be replaced 
by lim and the sign of equality holds. 


3.4. Entire functions of 5.. After this study of the behavior of 6:f(z) for 
large values of k, we are prepared to study entire functions of the operator 6, . 
Let 
(3.4.1) Gw) = Do gew' 

k=9 


be a given entire function and let f(z) be a given analytic function. We say 
that the differential operator 


(3.4.2) G5.) = Do gre: 
k=0 

is applicable to the function f(z) if the series 

(3.4.3) G(6,)f(z) = XL m5:f(2) 


converges at every point where f(z) is holomorphic. We shall prove’ 


7Cf. H. Muggli [15], Satz I, A, p. 152. This paper contains references to previous 
literature. 
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THEOREM 3.2. A necessary and sufficient condition in order that the differential 
operator G(6,) shall be applicable to every analytic function is that the entire func- 
tion G(w) is of order S 4 and that it is of the minimal type tf the order equals 3. 


Proof. We recall that the order of an entire function is defined by* 


; log J 
p = lim sup — At) where M(r) = max |G(re“) |, 
r—0e log r anabe 


and that G(w) is of the minimal type of the order p if 


lim r ° log M(r) = 0. 

r—c 
A necessary and sufficient condition in order that G(w) shall be of the minimal 
type of order 3 is that 


(3.4.4) lim sup k* | g, |“* = 0. 
ko 
We can now prove that the condition of the theorem is sufficient. We know 
then that (3.4.4) holds. On the other hand, by Theorem 3.1 


al 2\ 
lim sup k™ | a5 2 ( ) 
im sup | d:f(zo) |" Ss eR)’ 


where R is the distance from 2 to the nearest singular point of f(z). Hence 


lim | gxdif(zo) |* = 0, 
k— 00 


whence it follows that the series (3.4.3) is absolutely convergent at every point 
z = z where f(z) is holomorphic.” 

Conversely, suppose that (3.4.3) converges for every analytic function f(z), 
and suppose that (3.4.4) does not hold but instead 

lim sup k’ | gx |“ = (4eT7)’. 
ko 

This is equivalent to assuming that G(w) is of order } and type 7. If 2 is a 
given point, we can find an analytic function f(z) holomorphic in the circle 

z — 2! < Rwhere R < T, and such that 


Sie 2\2 
| 2 | gt w = (3). 
lim "| 5s f(20) | eR 


Such functions were constructed in §3.3. If we substitute this particular fune- 
tion in the series in (3.4.3), the resulting series is necessarily divergent at z = % 
because 


lim sup | gx 5! f(z0) Po (7) > 1. 
ko R 


8 For the properties of entire functions used here and in the following, see G. Valiron [25]. 

* Referring to footnote 6, we see that if f(z) is holomorphic in a bounded domain D, 
having a positive distance from the set of singularities of f(z), then the series in (3.4.3) 
converges uniformly in D. It follows that G(é,)f(z) is holomorphic in D. Cf. H. Muggli 
[15], Satz II, A for the operator d/dz. 
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Hence it is necessary that 7’ = 0 in order that G(é,) shall be applicable to every 
analytic function. This completes the proof of the theorem. 


3.5. The case when f(z) is an entire function. In the two preceding sections 
we have assumed that f(z) was an analytic function having finite singular points. 
It is clear that if f(z) is an entire function we can let R — in formula (3.3.13) 
obtaining 


(3.5.1) lim k~ | 5: f(z0) |* = 0, 
ka 


and, without any further information concerning f(z), this is the best possible 
estimate.” 

If we have information concerning the order and type of f(z), better estimates 
can be found, however. We shall merely state the results here, detailed proofs 
and various extensions will be published elsewhere. To facilitate a brief formu- 
lation the following notation will be used. The letter EZ followed by one or two 
inequalities in parentheses will denote the class of all entire functions the orders 
and types of which satisfy the inequalities in question. Thus E(p < »,) is the 
class of entire functions of order p < p,, whereas E(p S p,, T S 7T;) = 
E(p < pi) + E(p = p, T S 7;) contains in addition all entire functions of 
order p; and type < 7. Instead of E(p = p,;) and E(p = p,, 7 = 7;) we 
write simply E(p,) and E(p, , 71), respectively. 

With a given order p we associate the conjugate order o with respect to the 
operation 6, with the aid of the equations 


Mie ¢atpe ei 242 witses & 2 61068248 
p 2¢ 


We have then the following results. 
THEOREM 3.3. (i) If f(z) « E(p, T), p > 2, then 


l/e 
(3.5.3) lim sup k" | stf(z) |"* < (7) (pT)*”” , 


and for any given set of three values z, p, T there exists an f(z) for which the sign 
of equality holds even for lim sup replaced by lim. 
(ii) If f(z) « E(2, T), then 


(3.5.4) lim sup k™ | f(z) |"* < A + BT. 
k-+eo 


Limits can be obtained for the values of the constants A and B, but the best values 
are in doubt. 


“From this estimate follows immediately that a sufficient condition that G(é,) shull 
be applicable to all entire functions f(z) is that the entire function G(w) is at most of the 
normal type of order 4. It is not difficult to prove that this condition is also necessary. 
Cf. H. Muggli, Satz I, B. 
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(iii) If f(z) « E(e, T),0 S p < 2, then 


(3.5.5) lim sup k™ | &f(z) |“ < C, 
ko 


where C is an absolute constant, 1/e < C < 2'. 


THEOREM 3.4." A necessary and sufficient condition that the differential 
operator G(é.) shall be applicable to every function f(z) of the class E(p S p,, 
T’ < «) is that the entire function G(w) belongs to the class E(p < 01) + E(o, , 0) 
provided p, = 2. If p, < 2, the condition is merely sufficient, but it is necessary 
that GWw) e E(p S$ 1, T < 1). 

It seems likely that the differential operator G(é.) preserves the order of the 
entire function f(z) when f(z) and G(w) belong to conjugate classes in the sense 
of Theorem 3.4, but this question requires further investigation. 


Chapter 4. Regularity preserving factor sequence transformations of 
Hermitian series 


4.1. Problem and results. Let % = {a,} be a given factor sequence such that 


(4.1.1) lim n™ log | a, | = 0 
n-?>o 
and consider the factor sequence transformation F(z) = A[f(z)] which carries 


the Hermitian series 


(4.1.2) f(z) = LX Suhalz) 
into 
(4.1.3) F(z) = D anfaha(z). 


Because of (4.1.1) the ordinate of convergence of the second series is not less 
than that of the first which we suppose to be positive. 

What additional conditions should be imposed on A in order that it shall always 
be possible to continue A[f(z)] analytically along any finite path C from z = 0 
along which f(z) can be continued? 

We shall give a couple of classes of such factor sequences in the following. 
We shall be guided largely by the analogy with the theory of power series, 
Dirichlet series, and Laplace-Stieltjes integrals. A classical theorem of L. Leau 
(14] which has been given its final and most general formulation by A. Ostrowski 
[17] states that if g(w) is defined at w = n (n = 0, 1, 2, --- ) and is holomorpht 
in some neighborhood of the point at infinity, then the function defined by the elemenl 
> g(n)w" can be continued analytically along any path C on the Riemann surface 
n=0 


1 Cf. H. Muggli [15], Satz I, C and D for the operator d/dz. There is good analogy 
only in the first case. 
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of log (1 — w) which, starting from w = 0, does not pass through any of the points 
0,1, or ©. On the basis of this theorem Ostrowski” proved that if 


g(w) = -¥ CaW', &(w) = pm Cag(n)w", 
n=0 n=0 


then ®(w) can be continued analytically along any path, starting from w = 0, 
which does not pass through either w = 0 or w = & along which ¢(w) can be 
continued. 


We shall prove the following analogue of this theorem in §4.2. 


THEOREM 4.1. Let g(w) be defined for w = n (n = 0, 1, 2, --- ) and holo- 
morphic in some neighborhood of the point at infinity. Let 


4.1.4) fe) = Lfubals),  F@) = > fua(ndha(e). 


Then the two series have the same ordinate of convergence 1, supposed to be positive, 
and F(z) can be continued analytically along any finite path along which f(z) can 
be continued. 


In other words, {g(n)} is a regularity preserving factor sequence for Hermitian 
series uf g(w) is holomorphic at w = «. Another example of such sequences 
for power series is connected with the classical theorem of 8. Wigert [33] accord- 


wo 
ing to which the series yD G(n)w" defines an entire function of (1 — w)™", if G(w) 
0 


is an entire function of order one and minimal type. The combination of this 
result with Hadamard’s multiplication theorem gives a result, the prototype of 
which is due to G. Faber [6] and which can nowadays be formulated as follows.” 
If G(w) is an entire function of order one and minimal type and if 


to) oo 
g(w) = enw", &(w) = >> c,G(n)w", 
n=0 n=0 
then &(w) can be continued analytically along any finite path along which g(w) can 
be continued. The analogue of this theorem for Hermitian series reads as 
follows. 


THEOREM 4.2. Let G(w) be an entire function of order <= 4 and of minimal 
lype of the order equals 3. Let 


(4.1.5) f) = p> foha(z), Fz) = > fnG(n)ha (2), 


where the ordinate of convergence of the first series shall be r > 0. Then the ordinate 
of convergence of the second series is = +, and F(z) can be continued analytically 
along any path in the finite part of the plane along which f(z) can be continued.“ 


® Loc. cit., pp. 719-720. 

4% This theorem is a special case of Cramér’s theorem, quoted below, obtained by putting 
T=(Qand w = e*. 

“ Theorem 4.2 is a special case of Theorem 4.3. 
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This theorem will be proved in §4.3. It expresses that {G(n)} ts a regularity 
preserving factor sequence for Hermitian series if G(w) is at most of the minimal 
type of order }. 

Faber’s original theorem has been generalized many times. One of the most 
interesting generalizations is the theorem of H. Cramér [3, 4] which can be 
formulated as follows. Let G(w) be an entire function of order one and type T. 


Let 


d(s) = Doene™, Ds) = > eaGO de 
n=1 n=l 
be two Dirichlet series with 0 < An < Angi, An — +&, Of which the first shall have 
a finite abscissa of convergence oo. Then the second series converges for R(s) > 
oo + T, and D(s) can be continued analytically along any part C in the finite part 
of the plane, starting from s = oo + T + 1 say, such that d(s) is holomorphic ina 
circle of radius > T about every point of C. In view of the close analogy between 
Hermitian series and Dirichlet series with exponents +(2n + 1)! it is not 
surprising that Cramér’s theorem has an analogue for Hermitian series, viz., 


THEOREM 4.3. Let G(w) be an entire function of order 4 and type T. Let 
(4.1.6) fl) = Lifuhnl2), Fl) = D faG(Qn + Ihale) 


and suppose that the ordinate of convergence of the first series is tr > T. Then 
the ordinate of convergence of the second series is 2 + — T, and F(z) can be con- 
tinued analytically along any path C in the finite part of the plane, starting from 
the point z = 0 say, such that f(z) is holomorphic in a circle of radius > T about 
every point of C. 

This theorem will be proved in §4.4. 

Ostrowski has given several extensions of his Leau-Hadamard theorem quoted 
above. The most general statement actually proved in his paper is the fol- 
lowing theorem.” 

THeorEM LHQO. Let A(u) and B(u) be functions of bounded variation in 
every finite interval |a, w| and |b, w|, respectively, where a and b are fixed positive 
quantities. Let 


(4.1.7) i) = [  e-™ dA(u) 


a 


be convergent for R(s) > o > —~«. Let g(w) be continuous for real values of w, 
a sw < , and let g(w) be defined by the convergent integral 


(4.1.8) ed) | ” wt dB) 


16 Op. cit., p. 738. 
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for|w|> 8B. Then the integral 
(4.1.9) ¢(s) - | g(uje ™ dA(u) 


converges for R(s) > oo and can be continued analytically out of the half plane of 
convergence along any path in the finite part of the plane, which does not intersect 
itself, along which f(s) can be continued. If, in addition, g(w) is single-valued 
and analytic in some neighborhood of w = ~, the condition on non-self-intersection 
can be omitted. 


The main point in the proof consists in establishing the representation 


(4.1.10) yg(s) = l - f(s + v) dv 
with 
(4.1.11) G(w) = r ro dB(t). 


Even this theorem admits of a generalization to the Hermitian case. But 
such a generalization requires as a first step the development of a fairly extensive 
theory of Hermite-Stieltjes integrals of the form 


(4.1.12) fie) = I h,(z) dA(u), 


where h,,(z) is some suitable interpolation function of the sequence {h,(z)}. The 
choice of h,(z) can be made in infinitely many different ways, but the most 
natural choice is perhaps given by 


(4.1.13) nto o ~ tO [ e (1) dt, 
21 c 
where —x < arg (—?t) < mw and the integral surrounds the positive real axis in 
the positive sense. In other words, we define h,(z) as 2'“D,(2'z), where D,(w) 
is the function of Whittaker. The theory of the resulting Hermite-Stieltjes 
integrals is largely analogous to that of Laplace-Stieltjes integrals. If in (4.1.9) 
we replace e ™ by h,(z), a formula of type (4.1.10) still results where, however, 
f(s + v) has to be replaced by an Abel transform of f(z), viz., 


(4.1.14) jie, 0) = [ e™h(e) dA(w), 
and the main difficulty in extending the LHO theorem to Hermitian series lies 
in the discussion of the behavior of f(z, v) asv 0. The details of this investi- 


gation will have to be postponed to some other occasion. 


6 Cf. E. T. Whittaker [32], p. 422. 
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It is sometimes useful to keep in mind that the regularity preserving factor 
sequences of Hermitian series form a ring inasmuch as {a, + b,} and {a,b,} 
are clearly regularity preserving if {a,} and {b,} have this property. 


4.2. Proof of Theorem 4.1. By assumption g(w) is holomorphic at infinity. 
Let us expand g(w) in a Laurent series about the point w = — 4} and suppose that 


(4.2.1) g(w) = > gr(2w + 1)~*, 
k=0 
the series being convergent for|w+4\|> R. Let 
fle) = 2 fahnle) 


have + > O as ordinate of convergence. We can assume without restricting 
the generality that fo = fi = --- = fm = 0, fms: ¥ 0, wherem+1>R. If 
this is not the case originally, we have merely to omit a finite number of terms 
at the beginning of the series. The resulting new series has the same ordinate 
of convergence and the same finite singularities, if any, as the old series. 

We can choose an R,, R < R, < m + 1 and a finite M such that 


(4.2.2) |g. | < M(2R,)* 

for all k. The double series 
DX D fage(Qn + 1)*halz) 
n= k=O 


is easily shown to be absolutely convergent for any fixed z in the strip —r < 
y <r. If we sum first for k and then for n, we get 


D> fag(n)ha(z) = F(z). 


Changing the order of summation, we obtain 


(4.2.3) F(z) = Do ged; *f(e), 
k=O) 

(4.2.4) b;*f(z) = D> fa(2n + 1)*h, (2). 
n=(0 


These series can be summed with the aid of the formulas of §3.2. Taking z = 0 
in (3.2.9), we get 


6," f(z) = Wx, 1(z) + [ Gy(z, t)W x, o(t) dt + eee 
(4.2.5) , 
+ | Gy-i(z, 2)We, x(t) dt + [ Gi (z, t)f() dt. 
0 ( 
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Here Wi,m(z), m & k, is that solution of 
(4.2.6) w”’ — zw = 0 
which is determined by the initial values 

We,m(O) = [52°87 *f2) leno, 


Wi.m(0) = |¢ artestse | 


But 
ag 15, *f(z) _ 6," f(z) 


for the values of k and m under consideration. Let us therefore introduce a 
sequence of solutions of (4.2.6), |W ,(z)} (7 = 1, 2, 3, --- ), determined by the 
initial conditions 


W,;(0) = > fan + 1)7h,(0) = F;, 
(4.2.7) oity 
F;. 


W3(0) = D> fa(Qn + 1)7A,(0) 
n=0 
Then 


s:*f(2) = Wile) + | Gie, 0 Wiad dt t -- 
(4.2.8) ’ 


+ [ Gy-a(z, t)Wi(t) dt + | G,(z, df(t) dt. 


Let us multiply both sides of this equation by g, and sum for k. We shal! 
show that the resulting double series is absolutely convergent at least in the 
strip —r < y <r. We imagine the series written as a triangular array with 
gf(z) at the apex, the two terms of 5 ‘f(z) in the second row, the three terms of 
6 “f(z) in the third, ete. Then we collect the terms involving f(z) or f(t) which 
form the right border of the array, and sum the remaining terms by columns. 
The result can be written 


(4.2.9) F(z) = gof(z) + [ V(z, df(t) dt + Wz) + X [ G,(z, OW (O at. 
0 


n=1 “0 


Here 


(4.2.10) rz, t) = dX Gale, 0), 
k= 1 


(4.2.11) Walz) = S- gern Wale). 
k= 
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We shall prove the absolute convergence of these series and start with the 
last one. From the definition of W;.(z) follows 
(4.2.12) W.(z) = 2°P(3)Fpwi(z) + 27°F (4) Fi w2(z), 


where w,(z) and w2(z) are the solutions of (4.2.6) defined by formula (3.2.4), 
Now (4.2.7) shows that 


(4.2.13) F,.|, | Fr | = Of(2m + 3)*}. 


Combining (4.2.2) with the last two formulas and using trivial estimates of the 
Besse! functions, we get 


n | 2 7 2k , 
| W,(z) | S C(2R,)" exp (3 | z/° 
| Walz) | S CMs)" exp (| OE (ss) 
or 
(4.2.14) | W,(z) | < K(2m + 2)"" exp (3 | z |’), 


where K is an absolute constant. 
From the definition of G,(z, t) follows that we can find a constant A such that 
|G,(z,t)| Ss Ae” , p = max (| 2 |, | ¢}). 
Using standard estimates we then find that 
jn—l 


IG is aree leat 
(4.2.15) | Ga(z, t) | S A%e n—D! 


It follows that 
(4.2.16) l(z, t)| S M(2m + 2)Ae”” exp | (2m + 2)Ae” |z — t]}. 
Formulas (4.2.14) and (4.2.15) suffice to prove that 
(4.2.17) Wz) = Woz) + D> [ G,(z, t) W, (0) dt 
n=1 “0 


is an entire function. They also show that the terms under the main diagonal 
in the triangular array form an absolutely convergent series in the finite part 
of the plane. 

Let us now consider 


(4.2.18) B(z) = gof(z) + [ I(z, t)f(d) dt. 


Formula (4.2.16) shows that I'(z, ¢) is an entire function in z as well as in ¢. 
It follows that §(z), which to start with is defined merely in the strip —7r < 
y < 7, can be continued analytically outside of this strip along any finite recti- 
fiable path along which f(z) can be continued. Since finally 


(4.2.19) F(z) = ¥(z) + Wie), 


the proof of Theorem 4.1 is complete. 
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4.3. Proof of Theorem 4.2. This theorem is a fairly simple consequence of 
Theorem 3.2. Let 


fle) = > fahale) 


have t > 0 as its ordinate of convergence. The series 
(4.3.1) F(z) = > f.G(n)h,(z) 
n=0 


evidently has a sense. The assumptions on G(w) imply that 


lim sup n™ log | G(n) | < 0, 
so that the ordinate of convergence of (4.3.1) is 2 r. Let 
(4.3.2) G((w — 1)) = ¥ gaw”. 
0 


Since this function is also an entire function of w of order S } and of minimal 
type if its order equals 4, Theorem 3.2 shows that the operator G(4(6, — 1)) 
is applicable to h,(z) for every n and 


oo 


) gk és hn (z) 


0 


II 


> gu(2n + 1)*ha(z) = G(n)ha(2). 


Consequently 
G(4(6, — Eps fuhale)} = Xe fnG(n)ha(z) 


for every N. As N — ~, the series on the left converges uniformly to f(z) in 


the domain —1/e S x S l/e, -r + € S y S tr — ¢€, and the series on the 
right converges uniformly to F(z) in the same domain. Hence 
(4.3.3) G($(6. — 1))-f(z) = F(z) 


within the strip of convergence of the two series. But Theorem 3.2 shows 
that the left side exists as a holomorphic function of z in any circle within which 
f(z) is holomorphic. Consequently F(z) can be continued analytically along 
any finite path along which f(z) can be continued. This completes the proof of 
Theorem 4.2. 


4.4. Proof of Theorem 4.3. We proceed as in the preceding section. By 
assumption G(w) is an entire function of order 3 and type T. Hence 


(4.4.1) lim sup (2n + 1) log |G(2n + 1)| s T. 


n-~-?o 
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This implies that if 7, by assumption greater than 7’, is the ordinate of con- 
vergence of the series 


f(z) = 2X faha(2), 
then the series 


(4.4.2) F(z) = Y faG2n + 1)ha(z) 


has an ordinate of convergence 2 +r — T. 
We have next to prove that 


(4.4.3) G(s)f(z) = F(z) 


for —(r — T) < y < r — T. The proof follows the same lines as that of the 
preceding section and can be left to the reader. 

Now suppose that f(z) can be continued analytically along a finite path C 
leading from z = 0 to z = 2 and that if ¢ is any point of C, then f(z) is holo- 
morphic in the circle |z — ¢| < R(¢), where R(¢) > T for every ¢ on C. If 


G(w) = Draw", 
0 
then 
(4.4.4) {G(6.) f(z) Janz = > nd S(O) 


is absolutely and uniformly convergent on C. Indeed, by formula (3.3.13) 





2 
lim sup n-*| 6 f(t) |" s (7) (ROT, 


whereas 
lim sup n*| y, |" = (4e)?7", 
n—>00 
since G(w) is of order } and type 7. These two estimates imply the absolute 
and uniform convergence of (4.4.4) since R(¢) 2 T + «€ for some fixed positive € 
on the closed bounded set C. Hence F(z) is holomorphic on C. 

We conclude that F(z) can be continued analytically along any path of the 
character stated in Theorem 4.3 and this theorem is proved. 

Theorem 4.3 is the best of its kind in a certain sense. Thus if 7 = 7’ it may 
happen that the transformed series does not represent an analytic function at all. 
In order to construct such an example, let us consider an arbitrary function 
g(x) eLe(—~, ~) and let 


g(x) stad > gnh,(z), 
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where, as is well known, the only condition the coefficients have to satisfy is the 
convergence of the series 


20 


> 2" n! | vn |. 
0 
Now define 
f(z, T) = > gn exp [—T(2n + 1)'] ha (2). 


This is easily seen to represent a holomorphic function in the strip —T < 
y < T. Then take 
G(w) = cosh [Tw']. 


This is an entire function of order } and type 7 and the corresponding trans- 


formed series 


>» gn cosh [7'(2n + 1)*] exp [—T(2n + 1)'] ha(z) 
0 


represents 
20(x) + 3f(x, 27), 


i.e., is not an analytic function. 

If r > T it may very well happen that the lines y = +(7 — 7) are natural 
boundaries of F(z). This will be the case in particular if f(z) is a suitably 
chosen gap series, having the strip —r < y < 7 as its domain of existence and 
G(w) = cosh [Tw']. 


Chapter 5. Singularities of Hermitian series 


5.1. Objectives. In the present chapter we shall study the singularities of 
functions defined by Hermitian series, in particular, the singularities on the 
lines of convergence. It is natural that in this first investigation of the field 
we can at most hope to scratch the surface. But we shall prove some of the 
obviously basic theorems including some gap theorems. We shall be guided 
mainly by the close analogy between Hermitian series on one hand and power 
and Dirichlet series on the other. Of the vast literature on singularities of 
Dirichlet series, we make explicit mention of two fundamental papers by F. 
Carlson and E. Landau [2] and by O. Szész [23] which have been found particu- 
larly suggestive in connection with this investigation. 

The location and nature of the singularities of a function defined by a power 
series are determined by the asymptotic properties of the sequence of coefficients. 
The efforts of finding relations between coefficients and singularities have been 
directed along several different lines. Thus, for instance, the known properties 
of a given analytic function g(w) have been utilized in many important cases to 
determine the singularities of the power series > g(n)w". Some such instances 
were mentioned in §4.1 above. While this line of attack will undoubtedly turn 
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out to be fruitful also in the case of Hermitian series, no attempt will be made 
in the present paper to utilize this rather special method. 

More general modes of attack are based either on what might be called the 
degree of dispersion of the coefficients or on the presence of gaps in the sequence, 
In both cases it is a question of frequency considerations, in the first case refer- 
ring to the arguments, in the second case to the absolute values of the coeffi- 
cients. Thus if all but a finite number of coefficients of a power series have 
the same argument, the point z = R, where R is the radius of convergence of 
the series, is singular. The same result is true if all but a finite number of the 
arguments are restricted to a sector of opening less than 7, and this generalized 
theorem extends also to Dirichlet series and Laplace-Stieltjes integrals. We 
shall prove several analogues of this theorem for Hermitian series. Reality 
considerations on the imaginary axis show that z” in the power series case does 
not correspond to h,(z) in the Hermitian case but toz “h,(z). Thus if 7z"f, 2 0 
for all large n, then z = ri is a singular point of the function defined by the series. 
For series with real terms the situation is not quite so simple. If the terms of 
even order (or those of odd order) have alternating signs, and if the suppression 
of the remaining terms does not alter the ordinate of convergence, then at least 
one of the points + 77 must be singular, but we can not tell for sure which point 
is singular in general. 

Thus lack of dispersion in the arguments of the coefficients of a Hermitian 
series places at least one singular point on the imaginary axis. In view of the 
corresponding situation for Dirichlet series, it is not surprising that this property 
persists if some dispersion is allowed provided the frequency is sufficiently low. 

On the other hand, it is well known from the theory of power series that strong 
dispersion of the arguments of the coefficients restricts the domain of existence 
of the function to the circle of convergence of the series. We illustrate the 
corresponding phenomenon for Hermitian series by showing that suitable 
changes of the signs of the coefficients of a given Hermitian series lead to non- 
continuable series. 

The classical method of constructing non-continuable power series and 
Dirichlet series is by means of gaps. This method also works for Hermitian 
series. There is an obvious analogy between Hermitian series on one hand 
and Dirichlet series with exponents + (2n + 1)! on the other, the deeper reason 
of which we shall endeavor to bring out in Chapter 6. While this relationship 
is so close that one can safely predict much of the behavior of Hermitian series 
from the knowledge of the behavior of the associated Dirichlet series and use 
essentially the same methods to study both, the author is not able at present 
to derive results on singularities of one series from known theorems on singu- 
larities of the other. Thus we get our gap theorems not from classical gap 
theorems but from classical methods used to prove gap theorems. According 
to a famous dictum of E. H. Moore there should exist an abstract theory covering 
both these instances. The character and structure of this abstract theory is 
beyond my knowledge. 
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5.2. Some auxiliary theorems on entire functions. In the following sections 
we shall need some results concerning entire functions of order } and minimal 
type. These theorems are largely analogous to classical theorems on entire 
functions of order one and minimal type which are already in the literature and 
could, at least in part, be derived from such theorems by simple transformations. 
Other needed results are not directly obtainable from the literature and in order 
to facilitate the reading of this paper the author has included complete proofs 
of all the required auxiliary theorems. 

In the following {a,} is a given monotone increasing sequence of real positive 
quantities and N(t) is the number of a’s less than or equal to t. We introduce the 
two functions 


4 
Wo w(t) = inf w(u). 


The basic assumption throughout this section is 


(5.2.1) w(t) = 


Hyporuesis A. w(t) — © with t. 
The corresponding entire function 
(5.2.2) G(w) = I] ‘ - 2} 
n=1 Qn) 
is then of order p S } and of minimal type if p = 3. Further | G(re”) | < G(—r) 
for all @. Our first problem is to find lower estimates of 
(5.2.3) log |G(u)| = [log |1 — ¢]an@ 
0 i 
for large positive values of u outside of fixed intervals around the zeros. We 
prove first 


Lemma 5.1. Let e(u) > 0 and e(u) ~ 0 as u— & but in such a manner that 
e(u)w(u) > ©, while €(u)w(u)[w(2u)]-' > 0," and put 


(5.2.4) d(u) = u exp [—e(u)w(u)]. 
Then 
u—0d(u) 2 \ u ' 
(5.2.5) lim af log |1 — —|dN(t) = 0. 
ue 0 u+0(u)) t 


Proof. Since the superior limit of the quantity under consideration in (5.2.5) 
is 0 by virtue of Hypothesis A, it is enough to prove that the inferior limit 
is2 0." To simplify we write #(u) = 38. Then 


17 The choice e(u) = [w(2u)]#[w(u)]}“ satisfies these conditions. The last condition on 
e«(u) enters in the discussion of the integral from u + 3 to 2u which is omitted below. 

8 Note that the multiplier of u~! in (5.2.5) is dominated by log | G(u) | which in turn 
is dominated by the integral from a; — 0 to 4u of the integrand in (5.2.3). A simple in- 
tegration by parts shows that this integral is less than twice the integral from a; to 4u 
of N(t)/t which is o(u*) by Hypothesis A. This proves the statement concerning the 
superior limit. 
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u—v u—v u—vd 
u d | 222 > wf .-. >u'log|1 — = if dN (t) 
0 hu | “u— v u 


“i 9 . “al . 
> uw log — (u) >u ‘tor 2 N (u) 
u—dvd u 


= u[—e(u)w(u)|N(u) = —e(u) > 0 


as u — ~, and a similar argument applies to the integral from u + # to 2u, 


Further 
2 ce) T x2 AY 
of > au | = > —2u! [ - dt 
Qu 2u Qu “6 


u! - - 2/2 


This completes the proof of the lemma. 
It is consequently enough to investigate the behavior of 


utd (u) | 
(5.2.6) y(u) = / log |1 — “| AN (t) 
u—d(u) t 


in the following. We shall determine additional conditions on N(t) in order 
that uw *y(u) > 0 as u > @ ina specified manner. The following hypotheses 
are sufficient for this purpose.” 

Hyportuesis B. w(t)/log t— ~ with t. 

Hypotuesis C. Hypothesis A holds and, in addition, there exists a constant 
c > 0 such that 


utv 
(5.2.7) / dN(t) <2 for 0O<vscui andall ul. 

Condition (5.2.7) implies and is implied by 
(5.2.8) Qnii1 — Gn = cal. 

Lemna 5.2.” Let h > 0 and let I, denote the open set on the positive real axis 
which remains after the intervals [a, — h, a, + h] (n = 1, 2, 3, --- ) have been 
deleted. If {an} satisfies either of Hypotheses B or C, and if u— ~ through any 
set of values in I, , then lim u * log | G(u) | = 0. 


Proof. By virtue of Lemma 5.1 it is enough to prove that lim inf u*y(u) = 0 
when u — ~ in J,,, the superior limit being known to be 0. Suppose now that 


1* Hypothesis B does not seem to have any analogue in the existing literature on Dirich- 
let series whereas Hypothesis C is the analogue of Fabry’s gap condition for power series 
[8, 9] and of the conditions of Carlson and Landau [2] and Szdsz [23] for Dirichlet series. 

2 For the case of the analogue of Hypothesis C, ef. O. Szdsz [23], Hilfsatz 3, pp. 102-104. 
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ueZ,. This means that the distance from u to the nearest point of discon- 
tinuity of N(t) exceeds h, so that 


utd u-h utd Uu 2u 
| -[ + [> —log ?.w(u) — log =. (Qu). 
u—v u—v uth h h 


If Hypothesis B holds, the limit of the last member divided by w’ is zero, and 
the lemma is proved. 

If Hypothesis C holds instead, a more elaborate discussion is necessary.” 
Suppose that the points a, situated in the interval [u — 38, u + #8] are a < 
Mu Ks Ca Cu < ay, <--- <a,. Using (5.2.8) we find forn < 1 


U— An = (u — a) + (a; — G4) +--+ + (Gngr — Gn) 
>h+cahi.+---+cai>cl— n)a', , 
whereas forn > 1+ 1 
a,—u>h+caii,+---+cah >cn-—1l— 1)u’. 


Hence 


utd 


xe) - | log |1 — “| an) 
u—v t 
> 2logh + (m — k — 1) loge + log [(l — k)!(m — 1 — 1)!] 
l—1 m 
+ ~ > wee 4+ dns —1—1) logu — > logay. 
2 2 rs 
Here 
(l — k)'(m — 1-1)! > 2°**-"(m — k — 1)! 
and 
1 1 m 
5 2 log a, + 5 (m —1l— 1) logu - 2 log a, 
> 4m — 21+ k — 1) logu — (m+ 1 — D log (u+ 8) 
> —m — k + 3) tog u + 2 log (1 + *) |. 
Thus 
yu) > (m—k+ 1) {log (m — & +1) + log — — tog (1 +2) 
Ze 2 u 
+ O(log u). 


*t This argument goes back to G. Faber [7], pp. 72-73. See also A. Pringsheim [21], 
pp. 87-91, who simplified the discussion. 
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Here the right side is certainly negative since y(u) <0. Noting that m—k+1 
= N(u+ 8) — N(u — B) and putting A(u) = u(N(u + 8) — N(u — 8)], we 
have 


u*y(u) > ~a(u){ - log A(u) + log (1 + *) — log =I + Olu log ul]. 


The right side tends to zero as u— © since A(u) — 0 by Hypothesis A. It 
follows that lim inf u *y(u) = 0, and the lemma is proved. 

Lemna 5.3.” If {a,} satisfies either (i) Hypothesis C or (ii) Hypothesis B with 
the added assumption that inf (Gn4; — Gn) > 0, then 


lim a;* log | G’(a,) | = 0. 
Proof. We have 
(5.2.9) G'(a,.) = —I] i! - =, 


Let us now introduce the family of entire functions 


(5.2.10) G.(w) = IT 1 - =|, 


kyén k 
and let N,(t) be the enumerative function of the sequence a, , dz, --- , Qn, 
Qn4i,°-:- To these functions correspond functions w,(t), #,(t) and open sets 


I,(G,). Since two functions N,,(t) and N,(¢) differ by at most one unit for any 
value of ¢ and ultimately are equal to N(t) — 1, where N(t) is the enumerative 
function of the sequence {a,}, we can clearly replace N,(t), w,(t) and #,(¢) in all 
estimates by N(é), w(t), and #(t) without introducing any errors. It follows 
that given any 6 > 0 we can find a U = U(6, h) such that 


u log |G,(u)| = —é6 for u = U6, h), ue 1,(G,). 
But a, ¢€1,(G,) for all large n and sufficiently small h. It follows that 
a,’ log | Gx(an) | = ax" log | G’(a,) | = —6 
for n = n(6), whence the lemma follows. 
In passing we note” 
Lemma 5.4. If G,(w) is defined by (5.2.10) and 


we 


(5.2.11) Ga(w) = Do gnjw’, 


j= 

then for every given 6 > 0 there exists a finite B(6) independent of j and n such that 
8’ 

(2)! 


22 For the analogue of Hypothesis C, ef. Carlson and Landau |2], pp. 185-186. 
23 Cf. Carlson and Landau [2], p. 185. 


(5.2.12) lgni| & BCS) 
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The proof is an immediate consequence of Cauchy’s estimates plus the fact 
that the maximum modulus of G,(w) is G,(—r) < G(—r). 
We have next 


LemMaA 5.5. If {an} satisfies Hypothesis C or Hypothesis B plus the assumption 
that inf (dni; — Gn) > 0, and if 





(5.2.13) H(w) = G(w) > Bn 


? 
n=1 W — an 


where | B, | S B for all n and 


(5.2.14) lim a,’ log |B, | = 0, 


then H(w) is an entire function whose order does not exceed that of G(w) and which 
is of minimal type if the order equals 3. Further 


(5.2.14) lim a; log | H(a,) | = 0. 

Proof. Suppose that inf (a,,, — @,) = 2h > O and surround each zero a, 
of G(w) by a circle C, : | w — a,| = h. Let D be the domain outside of all 
circles C,. For |w\| = r, we D we have 

. B, , ” - 
|_| < BILD! |w— alt + Dlr — al}, 
n=1 |W — a, 





where the first sum extends over all a, for which 1, = r — r' Sa, Sr +r=r 


and the second sum takes in all the rest. The second sum equals 


th : , as ad | " dN() + 27 / ; = 


“NW 


IIA 


IA 


r*N(r) + 2r' dt < 5lw*(r)|"' +0 

as r— ©. In the case of Hypothesis C, the first sum contains at most a 
bounded number of terms and is consequently O(1/h) uniformly in r. If Hy- 
pothesis B holds instead, the first sum need no longer be uniformly bounded, 
but it is at most O(log r), since |w — a,| > (j + Ih if a, is the j-th zero 
counting from the circle | w| = r along the real axis either towards the origin 
or towards infinity and the number of terms in the sum is at most O(r’). Conse- 
quently there exists a constant M = M(hA) such that in D 


H(w) | < M(h)G(—r)[1 + log (r + 1)). 
This estimate holds also on the circles C,. Since H(w) is holomorphic in C, , 
we must have 
| H(w) | < M(h)G(—r — 2h)[1 + log (r + 1 + 2h)] 


in C,, and hence everywhere in the plane. This estimate proves the statements 
about the order and type of H(w) made in the theorem. 
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Since H(a,) = B,G’(a,), formula (5.2.15) follows from (5.2.14) combined 
with Lemma 5.3. 
We now introduce a fourth assumption.” 


HypotrHesis D. Hypothesis A holds and there exists a » = 0 such that 
(5.2.16) Qn41 — Gy = ay exp [—(u + €)w*(n)], n = n(e). 
We have then 
Lemma 5.6. If {a,} satisfies Hypothesis D, then 
(5.2.17) lim inf u~ log | G(u) | = —u 


when u— «~ in I, and 


(5.2.18) lim inf a;' log | G’(a,) | 


n-?o 


IV 


—p. 


Proof. By virtue of Lemma 5.1 it is enough to prove that lim inf u y(u) = 
—ypasu-— © inJ,. The proof is analogous to that of Lemma 5.2 under 
Hypothesis C to which we refer the reader for notation and omitted details. 
For n < l we get 

u—a,> (l— n)a', exp [—(u + €)w*(n)] 
and forn >1+ 1 


a, —u> (n—1— 1)w exp [—(u + 6w*(u)). 


Hence 


i-1 
y(u) > Z2logh + log [(l— k) !(m —1—-D' + ; > log dn 
k 


m t-1 
+ (m—1—1) logu — > log an — (u +) 2d w*(n) — (u + 6)(m — 1 — Iw*(u). 


By virtue of the proof of Lemma 5.2 we get 
lim inf wy(u) = —(u + ¢) lim sup [(m — 1 — k)uwtw*(u)). 


But m— 1—k <m = N(u + &(u)) and w*(u) S w(u + B(u)). Hence the 
last bracket is dominated by [1 + #(u)/u]! > 1. Thus lim inf u“y(u) 2 
—(u + e) for every « > O and (5.2.17) is proved. We obtain (5.2.18) from 
(5.2.17) by the same type of argument as was used in proving Lemma 5.3 with 
the aid of Lemma 5.2. This completes the proof of Lemma 5.6. 

Our last lemma is the following 


LemMa 5.7. If U(x) is a continuous monotone increasing function, U(0) = 0, 
and U(x) = o(x') as x — «, then there exists an entire function J(w) of order } 
and minimal type, real on the real axis and having only real negative zeros, such 
that J(x) exp [—U(z)] ~ ~ asx— x, 


* Cf. Carlson and Landau [2], pp. 187-188 for the analogues of Hypothesis D and 
Lemma 5.6. 
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Proof. We assume that x °U(x) — @ for every p < } since otherwise the 
construction is trivial.. We can further suppose that U(axr)/U(zx) is large for 
large values of a, uniformly in x 2 1. We can then find a constant a such that 
U(ax) > 10 U(x) forz 21. If y = U(z), let x = V(y) be the inverse function 
which is also monotone increasing and tends faster to infinity than any constant 
multiple of y* but slower than y**‘, « > 0. Let us now form 


aks ba 2aw \ 
(5.2.19) J(w) = iI {1 + v@!- 


This is clearly an entire function of order } and minimal type. 
For x > 0 we have 
J'(z) ~ 2a [ dt [ dU (s) 
“*! = 2 a. Aa ba. a 
Ta) ~ S42az+Vin) > S, Qar + VO ~ Iva) 2az +e 
2a [ U(s) ds 
a «pete +S 
az + VG) + Ivey ar + oF 

and 
az [2ax + s]? Qe 


It follows that for sufficiently large values of x 


J'(x) . U(2az) 


J (x) 32 


= U(s) ds U (2ax) 
a [ - > 


Since 
[ U (2at) : > log 2 U(az), 
fz 


we conclude that ultimately 
log J(z) > 4 log 2 U(ar) > 2U(z), 
and this inequality implies that J(w) has the required properties. 
5.3. Absence of dispersion causing singularities. We now take up the dis- 


cussion of singularities of functions defined by Hermitian series and start with 
an analogue of the well-known Pringsheim-Vivanti theorem for power series.” 


THEOREM 5.1. If i"f, 2 0 for all large values of n and if +r > 0 is the ordinate 
of convergence of the Hermitian series 


(5.3.1) fiz) = LU fahnle), 

n=@ 
then z = ri is a singular point of f(z), whereas z = —ri is singular if instead 
a 1) Sn 2 0. 


* A. Pringsheim [20], p. 42, and G. Vivanti [27], p. 112. 
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Proof. It is enough to prove the first case. Assuming the conditions on the 
coefficients to hold for all n, as we may do without restricting the generality of 


the discussion, we have 


F(z) = e*™ f(iz) 


> Ja H,(iz) 
(5.3.2) 


a4 


Eel Z(G) Fr err. 


n=0 2k<n 


This double series, if summed first for k and then for n, is convergent in the 
strip —r <a <r. The double series is absolutely convergent when | z| < 1, 
since all coefficients are positive, and for such values of z the double series can 
be rearranged as a power series in z with positive coefficients. If the radius of 
convergence of this power series be denoted by R, then z = R is a singular point 
of F(z) by the classical Pringsheim-Vivanti theorem, i.e., z = Riz is a singular 
point of f(z). Wehave clearly R 2 r. Butif R > 1, then the series 


2 ( « 
F(z) - , ¥ iz (” A " (2k)! —_ } (22)” 
m=0 \k=0 k! 
would converge for some real positive values of z greater than 7. All coeffi- 
cients being positive, the series could be rearranged by interchange of the order 
of summation and we would conclude that formula (5.3.2) should be valid for a 
real value of z greater than r. This is a contradiction, whence it follows that 
R = 7 and that z = 77 is a singular point of f(z). 
As a corollary of this theorem we obtain 


TueoreM 5.2. If foxy: = 0 and (—1)"fo = 0 for all large values of k, then f(z) 
has z = +1 as singular points. The same conclusion is valid if instead fo, = 0 
and (—1)*fex4; = 0 for all large values of k. 


r : 26 
We prove next an analogue of a theorem due to O. Sz4sz.” In order to state 
this theorem in a simple form, let us introduce the following terminology. We 


set fn = dn + tb, and define 


Sre(z) ad > Qek hex(z), Fie(z) > bex hex(z), 


(5.3.3) 


faz) = p> 2x41 hex+41(2), f(z) > bor+1 hex41(z). 


We refer to these series as the components of f(z) and have then 


TuHeoremM 5.3. If one of the components of f(z) is singular at z = +711, then 
f(z) is singular at least at one of these points. 


Proof. It is enough to prove that the assumption that f(z) is holomorphic at 


*6 Loc. cit., Hilfsatz 1, pp. 100-101. 
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both points implies that all four components are holomorphic at these points. 
If f(z) is holomorphie at z = ri, 


fle) © (an + iB,)(2 — ri)" 


convergent for |z — ri| < p, say. On the imaginary axis for r — p < y < 


t+ p 


(5.3.4) De anu(z — ri)™ + i DS Bones(e — ri)™™ 
0 0 

is the real component of f(z), whereas 

(5.3.5) 2. Baz — ri)* — iD areys(e — ri)*™ 
0 0 


is the imaginary one. On the other hand, 


S(2) = [fre(z) + ofolz)] + Afse(z) — tfo(z)] 


and here each bracket is real on the imaginary axis for —r < y < r. It follows 
that the first bracket coincides with the series in (5.3.4) and the second one 


with the series in (5.3.5) on the common interval of convergence. In other 
words, 


Sre(z) + tfal(z) and fi(z) — ifr(z) 


are both holomorphic at z = rz. Using the parity properties of the components, 
we conclude that 

Sre(z) — tfa(z) and fiz) + if,o(z) 
are holomorphic at z = — rt. 


But f(z) was also supposed to be holomorphic at z = —rt. Proceeding in 
the same manner at this point, we see that 


Sre(2) + folz) and fi(z) — ifo(z) 
are holomorphic at z = — ri and by parity considerations 
Sre(z) — f(z) and fi(z) + ifro(z) 


are holomorphic at z = ri. Adding and subtracting we see that all four com- 
ponents are holomorphic at z = +7rt. This completes the proof of the theorem. 
Combining the last two theorems, we get 
THEeoreM 5.4. If any one of the component series of f(z) satisfies the conditions 
of Theorem 5.1, and if the ordinate of convergence of this series also equals r, then 
f(z) cannot be holomorphic both at z = ri and atz = —ri. 


A particular case of this theorem is the following analogue of the theorem of 
P. Dienes [5] for power series. 
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THEOREM 5.5. If there exist two angles, 6, and 02, where 0 < 0. — & < z, 
such that 6; = arg ‘i"f.) S 62 for all large values of n, then z = ri is a singular 
point of f(z). If the condition is merely satisfied for all large even values of n, and 
if the terms of even order have the same ordinate of convergence as the whole series, 
then at least one of the points +7ri is singular. The same conclusion is valid if the 
condition is satisfied by the odd terms instead. 


It should be observed that the first statement of this theorem is not a direct 
consequence of Theorem 5.4, which would not give quite so specific information. 
It follows, however, from the proof of Theorem 5.1 applied to the present case 
plus the original theorem of Dienes on power series. 


5.4. Slow dispersion and singularities. We shall now show that dispersion 
of the arguments of the coefficients, if sufficiently slow, is not detrimental to 
the existence of singularities at the points +77. If we are satisfied with informa- 
tion to the effect that at least one of these points is singular, we can restrict 
ourselves to finding conditions under which one of the component series will be 
singular at +77. 


Let {c,} be a given sequence of real numbers (n = 0, 1, 2, --- ) of which @ 
can be assumed non-negative without restricting the generality. Suppose that 
c, keeps a constant sign or is zero for nm S n S ny, — 1 and ec, is different 


from zero for n = n,, its sign for n = m being (—1)*. This defines a sequence 
of integers {n.}. With this sequence we form the functions N(é), w(t), w*(d), 
and G(w) as in §5.2. We then have” 

THEOREM 5.6. If the sequence |n,.} satisfies either of the Hypotheses B, C, or D 
(with » = 0) of §5.2, then z = +71 are singular points of the series 


(5.4.1) > (—1)"cnhon(z) and 2. (—1)" Cn honsi(z), 
n=) n=(0 


t > O being the ordinate of convergence of the series. 

Remark. The assumptions imply that the integers n, where the sign changes 
take place satisfy one of the following assumptions: 

(B) m(k log k)* > ~«, 


(C) mk? — ©, ma1 — mM > enh, 
(D) mk? — @, meu: — ™m > nh exp [—en*(k)], where n*(k) = inf n,m ~ 
m>k 
Proof. It is enough to give the proof in the even case. We consider then the 
series 
xz 
(5.4.2) f(z) = > (—1)"e, hen(z) 
newO 
27 See O. Szdsz (23), Satz I, pp. 104-105 for a similar theorem on Dirichlet series based 


on the analogue of Hypothesis C. 
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and the transformed series 


(5.4.3) F(z) = G(48.) f(z) = > (—1)"enG(n + ¥)hon(2), 


n=0 


where, as already mentioned, 


ao 
G(w) = Il {1 - =}. 
k=l Nk 
This is an entire function of order p S } and of minimal type if p = 4 and G(w) 
satisfies the conditions of Lemma 5.2 in the case in which Hypothesis B or C 
holds and Lemma 5.6 in case of D (with » = 0). Clearly n + } belongs to the 
set J,(G@) forh < and every n. Hence 
lim (4n + 1)“ log | G(n + 4) | = 0 
n—?o 
and the two series (5.4.2) and (5.4.3) have the same ordinate of convergence, 
rsay. Further, form S n < m4, both c, and G(n + 4) have the sign (—1)*, 
i.e., CnG@(n + 4) 20. Theorem 5.2 then shows that z = +77 are singular points 
of F(z) and Theorem 4.2 informs us that F(z) can be continued analytically 
along any finite path along which f(z) can be so continued. Hence z = +77 are 
singular points of f(z), and the theorem is proved. 
The interested reader can combine Theorems 5.3 and 5.6 to get further results 
concerning slow dispersion. We shall pass over to our main result on sin- 
gularities. 


5.5. A gap theorem. We shall prove” 


THEOREM 5.7. Let |n,} be a sequence of integers satisfying either of Hypoth- 
eses B, C, or D (with up = 0). Then the function f(z) defined by 


5.1) f(z) = D fu, hn, (2) 
k=l 


has the strip of convergence of the series as its natural domain of existence. 


Proof. Let us consider an arbitrary point 2% + tr on the upper line of con- 
vergence. We assume 0 < +r < ©. By Theorem 1.4 


Vv 


(5.5.2) h(a + ty) = e hai) + 0(2)}, y = (2n + 1), 


*® This is the Fabry theorem. It has been proved for Dirichlet series under the analogue 
of Hypothesis C by Szdsz [23], Satz III, p. 106, and Carlson and Landau [2}, Satz I, p. 185, 
and under the analogue of Hypothesis D with « = 0 by Carlson and Landau [2], Satz II, 
p. 187. The main idea of the proof below, i.e., the construction of a transformed series 
the sum of which tends to infinity for vertical approach to a given point on one of the 
lines of convergence, seems to be new in this connection, though it is of course closely 
related to classical devices. 
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where the estimate holds uniformly for 37 < y <r. Let us put 


(5.5.3) fre "=o = Sn(Xo), n= Mm. 


We consider the sequence {a,} where a, = 2m + 1 and construct the cor- 


responding entire function 
x 
G(w) = HI (1 - ¥). 
k=1 ax 
It is clear that the sequence {a,} satisfies the same Hypothesis B, C, or D as 
im}. Using G(w) and taking 


(5.5.4) B, = e™*, B. = —(2k + m)da — arg [fn,(20)], 


we construct the function H(w) of Lemma 5.5. These choices are evidently 
consistent with the conditions of Lemma 5.5. We note that H(a,) = G’(a,)e"* 
and sgn G’(a,) = (—1)*. 

Let us now form the transformed series 


(5.5.5) F(z) = H(6,)f(z) = > H (ax) fn, hn, (2). 
=] 


In view of (5.2.15) the ordinate of convergence of this series also equals r+ and 
by Theorem 4.2 the point z = 2 + i7 is a singular point of Fo(z) only if it is a 
singular point of f(z). In order to prove that it is actually a singular point of 
F,(z), we consider first the auxiliary series 


(5.5.6) o(z) = »» H (ax) fn, (xo) hn, (2). 


This series is obtained from (5.5.5) by expressing h,,(z» + ty) with the aid of 
(5.5.2), dropping all remainder terms, and replacing iy by z in the result. In 
view of formula (5.5.4) we have i“*H(az)fn,(z0) > 0. It follows that ®(z) has a 
singular point at z = 712. 

It is then fairly plausible that z = zo + i7 shall be a singular point of Fo(z). 
This will certainly be the case if the series in (5.5.6) diverges for z = rt. Indeed, 
all the terms of the series are positive on the imaginary axis, and if the series 
diverges at z = ri, this implies that &(iy) + + ~ as y increases to the value r. 
On the other hand, the ratio between corresponding terms in the two series for 
(iy) and Fo(zo + iy) tends to one as the subscript tends to infinity. From this 
we can conclude that R[Fo(zo + ty)] ~ + ~ as y increases to 7, whence it 
follows that z = zo + ir is a singular point of F(z) and consequently also of 
f(z). Since the absolute values of the coefficients in (5.5.6) are independent of 
the particular value of zo, it follows that this argument applies either at all 
points of the upper line of convergence y = 7 or at no point. In the former case 
the argument also applies at all points of the lower line of convergence, y = 


-1, 
if in the definition of H(w) we replace each coefficient B, by its conjugate. ‘Thus, 
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in the divergency case the proof of the theorem is complete. This case is char- 
acterized simply by the divergence of the series 

rR 4 

(5.5.7) > om = | G’(a@) | \ fn, | An, exp (rab), a, = 2m + 1. 


In case this series does not diverge, we have to modify the argument. We 
observe first that it is permissible to assume that 


Ii 


(5.5.8) gx = exp (—ea}), k > k(e), 


no matter how small e« > 0 is. Indeed, if there should exist an infinite sub- 
sequence |gx;} tending faster to zero than is permitted by (5.5.8), then the 
corresponding terms of (5.5.1) form an infinite series having an ordinate of 
convergence greater than r. The function f(z) is then the sum of two Hermitian 
series, one having the ordinate of convergence equal to r, the other greater than 
r. It is no restriction of the generality to assume that the second series has 
been suppressed and that consequently (5.5.8) is valid. 

In an z,y-plane let us mark the points Pp) = (0, 0) and Py = (a, , — log gx) 
and draw a polygonal line of least ordinate, concave downwards, such that all 
the points P, are either on or below the line. Let y = U(x) be the equation of 
this line. It is clear that U(x) is continuous, monotone increasing, and o(z') as 
r— x. To this function U(x) we construct the entire function J(w) of Lemma 
5.7 and with the aid of this function we form the transformed series 


(5.5.9) J(8,)f(z) = j(2) = > J (ax)fny hn, (2). 


This series also has the ordinate of convergence 7 and j(z) has no other singulari- 
ties in the finite plane than those of f(z). To this new series we can apply the 
operator H(6,), where H(w) is determined as above, and we are now sure to be 
in the divergency case because the critical series (5.5.7) is now 


(5.5.10) } ok = > |G (ax) | J (ax) | fry | Ang EXP (ra), 


and the properties of J(w) show that the terms of this series tend to infinity. 
The previous analysis then applies and shows that the lines of convergence, 
y = +7, are singular lines of j(z) and consequently also of f(z). This completes 
the proof of the theorem. An interesting complement of Theorem 5.7 is given 
in $6.4. 


5.6. A gap theorem with limited continuability. The preceding theorem 
states that long and fairly regular gaps imply that a Hermitian series has its 
domain of convergence as its domain of existence. If the restrictions imposed 
upon the subscripts {m} are made less severe, we naturally expect the conclusion 
to cease holding, but we may still be able to prove that the domain of existence 
of the function defined by the series is definitely limited. The following analogue 
of a theorem proved by F. Carlson and E, Landau [2], p. 187 for Dirichlet series 
isan example of such a result. 
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THEOREM 5.8. Let {n;} be a monotone increasing sequence of integers satis- 
t g seq g 

fying Hypothesis D of §5.2. Let r,0 < +r < &, be the ordinate of convergence of 

the series 


(5.6.1) f(z) = D Soshas(2) 


Then f(z) cannot be continued analytically across either of the lines y = +(r7 + uy), 
1.e., the domain of existence of f(z) 1s a subset of the strip —(r + 4) My <rtuh. 


Proof. We can imitate the procedure followed by Carlson and Landau. 
As in §5.5 we take a, = 2m + 1 and form the corresponding entire function 
G(w). We also need the entire functions G,(w) of Lemmas 5.3 and 5.4. We 
start by forming the transformed series 


(5.6.2) =G'(Odf(2) = FQ) = ~LE'afushn(2). 


In this case the transformation has the effect of both changing the ordinate of 
convergence and removing singularities, but we can still get useful information 
from the transformed series. 

Suppose that it should be possible to continue f(z) analytically along a finite 
path from z = 0 to z = 2, where 2 is located on one of the critical lines y = 
+(r + uw), and that f(z) is holomorphic in a circle |z — 2 | < 4p, say. Let 
Z; = 2 +p, where the sign is the same as that of the imaginary part of z. By 
virtue of formula (3.3.12) there exists a finite quantity B,(p) such that 


(5.6.3) | 8: f(z1) | S Bi()(2j) (2p) ” 


for all 7. On the other hand, G’(w) being an entire function of order 4} and 


minimal type at most, Theorem 3.2 applies and shows that 
—G" (ax) fny Rn, (2) _ Gi(ax) fn, Rn, (Z) - Gi.(5.)f(z) = i gx,i82f(2), 
j=0 


the infinite series being convergent in any domain where f(z) is holomorphic. 
In particular we have convergence at z = z + pt, and using Lemma 5.4 we see 
that 


| G’(a)fu, hn, (2s) | $ B(8)Bi(p) p> 5(2p)-®, 


This expression ts bounded for all k if we take 6 = p asis permissible. 

But this result implies that the terms of the series (5.6.2) are bounded at 4 
point z whose distance from the real axis is r + » + p. Theorem 2.1 then shows 
that the series has an ordinate of convergence 7; = 7 + u+ p. But in view of 


Lemma 5.6, the ordinate of convergence of the series 


fle) = »» G"(as){G’(a,) 1 fag hing (2) 
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is at least r, — wu. We have consequently r + u + p S 1 S rt + uy, and this 
is a contradiction for any positive value of p. Hence it is impossible for f(z) 
to be holomorphic anywhere on the lines y = +(7r + yz), and the theorem is 
proved. 

In connection with this gap theorem it would be interesting to investigate if 
the phenomenon of over-convergence, the fundamental importance of which has 
been made manifest by A. Ostrowski in the theory of power series and Dirichlet 
series, does not also play a decisive réle in the theory of Hermitian gap-series. 
Some results in this connection can be read off from Ostrowski’s results,” but 
a closer investigation has to be postponed to a later occasion. 


5.7. Irregular dispersion and non-continuability. It is well known that a 
power series is non-continuable if the arguments of the coefficients are dispersed 
atrandom. One expression of this fact is a famous theorem of Fatou which was 
completely proved by A. Hurwitz and G. Pélya.” The argument of Hurwitz 
applied to Hermitian series gives 


THEOREM 5.9. Let 


(5.7.1) f(z) = pm Sahn(z) 


be a given Hermitian series having the ordinate of convergence r,0 < +r < &. 
Let S be the class of all Hermitian series of the form 


(5.7.2) Sle) = 2 enfahal2), 
where ¢, = +1. The set of series:in § which cannot be continued analytically 


outside of the strip of convergence is non-denumerable. 


Proof. We begin by picking out a subsequence {n,} subject to the conditions 
(i) m(k log k)* > ~, 
(ii) lim (2m, + 1) log (An, |fn, |) = —7, 


and put 


(5.7.3) g(z) = ¥ fapha(2). 
i= 


This series has 7 as its ordinate of convergence and cannot be continued outside 
of its strip of convergence by virtue of Theorem 5.7. Let 


(5.7.4) ¢(z) = p> ¢i(2), 


*® See in particular A. Ostrowski [16], Theorem 3, pp. 333-334 and gap theorem, p. 335. 
Ostrowski is mainly concerned here with sequences of polynomials which converge as the 
partial sums of a Taylor series, i.e., where the remainder after n terms is O(r") with r < 1. 
In the case of expansions in terms of Hermite or Laguerre polynomials, n has to be re- 
placed by n' in the remainder. The general methods of Ostrowski seem to apply, however, 
also to such expansions. 

* See P. Fatou [10], p. 400, and Hurwitz-Pélya [13]. 








926 EINAR HILLE 
where each function ¢;(z) is a series of the form 
eo 
(5.7.5) g(z) = 2: Sms hina (2), 
=1 


the subscripts {m,} being an infinite subset of the set {m}. It is understood 
that each term f,,hAn,(z) of g(z) occurs in one and only one of the functions ¢;(z). 
Thus every function ¢;(z) also has the strip —7 < y < 7 as its domain of exist- 
ence. Put 


(5.7.6) R(z) = f(z) — ¢(z) 


and define 


wo 
(5.7.7) F(z) = Re) + D ee,(2), 
j=1 
where ¢; = +1. It is clear that every function F,(z) belongs to the set §. 


The functions {F,(z)} form a non-denumerable subset §; of § and we shall 
prove that the subset of §, formed by series continuable outside of the strip of 
convergence is at most denumerable. A series F,(z) which can be continued 
analytically outside of the strip of convergence is holomorphic in a certain set of 
intervals on the lines of convergence, J, say. The sets J, and J, corresponding 
to two different sequences of signs, {¢;} and {;}, cannot overlap. Indeed, if 
they did, then 


F(z) — F,{z) = , (e; — ni) ¢;(2) 
7=1 


would be holomorphic in at least one interval on one of the lines of convergence. 
Because of the choice of the sequence {n,}, this contradicts Theorem 5.7. The 
set {J,}, consisting of non-overlapping systems of intervals, can be at most 
denumerable. Hence the subset of continuable Hermitian series of the type 
(5.7.7) is at most denumerable. Consequently, the complementary subset of 
, , which is made up of non-continuable Hermitian series of type (5.7.7), is 
non-denumerable and the theorem is proved. 


Chapter 6. The associated Dirichlet and Fourier series 
6.1. Definitions. We shall make a systematic study of the associated series 
of a given Hermitian series which made their first appearance in Chapter 2. 
With a given Hermitian series 
(6.1.1) f(z) = Le fahalz) 
n=() 


we associated the Fourier series 


(6.1.2) Cz; f) = Cz) = D fnenlz), 
n=(0 
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(6.1.3) S(z; f) = S(z) = DX fusn(2); 


where c,(z) and s,(z) are the functions defined in formulas (1.2.4) and (1.2.5). 
It was shown in Theorem 2.3 that the first two series are simultaneously con- 
vergent or divergent and the same argument applies also to the third series. 

We also had occasion to use the associated Dirichlet series 


(6.1.4) E"(z;f) = E"(z) = > feito), 
6.1.3) EG) = E@ = d hel), 
where 


(6.1.6) eX(z) = A,(—i)”" exp [i(2n + 1)'2], en(z) = A,t” exp [—i(2n + 1)'z]. 


We note the obvious relations 

(6.1.7) Ca;f) = (F'@f) + Ff), 
, Pec on 
(6.1.8) S(z;f) = 5; (z;f) — E (z;f)). 


If s > O is the ordinate of convergence of the series (6.1.1), then the function 
E’(z;f) is holomorphic in the half plane y > — 1, whereas EF’ (z;f) is holomorphic 
iny <r. The above relations show that in the former half plane the functions 
C(z; f) and S(z;f) have no other singular points than those of F(z; f) and these 
points are effectively singularities of the same nature of all three functions. 
Here it is assumed that the analytic continuation is carried out along finite 
paths restricted to the half plane in question. Similarly, the singularities of 
C(z; f) and S(z; f) in the half plane y < + for analytic continuation restricted 
to this half plane are those of E”(z;f) which are effective singularities common to 
all three functions. In particular, the Mittag-Leffler principal stars of the func- 
tions C(z;f) and S(z;f) are identical. 


6.2. The expression of a Hermitian series in terms of its associated series. 
Our point of departure is the basic integral equation of Chapter 1, viz., 


(6.2.1) h,(z) = en(z) + ; [ t’ sin »(z — 2) h, (2) dt, 
v #0 


and the resulting expansion 


ha(z) = ¢a(z) 


+ > | [ - | (tite » ++ te) K(x, nden(ty) dle dla +++ dt, 
k=1 #0 0 0 
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where 
k 

(6.2.3) K(T,, n) = v* [[ sin v(t — 6), to = 2, 
j=1 


and vy = (2n + 1)’ as usual. 

We can express K(7;., n)c,(t-) linearly in terms of the functions e, and e; 
with suitable re are Let V;, be a k-vector whose component in the j-th 
place is ¢;., — t; (j = 1, 2, ,k). Let U;, be any one of the 2‘ k-vectors whose 
compone ad are +1, and let a « » Ve) be the scalar product of these two vectors, 

., the linear form > + (t;., — t;). We have then 


j=1 


K(Tx, n)en() = und 
- Dd (-1)*ten((Uk, Ve) + te) + en((Ue, Ve) — &)}, 


where the summation extends over all k-vectors U, and wu equals the number of 
negative components in U,. Hence 


ha(z) = $len(z) + en(z)] + 3 = (2vi)* Do (—1)" “ [ ea eS 


(6.2.4) 


(6.2.5) 
X (ite---t te) len((Ur, Ve) + te) + en((Ux, Vi) — te)] dtedty --- dt. 
Let us now introduce the functions 
(6.2.6) Et(z;f) = Ei) = Dv *fred(2), 
(6.2.7) Ex(z;f) = Ex(z) = > ov *faen(z) 
n=) 


It is clear that these functions are k-fold integrals of E"(z) and E (z), respec- 
tively. More precisely, 


(6.2.8) Ei@ = [ @-o Ed, 


and a similar formula holds for E; (z) with i replaced by —7 both in the multiplier 
and in the lower limit of integration. Formula (6.2.6) shows that to every given 
« > 0 we can find an M(e) such that | Ey (z)| S M(e) for all k and all z such 
thaty 2¢«— +r. Similarly | A, (z)| S M(e) forall k and all zsuch that y S r—« 

Suppose now that E"(z) can be continued analytically along a finite path C 
leading from z = 0 into the half plane y < — 7. Formula (6.2.8) shows that for 
every k we can continue Ej (z) along C as an analytic function. Moreover, if 
D is a simply-connected bounded domain containing C such that at all points of 
D the function E*(z) is holomorphic and less than a fixed constant in absolute 
value, then we can find an M = M(D) such that | Ey (z) | < M(D) for all k and 
all z in D. This is an immediate consequence of formula (6.2.8). Similar 
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inequalities hold for £;(z) in any bounded simply-connected domain in which 
E (z) is bounded and holomorphic. 

After these preliminaries we can get the required representation of f(z) in 
terms of E*(z; f) and E (z;f). For this purpose we multiply both sides of 
formula (6.2.5) by f, and sum for n, assuming to start with that z lies in the strip 
of convergence of the series (6.1.1). The result is 


a 


fle) = HE) + E144 D ad Y (-1" [ft ae ee 
(6.2.9) k=1 0 Jo 0 


X (tite --- &) EE (Us, Vie) +) + Ee (Uc, Vi) — te) dt dtyy - - - dt. 


Our first task is to justify the process by means of which the formula was 
obtained and to prove that the series converges at least for —r < y <r. In 
order to prove this it is enough to show that if all terms in (6.2.5) are replaced by 
their absolute values and the resulting expressions are multiplied by | f, | and 
summed for n, we still get a convergent double series for —r < y < +r. In 
(6.2.5) the paths of integration are arbitrary, but in (6.2.9) we have to restrict 
the paths so that (U;,, Vi) + & and (U;, Vi) — & stay within the domains of 
definition of E“(w;f) and EF (w;f), respectively. The simplest way of attaining 
this object is to make all paths rectilinear. We have then 
(6.2.10) = ry, te = rel, = Tis, -,  =rnre--- 2, 
where 0 Sr; S$ 1. Consequently, putting m = 1, we get 

kl 
(Ur,Vd tthe = {x + ror, +++ TL — ryar) ren --- neh = R,z. 


7=0 


Here R, is a real number lying between —1 and +1 and for a suitable choice of 
the r’s and of the signs, R; takes on any prescribed value in the interval [—1, +1]. 
But in any case 


—|ly|S3(Ur.,Vi) +t) Sly), 


and for all values of k and choices of U; 


Xu v*|fal let (Ur, Vi) +) | dA. lf je"! = Fly), 


a bounded quantity for —(r — «-) S y S$ r — «. The same estimate holds for 
the terms involving e;(-). Hence the double series in question is dominated by 


2 1 pl 1 
(6.2.11) Fy +>" [ .[ nts ... Rain das «ss an} = F(y)e™”’, 
1 0 0 


where r = |z|. The double series is consequently absolutely convergent and 
can be summed in any manner desired. Consequently formula (6.2.9) is valid 
at least in the strip —r < y < r. Naturally its true range of validity is the 
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domain of analyticity of the right side. In this connection we shall prove the 
following fundamental 

THEOREM 6.1. Let & be the Mittag-Leffler principal star of C(z; f), let —S 
be the negative of this point set, and let © be the cross section of S and —S. Then 
f(z) is holomorphic and representable by formula (6.2.9) in &. 


Remark. We can also characterize € as the cross section of the Mittag- 
Leffler principal stars of the functions E" (z;f), E”(—2z;f), FE (z;f), and E (—2;f). 

Proof. Suppose that z «©. This means that we can join z with —z by a 
line segment at all points of which E"(z; f) and E (z; f) together with their 
integrals of all orders are holomorphic. We shall show that the right side of 
(6.2.9) is holomorphic at all points of this line segment. This is evidently 
true of the individual terms in the expansion. Indeed, in the k-fold integrals 
the expressions (U;, , V.) + t take on values on the line segment joining z with 
—z, no matter what permissible set of values we substitute for 4, &,---,t. 
Consequently all the functions Ez ((U;, Vi.) + t) and Ey ((U;, Vi) — &) are 
holomorphic functions of z at all points of the line segment joining z) with —2» . 
This property is evidently not going to be spoiled by multiplication by (tle - - - tk)” 
and integration with respect to 4, t2,---,t&. If the reader prefers, he can 
make the change of variables of integration used above in (6.2.10). The discus- 
sion in terms of the new variables is still simpler. At any rate, the individual 
terms of (6.2.9) are holomorphic functions of z in G, so it is merely a question of 
convergence. 

Let @ be a bounded domain, star-shaped and symmetric with respect to the 
origin, contained in @, and such that the distance of @ from the boundary of 
Cis positive. Gis a domain D of the type discussed in connection with formula 
(6.2.8). Wecan consequently find a constant M = M(G)) such that 


Ey ((U,, Vi) + &) | S& M(G), Ex ((U;, Ve) — te) | S&S M(G) 


for all k, all choices of U’, , all values of z in G and all corresponding permissible 


choices of t; ,t2,---,&. But then we see immediately that the series in (6.2.9) 
is dominated by an expression of type (6.2.11) with F(y) replaced by M(G). 
It follows that the series converges uniformly in @. The terms being holo- 


morphic functions of z, we conclude that f(z) is represented by the series (6.2.9) 
in € and is holomorphic in G. 


6.3. Absence of singularities on the lines of convergence of a Hermitian 
series. We shall derive several consequences of Theorem 6.1 and start with 

THreoreM 6.2. There are Hermitian series having a finite positive ordinate of 
convergence which have no finite singular points on the lines of convergence. In 


particular, there are entire functions having this property. 


Proof. It is enough to exhibit a cosine series 


a 


(6.3.1) C(z) = z (—1)"Aanfen cos (4n + 1)'z 


n=0 
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with finite positive ordinate of convergence 7, such that C(z) is an entire fune- 
tion. By virtue of Theorem 6.1 the associated Hermitian series 


(6.3.2) f(z) = & Saahon(2) 


also represents an entire function and its ordinate of convergence equals r. 
Let g(w) be an entire function of order } and normal type 7, having only rea! 
negative zeros, and form the series 


“ , cos (4n + 1)*z 
(6.3.3) c@) =D (- rs +}. 
For sufficiently large values of r we have 
exp [(r — 6r'] S g(r) s exp [(r + 6)r']. 
Consequently the ordinate of convergence of the series is r. On the other hand, 


form the integral” 


: “H® Gos (4¢ + 1)'2 ” ian 
6.3.4 I -/ ons § , 
gies wl. geen ee" 


It is‘easy to see that J(z) is uniformly convergent in any bounded domain so 
that J(z) is an entire function. Familiar methods in the calculus of residues 
show that J(z) = C(z) within the domain of convergence of the series. Hence 


= hon(z) 
(6.3.5 (2) = ; 
) f > Aon g(4n + 1) 


is a Hermitian series whose ordinate of convergence is r,0 <r < ©, and which 
represents an entire function. 


6.4. Continuable gap-series. In order to bring out the limits of possible 
improvement in the gap theorems proved in §5.5 we shall prove 


THEOREM 6.3. Let 


(6.4.1) g(w) = >> anyw"™ 
k=0 


be a power series, convergent for |w| < R, R > 1, having at least one are of regu- 
larity on the circle of convergence. Then 


(6.4.2) fe) = > (®), kn = 2n® + 2h, 


n=() A kn 


is a Hermitian gap-series having log R as its ordinate of convergence, and admitting 
at least one interval of regularity on each line of convergence. 


* The path of integration is supposed to lie in the left half plane but to the right of 
the zeros of g(4t + 1). 
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Proof. The assumptions on g(w) imply that the series 
(6.4.3) C(z) = > ans: cos (2k + 1)z 
k=0 


is convergent in the strip — log R < y < log R and has at least one interval of 
regularity on each of the lines of convergence. C(z) being an even function 
of z, we conclude that these intervals are also intervals of regularity of the 
associated Hermitian series. We have then merely to notice that (6.4.2) is 
actually the associated Hermitian series of (6.4.3). 

Corotiary. The condition n, = O(k’) is not sufficient to make the gap-series 


oo 


Sn hn, (2) 


- 
non-continuable. 

6.5. Expression of a c,-series in terms of its associated Hermitian series. 
We now take up our last problem, that of expressing C(z) in terms of f(z). Here 
we obtain a much less satisfactory solution than in the converse problem. Our 
point of departure is again the formula 


(6.5.1) ha(z) = en(z) + 2 t’ sin vn(z — t) ha(t) dt. 
Vn 40 


We multiply both sides by f, and sum forn. The result can be written 


(6.5.2) f(z) = Clz;f) + [ T(z — t,t; f) dt, 
0 
where 
(6.5.3) Tw, gf) = > 1s, sin (raw) halt) 
n=0 Vy 


and the integral is taken along a straight line. 
Putting z = x + iy, t = u + w, and recalling that 


h,(t) | e valel 4—! +1 asn-— oa, 


we conclude that the series for 7'(z — t, t; f) is dominated by a suitable multiple 
of the series 


fe | Ane, 


n=0 Vy 


It is consequently convergent for —7 < y < 7, where 7 as usual is the ordinate 
of convergence of the Hermitian series for f(z). It follows that formula (6.5.2) 
is valid in —7r < y < 7. 

Suppose now that f(z) can be continued analytically along a finite path from 
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z = 0 to a point outside of the strip of convergence. Under what circumstances 
can C(z) be continued along the same path? Now 





sin [(2n + 1)*(z — t)] ha(t) = 2 (2k on (2n + 1)**(z2 — t)***h, (0) 
= (2n + 1)! > ay —1)" (c — t)** ska, (o) 
a +1)! —— 


so that 


’ ~ = (— 1)* 2k+1 gk 
+t 4 7 5 = 4 = m _ 2 ’ . 
(6.5.4) (2 — 4, t;f) Ls 2 ip & t)** 8: hn(t) 
This double series is dominated by a suitable multiple of 


} a (2n +1) 7A, | fn | sinh [(2n + 1)'|z — t]] exp [(2n + 1)'|» |] 

n=0 
which is absolutely convergent for |z—t| + |v|< 7. But thas to describe a 
path in its plane from ¢ = 0 tot = z. This, in particular, requires | z| < r, 
and if this condition is fulfilled,|z — ¢|+1|v|< 7 along the straight line 
joining t = 0 witht = 

Hence (6.5.4) is absolutely convergent for |z| < r,t = p2z,0 Spl. We 

can then rearrange the series and obtain 


(6.5.5) Te - ttf) = 2 ; OE a — )** sts. 


Symbolically we can write 


x. a t 
sin ME D 81] 


t 


(6.5.6) T(z —t,t;f) = 


Suppose now that z is a point of the principal Mittag-Leffler star of f(z) and 
let fo be a point on the line segment joining z with the origin. Let the radius of 
holomorphism of f(t) at t = tf be R(&). Then by formula (3.3.12) and footnote 6 


| sf) | S Ble)(2k)"RY — f™, 
where B(e) is independent of k and of ¢ but of course depends upon f(z). It 
follows that 


i\T(z—t,t;f)|< < BO) > z—t{*"([R@® — J. 


eri 


This series converges for |z — ¢| < R(t) — «. In other words, z must be nearer 
to ¢ than ¢ is to the boundary of the domain of holomorphism. 
In order that we shall be sure that 


(6.5.7) T(z;f) = [ OT (z — t, t;f) dt = f(z) — Clze;f) 
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be holomorphic, the above-mentioned condition must be valid all along the path 
of integration. For ¢ = 0 this condition implies in particular that f(é) is holo- 
morphic in a circle with center at the origin containing the point z under con- 
sideration. On the other hand, if this special condition is satisfied, then we can 
use a rectilinear path of integration. With such a path the local condition of 
convergence is satisfied everywhere along the path and T(z; f) is holomorphic, 
hence also C(z;f). Thus we have proved 


THeoreM 6.4. If f(z) is holomorphic in the circle |z\ < R, then its associated 
functions C(z;f), S(z;f), E'(z;f), and E (z;f) are holomorphic in the same circle. 


Combining this theorem with Theorem 6.1, we get some interesting results 
which we formulate as 


THEOREM 6.5. If z = % is the singular point of C(z; f) which is nearest to the 
origin, or one out of several such points, then either z) or —z% is a singular point of 
f(z). Conversely, every singular point of f(z) is a singular point of either C(z; f) 
or of C(—2z;f). In particular, f(z) is an entire function if and only if C(z;f) is also 
enttre. 

It would be interesting to know if all the singular points of C(z;f) give rise to 
singular points of f(z). There is no direct evidence favoring such a hypothesis, 
but it seems very plausible. It is possible that a more refined analysis of the 
properties of the function T(z — t, t;f) would decide this question. 


Addendum (September 15, 1939). After the present paper had been received 
by the editors, there appeared a basic treatise on orthogonal polynomials by 
G. Szegé (American Mathematical Society Colloquium Publications, vol 
XXIII). This treatise has numerous points of contact with Chapters 1 and 2 
of the present paper. Szeg6 uses the method of Chapter 1, which he refers to as 
that of Liouville-Stekloff, to derive several asymptotic relations. His results on 
Hermitian polynomials are stated in Theorems 8.22.6 and 8.22.7 (pp. 193-194, 
comments on pp. 196-198, proof on pp. 212-213) and should be compared with 
our formulas (1.2.8), (1.2.9) and Theorem 1.6 which give somewhat additional 
information. On page 246 Szeg6 states that the domain of convergence of a 
Hermitian series is a horizontal strip and refers to his formula (8.23.4) on page 
197 for a proof. 
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A UNIQUENESS THEOREM FOR ANALYTIC ALMOST- 
PERIODIC FUNCTIONS 


By 8S. BocHNER 


We start from the following theorem which can be proved along familiar lines. 

(i) If the functions F(z) (n = 1, 2,--- ) are each analytic in the annulus 
a <r < band (uniformly) continuous in the closure a S r S b, 

(ii) if there exists a constant A such that fora S r S band n = 1,2,.--. 


Qe 
> [ | F,(re”) | dé < A, 
x Jo 
and 


(iii) if there exists an interval 6 < @ < 6, for which 


no 2r 


6; 
lim 2§ | Fn(ae”) | de = 0 
8 


or, what is the same, if there exists a non-negative continuous periodic function 
¢(@), which does not vanish identically, for which 


2r 
ae [ | F, (ae) | o(@) de = 0, 
no 2% Jo 


then the sequence of functions F(z) converges towards 0 everywhere in the 
annulus. 

Putting z = e’, s = o + it, we will generalize this theorem to analytic almost- 
periodic functions in strips.’ The periodic function ¢(@) will be replaced by an 
(uniformly continuous) almost-periodic function of the real variable ¢. The 
mean value 


" 
tim ap | x@at 
of an almost-periodic function x(t) will be denoted by 
M: x(t). 

THEOREM. (i) Jf each function f,(s) (n = 1, 2, --- ) ts analytic in the strip 
(1) a<oc<8B 
and uniformly continuous and almost periodic in the closed strip 
(2) aSoB, 


Received September 13, 1939. 
See A. S. Besicovitch, Almost Periodic Functions, Cambridge, 1932. 
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(ii) of there exists a constant A such that fora S o S Bandn = 1,2,--- 
(3) M,\f.(o + 2t)| S A, 
and 


(iii) af there exists a non-negative almost-periodic function g(t), which does not 
vanish identically, for which 
(4) lim M,(|f.(a + it) | o(t)) = 0, 


then the relation 


(5) lim M, |f,(o + it) | = 0 


holds for every o in the open interval (1). 


As a matter of fact, the limit relation (5) holds uniformly in every interior 
interval a, S o S B, a; > a, & < B since, by a general theorem,” the logarithm 
of the function M, | f,(o¢ + it) | is a convex function of o. 

The proof of the theorem will require several steps. 

DEFINITION. A point set E of the real axis will be called an (J, 6)-set, 1 > 
6 > 0, if the intersection of E with any interval of length / contains an interval 


of length 6. 
The function g(t) of assumption (iii) is (uniformly continuous and) almost 


periodic. Therefore, if 
n = i sup ¢(d), 
t 
there exists an h > O such that 
(6) gii—7r) Sel) +7 


for 7, < hand all ¢; and there exist an ) > 0 and a translation number 


p = p(n) in each interval of length 4 such that 


(7) g(t — r— p) S g(t — +r) + 72. 
From (6) and (7) we conclude that there exists an (1, &)-set #, with 1 = 2h 
and 6 = min (h, l), such that 


g(t — r) S g(t) + 2n 
for 7 in # and all ¢. It is now easy to see that the function 


y(t) max [g(t) — 2n, O} 


will satisfy the following lemma: 

Lemma 1. Corresponding to the function g(t) of assumption (iii) there exvat 
an (1, 6)-sel Eo and another function P(t) which is also almost periodic, non-negative 
and not tdentically 0 such that the relation 


* Hardy, Ingham and Pélya, Theorems concerning mean valucs of analytic functions, Pro- 


ceedings of the Royal Society A, vol. 11311926), pp. 542-560 
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(8) vit — 7) S fd) 
holds for + in E and all t. 


We shall next derive a lemma on analytic functions which is based on the 
following theorem. If the boundary of an open domain D in the s-plane con- 
tains a simple are, if a sequence of functions h,(s) in D are uniformly bounded 
and each uniformly continuous in D, and if the boundary values of h,(s) on the 
are are uniformly convergent to 0 as n — ~, then the sequence is uniformly 

. 3 
convergent to 0 in every closed part of D. 


LemMa 2. If (1) is a given strip in the s-plane and o = y is a fixed interior 
line, if E is a fixed (l, 5)-set on the boundary line o = a, —x <t < x, and 
if B is a fixed positive constant, then there exists an error function p(e), 

lim p(e) = 0, 


«0 
having the following property: 
If g(s) ts analytic in (1) and uniformly continuous in (2), if | g(s) | < B, and if 


(9) \gia + i)| Se for tin E, 
then 
giy + it)| S ple for—x <t< x, 


If the lemma were false there would exist a sequence of functions g,(s) which 
are analytic in (1) and uniformly continuous in (2), a sequence of positive 
numbers €, , €, — 0, a sequence of real numbers ¢, and a number p > 0 such 
that | g,(s)| s B, 


(10) | gn(a + tt)| S €» for tin E 
and 

(11) | gnly + ttn) | 2 p. 

For every n there exists an interval p, S ¢ S p, + 6 belonging to E such that 
Pr Sth S pr + Ll. The functions h,(s) = g,(s — p,) are again uniformly 


bounded in (1) and each uniformly continuous in (2); and, on account of (10), 
the sequence h,(a@ + it) is uniformly convergent to 0 on the are 0 S ¢ S 6. 
However, on account of (11) the sequence h,(y + it) is not uniformly con- 
vergent to 0 on the closed set | ¢| S land we thus obtain a contradiction to the 
above-mentioned theorem. 

Finally we shall need another simple lemma on almost-periodic functions: 


Lemma 3. If F(t) is a fixed almost-periodic function and x(t) ts a variable 
almost-periodic function for which 
(12) ix()| Ss 1, 


then 
sup | M,F(Ox(t) | = Mt) F(d) 


*Compare R. Nevanlinna, Eindeutige analytische Funktionen, 1936, Chapter III 
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If F(t) is bounded away from 0, the lemma is quite trivial, the sup being 
attained for 


(13) x(t) = sign F (2). 


In the general case the function (13) is a bounded Stepanoff function and the 
value of the sup for variable bounded Stepanoff functions is the same as for 
variable almost-periodic functions. 

We are now ready for the proof of our theorem. We take a fixed function 
y(t) satisfying Lemma 1 and an arbitrary almost-periodic function satisfying 
(12), and we transform the functions f,,(s) of the theorem into the new functions 


gn(s) = M,f,(o + it + ir)W(r)x(7). 


It is easy to verify that they are again analytic in (1) and almost periodic and 
uniformly continuous in (2). Moreover, putting 
B = Asup ¢()), 
t 
én = M,z | fala + tt) | o(d), 


we obtain, for all (c¢, 0), 


gn(o + it)| S M, \fn(o + it + ir) |-sup x(r) 


IIA 


B 
and, for all ¢in E, 
gra + it); S M, \frla + tt + tr) | (7) 
M, \f.(a + ir) | P(r — 1) S M,\ fila + ir) | o(r) = en. 


Il 


Thus all assumptions of Lemma 2 are fulfilled and we conclude that the in- 
equality 


gry + it) = | Mifaly + it + ir)W(r)x(7) | S len) 


holds for all ¢. By Lemma 3 we may eliminate the variable function x(t), and 
we obtain the estimate 


M, \faly + it + ir) | W(r) S olen) (—~» <t< o), 


Hence we have 


V 


pen) > Mi(M, | faly + it + tr) | W(7)) 
M,(Mz\faly + it + ir) | ¥(7)) 
Mi \frly + tt) |-My(r). 


Since p(e,) — 0 by (4), we finally obtain relation (5) for every o = y in (2). 
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SOME SUMS INVOLVING POLYNOMIALS IN A GALOIS FIELD 


By L. Caruirz 
1. Let GF(p") denote a Galois (finite) field of order p”. Let 


M = M(z) = cot” +2") + --- + em 


denote a polynomial in the indeterminate zx with coefficients in the GF(p"). 
For co = 1, M is said to be primary; provided c) # 0, we write deg M = m. 
In this note we evaluate certain sums extended over the set of primary poly- 
nomials of a given degree. Some of the formulas are new, others were proved 
earlier but are derived here in a more direct manner. In particular we shall 
prove the identities 


n (m+ = PF k 
1.1) rn ao (= 1)" — 2h, 
ata ) L,,. Ff 
and 
m 1 oa 

1.2 : - 
( ) ot Bon Mm PT a 
where 

F, = (2"" — 2)(2" — 2”)... (@" — 2"), 
(1.3) L, = (2”"" — 2)(2"""" — 2)... (2” — 2), 

Po = In = 1. 


2. We shall require a number of known formulas.’ Put 


(2.1) Y(t) = - (—1)"” Vi 


where 
m|_ Fr m|_ Fr m)_y 
j P,Le,’ 0 Ln’ m| 


Then ¥n(@) = O for all G of degree less than m, while y,,(M) = F,, for M 
primary of degree equal to m; indeed we have the factorizations 


(2.2) vot)= I] &+@) 


deg G<m 


Received October 12, 1939. 
'On certain functions connected with polynomials in a Galois field, this Journal, vol. 
1(1935), pp. 137-168, p. 139. This paper will be cited as DJ. 
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taken over all polynomials (including 0) of degree less than m, and 


(2.3) Ym(t)+Fn= JI (+), 
deg M=m 
taken over all primary polynomials of degree m. 
From (2.3) follows 
F,, 1 1 


(2.4) (—1) In Yn) +F. san t+ M’ 


and from this we get (putting ¢ = 0) 


1 (—1)” 


(2.5 a 
9) deg M=m M | 


3. In order to prove (1.1) we require the closely related formula 


(3.1) > m”™'=0 fork < m. 
deg M=m 

This may be proved by expanding both sides of (2.4) in descending powers of 1, 

but for our purpose a different sort of proof seems preferable. Consider there- 

fore the sum 


yx(M) 


deg M=m M 


(3.2) (k < m), 
taken over primary M of degree m. We write M = c‘A + B, where A and B 
run over the primary polynomials of degree m — k and k, respectively. Then 
the sum in (3.2) 
a vi(z* A+B) _ vx(z* A) + F, 
deg a, deg B=k 2’ A + B »» »» z*A 4. B 
—_ y k 7 = . Fr ] 
= 2 telat A) + Fal -(—1)" 7" ea + By 


by (2.4). Clearly the last sum vanishes; thus 


vi(M) _ 


0 fork < m. 
deg M=m M 


(3.3) 
But by (2.1), this identity may be put in the form 


é k 
& -v[*] Ea = 0, 
j=0 j M 


and from this (3.1) follows at once. 
We remark that (3.3) can easily be extended to cover the case k 2 m. For 
k > m,W(M) = Oand thus (3.3) holds. Fork = m,y(M) = F,, , and we have 


vn(M) F m Fn 
— _ ( — 
wo % A 


deg Mom 
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by (2.5). Hence we may replace (3.3) by 


aM) 0 fork # m, 
(3.4) } aw ee 
=as ¢ | (-1) fork = m. 
\ Lan 
4. We shall also require the identity” 
(4.1) ai» eae 
imo Fj FRY’ 
In this identity put ¢ = M, and we get 
EE ae ep hd 
' deg M=m j=0 F; FE 5; ™M M 
We now apply (3.4) and we have at once 
[<< - : 
ii | 0 fork < m, 
rs of t, (4.2) u mM"- Se ‘ (—1)" F, — 
 there- ns | L,. FR” ork = m, 


so that we have proved (1.1). 
The identity (4.1) can be extended considerably. Consider, for example, the 
< m), closely related identity* 


k ’ 
and B (4.3) vi(tu) = >> .m Vi OWE (u). 
Then imo FSFE; 


Again put ¢ = M, where deg M = m S k. and we get 


k , 
DF v.(Mu) eS ye F, ven (u) > ¥i(M) 





deg M=m M j=0 F; Fe: u M 
| : 
+ BY’ Now apply (3.4), and as before we have 
ve( Mu) m F, im 
4.4) = (—1) we Wham (u) 
\ seen M ‘ Lin Ff wm ve . 
k < m. fork > m. For u 1 this reduces to (3.4). 
The most general formula like (4.2) or (4.4) follows from the identity’ 
a 
(4.5) q(tu) > rs A’ gwd), 
where g(t) is a “linear” polynomial in ¢: 
m. For g(t) = Aot + Ait” +... + Agl™ 
we have Ag(t) = g(at) — xg(d, 


' DJ, p. 144 
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and generally 
A’ g(t) = A’g(xt) — x” A*(2). 
From (4.5) follows 


g(Mu) _ (—1)" 
deg M=m M Ln 


and this relation includes both (4.2) and (4.4). We may also look on (4.6) as 
giving a new expression for A”g(u). 


(4.6) A” g(u), 


5. We shall now develop some identities of a different sort. We begin with’ 
(5.1) Ymsi(t) + Fr -Ymlt) = pr" (t), 


which relation follows directly from (2.1). From (5.1) we get—writing y,, for 
Wm(t) 
p tn pn 9 2n-_ pn 9” yp"—] 7D pn +p 2n 
Vn = Pr FP = dng + Pm +P dma FP dm - 
If we proceed in this way, it is clear that we get a formula of the following type: 


(5.2) eet) = Wmar-r(t) + AiWmaea(t) +--+ + Anavn(t). 


It is easy to define the A; in (5.2) recursively. However, we need only A,_,. 
m 


In (5.2) put t = 2”; since ¥n;(z") = O for 7 > 0, we have at once 


2n 


‘ ypn(k—-1)—] 
(5.3) A. = F? - 
6. Formula (5.2) may be looked on as a linear expression in Wm, Wmii, -°°, 
Wm+k—1 in which the terms in 
p”™ pn (k—2) 
Ei, «<+ if 
are all missing. We shall require a linear expression in Wp, --- , Wmie—1 In 
’ 
which the terms in 
p” 2p” pr(k~1) 
i Pe. 


are all missing. It is fairly clear that this exists, and may indeed be derived 
from (5.2). For replace m by m — 1 in the latter formula, raise both sides to 
the p"-th power, and use 


Avi(t) = [kWh (d); 


we get‘ 

. Vm +k—1 p” Wm k—2 re, < peti 
6. / ~ ,=5 Y ie 
(6.1) lm + k -- 1 * ti Im +k - 3) * t Fn v t+ 2 ; 


7 DJ, p. 141. 
* Note that if Af(t) = Ag(t), where f(t) and g(t) are linear polynomials, then f(t) = 
g(t) + Ct; that is, f(t) and g(t) can differ only by a term in ¢. 





6) as 


with’ 


Ym {Or 


ne 


type: 


Apr. 


+k—1 in 


lerived 
ides to 





SUMS INVOLVING POLYNOMIALS IN A GALOIS FIELD 945 


nk 


where for brevity we put [k] = 2” — zx. From (2.1) it follows that 


ae =i" 1 
6.2) B; = (-1)™" 2m | a 
as j (k +i] 


but this will not be needed for the application. It remains to determine B. 
In (6.1) put ¢ = 2° (¢ = 0,1,---,m). We get the set of equations 


m—1 a 0 fort = 0,1,...,.m—1, 
(6.3) Bei + DB =}, 
aa (Pn for 7 = m. 


The determinant of the left member of (6.3) is 


. _pmk S pr(ktm—1) 
a a a 
. 
eee eee eee 
_m smpnk mp" (ktm—1) 
a a eee r 


This is a Vandermonde determinant and therefore’ 


m—1 
wn (k+j) yn (k+7) sn (k+i) 
= |] @” —z). TJ @" -2’ ) 
, j7=0 O<icicm 
(6.4) : 
skt+m—-l pp pp nk 
_ % = (FiF;--- Fr)’ ; 
Ly-1 
by (1.3). In the next place the numerator for B is evidently 
l ] ae 1 
nk Ya pease pee pr(htm—2) 
(—1)"F2",| 2 x x 
(6.5) eee eee eee 


mn 1)pr* ym 1) pn (k+1) yr 1) pr (ktm—1) 
= (—1)"F2\(FiFs +++ Pe)”. 
Comparing (6.4) and (6.5) we get 


2 m yn Lin 
6.6) B = (—1)"F2" =, 
( " Enoaie 


We remark that in the same way it is easy to solve the system (6.3) for B; ; 


this leads again to (6.2). 


7. Returning to (6.1) we put ¢ = M, and now divide by M™", where M is of 
degree m. Then all terms but one on the left vanish and (6.1) implies 
1 m—1 


(7.1) Pe . > = B > , 7 > p> M " 


nk nk 
deg M=m Mf” u MM? j=0 


* Compare DJ, p. 140. 
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But by (3.1) 


> u"t=0 forO0 <jsim-1; 
M 
also by (2.5) 
l (—1)” 
-_ nk OY 


therefore (7.1) becomes 


If now we compare with (6.6), we have at once 
] L, +m—l 


(7 2) = 
-< nk ynk ? 
aguen M™”* LL? 


so that we have proved (1.2). 


8. Consider now the identity (m > 0) 


~ ae ie | Lism -1 
(8.1 ) pnrk — pnrk - prk? 
L. Li, Eek “ache 
which follows immediately from the definition (1.3). (For m = 0 the second 


term on the left of (8.1) may be ignored and the identity still holds.) If we 
sum with respect to m, (8.1) implies 


ae se ee 2 se 


yk nk * 
j=0 L, 1L; L, Aes 

re . . -_ 6 

Thus comparison with (7.2) leads to 

l Lit 


(8.2) nk—} - nk 
deg Wim M” Li, | Ba 


the sum on the left now extending over all primary polynomials of degree S m. 
Finally if we put 
A 


yn on™ 1 (ph—1)) prk 
Love Lose f(c” — x)’ ‘ 


k 


’ 
Ea (x” a italia initia Lim 


. ° . 
and let m become infinite, (8.2) becomes 


1 ag kJ 
‘ S 
(8.3) 

ul yu" 1 ly 
where 

y ym 1 (p49 
(7 — 7)? F 
t lin . 
mnt Eon 


and the sum on the left of (8.3) is taken over all primary polynomials 


‘DJ p 161 
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9. It is of some interest to remark that for m = 1 the formulas (1.1) and 
fe (1.2) may be proved very quickly. Indeed, consider the identity 
nk 
(9.1) (x +c)? — (x +c) = {kl, 


where c is in GF(p"). If we divide both sides by xz + c and sum over c, we 
have at once 


Setqr=-B. -_% | 
c {1] L, FR 
and this agrees with (1.1). On the other hand, if we divide both sides of (9.1) 
by («# + cP we get 
l [k] ” ly 


- (x + co)" fay" FS gaat 
and this checks with (1.2). 
For m > 1 this method will not furnish the final formulas; instead we get 
certain identities. The generalized version of (9.1) is 


(9.2) vi.(M) = Fi, 
ond where y,,(t) and F%, are defined relative to GF(p™). That is, in place of (1.3) 
r we we put 
F., = [m)’'[m — 1)... Qyer""”’", 
Li, = [m]’[m — iJ’ .-- (1, 
where 
[m]’ = 2" — x. 
It is now clear how "| and wi,(t) may be defined. Thus (9.2) leads to such 
identities as ‘ 
<m 


> ( -1)" Seg | > MP = (-1)" oo 


j=l deg Mem as 


Duke UNIVERSITY. 














INTEGERS WHICH ARE NOT REPRESENTED BY CERTAIN TERNARY 
QUADRATIC FORMS 


By R. D. James 


1. Introduction. It is well known that all integers except those of a specified 
form are represented by certain ternary quadratic forms. Thus, an integer N 
is represented by the form 


2 + y’ + 2 
if and only if N is not of the form 4*(81 + 7). In this paper we shall show that 


all sufficiently large integers just fail to be represented by a ternary quadratic 
form. More precisely, we prove the following’ 


Tueorem. Let any negative integer d be written as —2°S*h, where S and h 
are odd, and h is quadratfrei. Then, every sufficiently large integer N can be 
represented in the form 


(1.1) N =u + epH’M, 


where u is a positive integer, pis a prime such that (d | p) = —1, every prime dividing 
H also divides d, every prime q dividing M satisfies (d | q) = 1, and e is 1 except in 
the three following cases: 


(1.21) b odd, h\N, h = 3 (mod 4), N = 6 (mod 8), 


(1.22) beven, Ah\N, h = 1 (mod 4), N = 2 (mod 4), 


(1.23) b odd, h\N, h = 1 (mod 4), N 


lil 


2 (mod 8), 
in all of which e = 2. 


It is the presence of the single prime p in (1.1) which prevents N from being 
represented by a ternary quadratic form. For, if (d| p) were equal to +1, the 
product pH’M would be represented by some binary quadratic form of dis- 
criminant d.’ For example, if d = —3 the p in (1.1) would be congruent to 
2 (mod 3), H = 3°, k = 0, and every prime q dividing M would be congruent to 
1 (mod 3). The binary quadratic form in question is 


v + vw + w’. 


Received July 14, 1939; in revised form, October 13, 1939. 

! The author is indebted to the referee for helpful suggestions which led to the proof of 
the theorem in its present general form. 

2 L. E. Dickson, Introduction to the Theory of Numbers, Chapter V. 
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If the single prime p were congruent to 1 (mod 3), we should have 
N=v+v0+w4+uw. 


This ternary quadratic form represents all integers not of the form 9*(91 + 6). 

It is easy to see that the conditions (1.21), (1.22), (1.23) are necessary in some 
cases. Thus when d = —4we have S=h=1. The exceptional case here is 
N = 2(mod 4). No such integer can be represented in the form (1.1) with e = 
1, since u’ = 0 or 1 (mod 4), pH’M = 0 or 3 (mod 4), and 


u’ + pH’M # 2 (mod 4). 


The same situation arises ifd = —8. 
The method of proof is an adaptation of the sieve method of Viggo Brun with 
improvements due to Rademacher’ and Estermann.* 


2. Results from prime number theory. The following lemmas will be re- 
quired in the proof of the main theorem. 


Lemma 1. Let d and D be any two integers for which the Kronecker symbols’ 
(d| m), (D | m) are defined. Then if dD < 0, we have 


im y Vl~.p 
fo «pst Pp 
(d| p)=—1 


? 


where B is a constant depending on d and D. 


Proof. The product (d|m)(D | m) is a character’ modulo | dD |. Also, for 
m = |dD| — 1 we have’ 


(d| m)(D\|m) = —1. 


This means that (d | m)(D | m) is not the principal character modulo | dD | and 
hence*® 
(d| p)(D| p) ( l ) 
= B, + O| — }. 
~ p log é 


This may be written as 


(D | p) (D | p) ( 1 ) 

2.11 x — = a8 -= 8B Ot ——}. 

2.11) oat ma »P +O" og 
(d| p)=1 (d|p)=—1 


* Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Universitit, 
vol. 3(1924), pp. 12-30. 

*‘ Journal fiir die reine und angewandte Mathematik, vol. 168(1932), pp. 106-116. 

> KE. Landau, Vorlesungen iiber Zahlentheorie, vol. 1, pp. 51-56 and pp. 83-87. 

* FE. Landau, Handbuch der Lehre von der Verteilung der Primzahlen, vol. 1, §109. 
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Next, (D | m) is a character modulo | D | and is not the principal character, 
Hence 


or 
y Pl, yp Olp) 
a Pp as d oe P 
(2.12) 


Subtracting (2.11) from (2.12), we obtain 


. > cot 7 em y ee +0( l ), 
pst p>t ( 


d|p)=-—1 p\d 


and the statement of the lemma follows from this by making § — ~. 


Lemma 2. Jf p,, ---, ps, are distinct odd primes not dividing N and not all 
of the Legendre symbols (N | p,), --- ,(N | ps) are +1, there exists an integer v 


such that 


II (W —0'|p) = -IL WI po). 


im i=! 
Proof. Suppose that (NV | p,) = —1. If 
Ry, Re, +--+, Re (t = 3(p: — 1)) 
are the quadratic residues modulo p, , at least one of the integers 
N—h,,N—Re,---,N—R, 


must be a residue. For, if they were all non-residues, there would be too many 
non-residues, because N is also a non-residue. Suppose then that N — R, isa 
residue. We then choose 


v = Rk, (mod p,), 


v 0 (mod p,) (i = 2,.--, 8). 

Thus (NV v |r) = (N \ p:) and (N v | ps) (N | ps) (@ = 2, --- , 8). 
Lemma 3. If m,---,p, are distinct odd primes not dividing N and all the 
Legendre symbols (N | p,), ,(N | p,) are +1, there exists an integer v such that 


N — vw = 0 (mod 1’) and 


11(™ 7,” |») = -[L ipo, 


where H Tip p 
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eae: Proof. Let H = pipe--- p,. There exist solutions of each of the congru- 
ences 
N — vi = QH’ (mod pi), 
N — v; = H’ (mod p}) (« = 2,--- , 8), 
where (Q| p,) = —1. Then we choose v = »; (mod p}) (i = 1, 2, ---, s), so that 


N — vw’ = 0 (mod H’) 
and 


"Tg N-¢ , 
): ( ron ») - ~Wipo, ( oo m) = Wp) inte tities 


3. The sieve method. In the paper to which reference was made in §1, 
Estermann adopts the following notation which we shall also use in this section. 
The letter g with or without a subscript will always denote a quadratfrei integer, 
and A(q) will denote the number of prime factors of g. The function g(n) is 
defined for all positive integers n as follows: 
ot all fi, n=1, 


eger ¥ Om) = 19 nl. 


vs 


A function w(q) is called multiplicative if 


w(qige) = w(gi)w(ge). 
In addition, the usual notation a | b for “a divides b’’, and (a, 6) for the greatest 
common divisor of a and b will be employed. 
— iy Instead of the recurrence relations of earlier methods Estermann makes use 
of the following 


Lemma 4 (Estermann,’ Hilfsatz 1). Let 


bo, bi, «++ Oe 
) many 
Risa be a sequence of positive integers such that 
bn | baa (isnso. 
Then 
| g(bo) = > (-1)**, 
a 
- , 8). : — , 
where the summation for q is over all quadratfret integers for which 
all the 
uch that J (3.1) q| bo, a( q ) S2n-1 (isnso. 
(q, by) 


The numerical constants in Estermann’s second lemma need to be improved 
a little for the problem we are considering. By making slightly more precise 
approximations we prove the lemma in the following modified form, 


’ Dickson, loc. cit., Theorem 17 
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Lemma 5 (Estermann,* Hilfsatz 2). Let w(q) be a multiplicative function such 
that 


w(1) = 1; 0 Ss w(q) < 1l,¢g>1; 


let ao , G, , «++ , @_ be any sequence of positive integers for which 

An | Qn-1 (1 = n s t), 
(3.11) 

ar = :. 


Further, suppose that the products 


rn = [J (1 — w(p)) (» —_ 


satisfy the inequalities 


™ > Bho", 

x, > hy" (2sn8 }d), 
where 8B = 0.66867, Ao = 1.67. Then 

1 t 
o. : — aa) = n 
(3.12) 2 ( 1" &@ 2 T5000 II. 
where the summation for q is over all quadratfrei integers such that 
(3.13) q | a, a( i ) san -1 (lsn si). 
(4, Gn) 


Proof. The notation used in the proof of this lemma is necessarily rather 
involved, and we begin by stating what is required. Let 


E, = > (-1)’ w@) (s = 0,1,---,@), 


where the summation for g is over all quadratfrei integers satisfying the rela- 
tions (3.13) and in addition such that 


(3.14) q|*; 


let 
” = > (—1)* w(q), 


where the summation for qg is over all quadratfrei integers satisfying the rela- 
tions (3.13), (3.14), and in addition such that 


(3.15) Mq) = 1; 





such 


S 4, 


S 2). 


rather 


e rela- 
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let 
(3.16) s? => w) (a|%=,x@ =r), 
q n 
(3.17) = +d Fs; 
beduta.tas 


write r = logho, p = —r log B. 
Estermann then establishes the following results.° 


(3.21) EY = ape Eo80° (r < 2n S 28); 
(3.22) EX = 0 (r => 2n,n < 2); 
(3.23) Ss . (2<sn3 2); 
(3.24) S}? < r(1 + p); 

(3.25) E, > {Bs ~ pm nie.) I Tm: 


Since a, = 1, the condition (3.14) is included in (3.13) when s = ¢. Hence E, 
is the left member of the inequality (3.12) which we have to establish. In view 
of (3.25) it is clearly sufficient to show that 


t 
” 1 

. E, - _* nn, 
(3.3) { ; 2 he o> ites 

Estermann finds a bound for ®, which holds for 3 S n S t and then computes 
#, directly. What we shall do is to find a bound for ®, which holds for 6 S 
n S tand then compute #2, &; , &, and 4; directly. 

Since ®, depends on E®, and S‘” and since (3.23), (3.24) provide us with 
a bound for S{”, our first step is to approximate to ES?,. By (3.22) E®,=0 
ifk 2 2n — 2, so that we may assume k < 2n — 2. From (3.21), (3.16), the 
definition of w(q), and (3.24), we obtain 

EP =1, EP =0; 
BE? =1, EP = SP <1 +9). 
If now AS” and BS” are defined by the following equations: 
A? =1, BY =0; 
(3.41) 
A;” =1, BY” = 1; 


* He uses 8 = $§, but there is no change required in the proof for our value of 8 
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a>" = > (,) Aes 
t—o \k 


(3.41 sia 
Vv. ) oD r (k) 
B,. —_ > (;) Bn-i, 
AP =B” =0 (r = 2n), 


it is easy to prove by induction, if we use (3.21) and (3.23), that 
(3.42) rir En’ < An’ + oB;’. 
From the definition of ®, , (3.42), and (3.23) it follows that 


l 
®, < p> p = {AS + pBes}? : 
l 


k+l=2n,l>3 


2n 2n-—3 
os Gayt 2: 0 ") [Ans + eB}. 


> k=0 


The values of A“, and BY, may be computed from (3.41), and we find that 


P, 


lA 


7 o 


o 
is) 
lA 


6 
SF (138 + 960), 


?, 


lA 


& 
- (8915 + 5832p), 


o < ce (1037240 + 655360p). 
Then from the definition of ho , r, 8, and p we obtain p < 0.7845, and thus 
we have 
ho, < 0.03922, 
hobs; < 0.01507, 
ho, < 0.00748, 
hobs < 0.00420. 


(3.5) 


We turn now to the approximation for ®, when n 2 6. E ste rms unn shows 
+f kk py (ke) 2n—-6 ¢ r_—rpy(r) 
that if 2°7 “E,2; S ae" for every k, then 2’7 ES’ <S ac" for every r. 
Here a@ is independent of n, k, andr. Hence, if 


(3.61) or ES” s ae’ 
for every k, then 


7: "RE" < ac” 4 








2n); 


2n), 


hat 


d thus 


shows 
very 7. 
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for every r and every n 2 5. It then follows from (3.17) and (3.23) that 
2n—6 


®, < ae” *(37)’"(e — 5) 


for every n = 6. Then 


(3.62) D ho, < ah’(4r)"(e — 5)(1 — hoe? hr). 


n2>6 


Our problem then is to find a suitable a which satisfies (3.61). Because of the 
inequality (3.41) the largest of the numbers 


a 

k! (Aj + Bs ) (k - 0, l, ee 9) 
will serve as a value for a. Numerical computation shows that k = 7 yields a 

] ; 
maximum and this gives 
a < 1351.6. 

Then from (3.62) we have 
(3.63) Dd hi, < 0.01851. 


n>6 
Next, from the definitions of ZE, and E;” we obtain 
E, ai EY = . 
(3.7) 
1; > 1 — r(1 + p) > 0.08455. 
Finally, from (3.5), (3.63), and (3.7) it follows that 
t 
i l 
E, — 2, ho *®, > 0.00007 > 
1— Db, > “> 75,000 


and, in view of (3.3), this completes the proof of the lemma. 


4. Application of the sieve method. Our object in this section is to apply 
the results of §3 to the particular function w(q) and the particular sequence of 


integers dp, a; , --- , a; defined as follows. Let 
l D \p) 
wq)= fl { + im, 
pl@ p 
(d| p)=—1 


where d and D are any integers for which the Kronecker symbols (d | m) and 
(D | m) are defined and such that dD < 0. It is easily seen that this function 
satisfies the conditions of Lemma 5. Let N and ¢ be two integers, where c¢ is 
to be defined later and 

f : 203-1 la 

(4.11) N>h"",  h = 2.7888. 


Then, the integers ao , a, --- , @ are given by 


(4.12) a=I[p, a=IIp, 
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where the ranges of the p in the two products are, respectively, 


c< Pp N}, (d } Pp) - -i}, 


IA 


¢c<ea mom", (d | p) —1. 


The integer ¢ is defined to be the least integer for which a, = 1. We must, 
of course, show that ¢ exists and that t = 6. To do this we make use of Lemma | 
and the well-known result that 


' 1 1 
im { ps 1 — 5 log log ¢} 


§—?00 pst 


(d| p)=—1 
exists. Thus 
| 
im { Om (’ + Pi) me log log ; 
§-+00 pst Pp 2 
(d| p)=—1 


exists and hence so does 


im { Dd log ‘ ae Pin + 5 log log ‘ 


§—+00 pst Pp 
(d| p)=—1 


Since h° < ho, this means that there is a constant c = 3 such that for — = ¢ 
we have 


> log {1 “% +@ | p)\ + : log log — — 1 ine log c 
(4.2) doe, i ’ 


< 4 log ho — log h. 


If there were no prime p such that (d| p) = —1 andc < p S ec’, it would 
follow from (4.2) with & = c’ that 


4 log log c’ — 4 log log c < } log ho — log h, 
4 log 2 < } log ky — log h. 
This is a contradiction since 
ho 1.67 ; 
= - ——_____— 4 2 
he ~ +/2.7888 ~~’ 
4 log ho — log h < 4} log 2. 


Then there is at least one prime p such that (d| p) = —1 between ¢ and c’, 
and this means that 


2 4 4 
ger ad. 


From this inequality and (4.11) we obtain ¢ > 5. 





st, 
11 


IV 


ould 


nd c, 
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Furthermore 
(4.3) w(p) = 1+ Ol») 
p 
when p is a prime such that (d| p) = —1. By (4.3), (4.12), and (4.2) we have 
log m1 = log [](1 — w(p)) = log [J (1 - 1+ lp) (» *) 
1 
> —4 log log N* + 3 log log N*” * — log hy + 2 logh 
= log 8B — log ho; 
log x, = log [] (1 — w(p)) (» *--+) 


> —} log log N*”* ™ + 4 log log N*** ““** — log ho + 2 log h 
’ = — log ho. 


Hence all the conditions of Lemma 5 are satisfied, and thus 


se X(q@) eg ‘ 
2 | 1)*“’'w(q) > 15,000 IT =. 


a 1 —_ , 
= 75,000 pat (1 — w(p)). 


5. Proof of the main theorem. We shall show first of all that there exists an 
integer w such that every integer N is represented in the form 


(5.11) N = w’ + H’P 


with the exception of the cases noted in §1, when N is represented in the form 


(5.12) N = w’ + 2H’P. 
In (5.11) and (5.12) every prime dividing H also divides d and P is an integer 
such that (d| P) = —1. We distinguish three cases. 
I. Suppose that (d| N) = —1. Then (5.11) is satisfied with w = 0, H = 1, 
P = N. 
II. Suppose that (d| N) = 1. If d = —2°S*h we have (see footnote 5) 
| (N |A), beven, h = 3 (mod 4), 


(2| N)(N |A), bodd, h = 3 (mod 4), 
(d | N) = ) ‘ 3 
| (-1L|N)(V A), dbeven, h 


|(-2|N)(N|h), bodd, A 


1 (mod 4), 


Ul 


1 (mod 4). 


I 
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Let p; , P2, --- » Pn be the distinct odd primes dividing h. If not all the symbols 
(N | px) are +1, Lemma 2 shows that there exists an integer v such that 


I] (N — v | pi) = - (N | pi). 


We now choose w so that w = 0 (mod 4), w = v or 0 (mod h). Then in all 
cases we have (d| N — w’) = —(d|N) and (5.11) is satisfied with H = 1. 

If all the symbols (N | p;) are +1, we use Lemma 3 and conclude that there 
exist integers v and H such that 


N —v’ = 0 (mod H’), 


(a we) = —(d|N) = -1, 


H? 


and again (5.11) can be satisfied. 
This proof does not apply if h = 1, for then 


(—1|N), b even, 


d|N) = 
nts ens b odd. 


However, in the respective cases we have 


5 (mod 8), 


gan, 
| 
i= 
| 
s,, 
ee 
I 
| 
= 
Ii 


1 (mod 8), 


on, 
| 
— 
= 
= | 
le 
Neg” 
| 
= 
Ill 


(—2|N — 4) = 1 or3 (mod 8). 


Il 
| 
= 


III. Suppose that (d|N) = 0. Let h = hAyhe, where h,| N and no prime 
which divides hz also divides N. Let p,, pe, --- , Pn be the distinct odd primes 
dividing he. If not all the symbols (N | p;) are +1, there is an integer v such 
that 


I (N —o|p) = —I[ WIpo. 


If we choose w = 0 or 1 (mod 48°), w = 1 (mod h,), w = v or 0 (mod he), we can 


make 
(d|N — w’) = -1. 


Similarly, if all the symbols (N | p,;) are +1, we can make 


N-w 
(a i )- —1. 





ols 


prime 
rimes 
such 


fe can 
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The proof fails if hz = 1, but by taking H equal to an appropriate power of 2, 
we can still make 


with the exceptions stated in the theorem. In these exceptional cases we can 


show that 
N — w 
(«|% 5) = 1 


This completes the proof that N can be represented in one of the forms (5.11), 
(5.12). 


6. Proof of the main theorem (continued). In this section we shall show 
that for every sufficiently large integer N there exist integers u, H with the 
following properties: 


(6.11) u<N'; 
(6.12) every prime p satisfying (d | p) = —1 which divides N — uw’ is greater 
than N’; 


(6.13) every prime div iding H also divides d; 
(6.14) either N — u’ = 0 (mod H’) or A —u 


; is N- ul aie 
(6.15) either (a WE )- Lor (al TE —e 


It follows from (6.14), (6.15) that 


0 (mod 2H’); 


(6.2) N=wv+H’Q or N =u + 2H’Q, 


where in each case (d | Q) = —1. 

Now suppose that the product of primes pipe --- p, , not necessarily distinct, 
are all the odd primes satisfying (d |p) = —1 which divide N — uv’. Their prod- 
uct is greater than N by (6.12) and hence r S$ 2. The product must divide Q, 
and since (d | Q) = —1,rmust beodd. Thismeansthatr = 1. ThusQ = pM, 
where p and M have the required properties of the theorem. 

We proceed to the proof of (6.11)-(6.15). Let 


j- Tw» @= II P, 


(| py=—1 ()p——1 
where c was defined in §4.° Then from (4.12) we have 


f = ga, (9, ao) = 1. 
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There exists an integer x such that no prime p of the product g divides N — 2’. 
For if p is a representative prime, we choose x = 1 or 0 (mod p) according as 
p|Nor pX¥N. Since (dH’, g) = 1, we can find an integer y such that 


= x (mod g), 
y = w (mod dH’). 


oN 
| 


Then y is determined modulo gdH’, no prime of the product g divides N — 


and 
(a ows ) = =o} 
H? : 


S= > 1, 


u2sn 


’ 


Now consider the sum 


where the summation is over all integers u < N' satisfying (NV — wu’, f) = 1 
and the conditions (6.14), (6.15). We have to prove that S > 0, for then there 


is at least one value of u such that no prime p satisfying (d | p) = —1 and less 
than N' divides N — uw’. Clearly 
(6.1) S=>'1, 

ut2<n 


where the summation is over all integers u < N’ such that (V — u’, a) = 1, 
u = y (mod m), where m = gdH*. Using the function g(n) defined in §3, we 
may write (6.1) in the form 
S= DL gi(N-w,a)}. 
utsNn 
uy (mod m) 

Let b, = (N — w,a,). Since a, | an; , we have b, | b,-.. Then from Lemma 4 
we obtain 


gi(N — u’, ao)} = > (-1), 


where the summation for q is given by (3.1) with b, replaced by (N — u’, ay). 
The conditions (3.1) with b, = (N — wu’, a,) are equivalent to the conditions 
(3.13) and the additional restriction 


(6.2) q\|(N — w). 
Hence 


st > (-1 


ut<Nn q| (N—u?) 
umy (mod m) 


Aq) : 
> (-1) > l, 
q ut<sn 

umy (mod m), u2=N (mod q) 


(6.3) 


Il 


where the summation for ¢ is now given by (3.13). 
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— 2’ We now evaluate the inner sum. Since g is quadratfrei and odd, the number 
ing as of solutions of u” = N (mod q) in any residue system mod q is 
(6.4) IT {1 + WI p)}. 
P\@ 
Furthermore (g, m) = 1 when q| da», because dp involves only primes p > c. 


Thus the number of solutions of the simultaneous congruences 
—Yy; u’ = N (mod q), u = y (mod m) 


in any residue system mod qm is also (6.4). 
In the function w(q) in §3 let D= 4N. Thus 


II {1+ |p)} IT {1 + Dl) 





P\@ 
= qu(q). 
ait We therefore have 
. there Nt fe) 
eo ts < 1+ (D\|p)} < 2”, 
id less &, Fa qu(q) = I + Olp)s 
u2=N (mod q), umy (mod m) 
Nn} 
bm 1— [=] + i qw(q) = —2. 
utsn qm 
u2a:N (mod q), u=y (mod m) 
) = I, From this we obtain 
§3, we 4 
1- N’ qw(q)| s 2. 
u2<n qm 
u2=:N (mod q), umy (mod m) 
Then (6.3) becomes 
ma 4 he 
7 = Dd (-1) w(q) — D2 
and, using (4.4) we have 

an). (6.5) Sz {1 — w(p)} — 2. 
litions a 005 m I [| )} 22 





As in §4 we obtain 


l ) 

log IT (1 — w(p)) = > log {1 me : 2} 
> —} log log NY” * + } log log c — } log ho + logh 
> —4 log log N, 


where the range for p in the summation is 


c<p < neu (d | p) “s 
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Hence 
(6.6) I] (@ — w(p)) > (log N)™. 


p\ay 


Estermann has shown that 


D2 < 4n(a0) I {2x(a,)}’, 
r n= 
and in our case 
2d(ao) < N’, 
2a.) < NY. 
This proves that 
(6.7) fo? <arwre™. 
q 


Then from (6.5), (6.6), (6.7) we obtain 


S > l ( N ) — 2 NEI +28 CAS 1)-! 
= 15,000 m \log N ’ 


Finally, comparing the exponents of N we see that 


a1 + 26%(h* — 1) =} (1 + 2 OOsse7)) < }. 


3 1.7888 


This shows that S > 0 when N is sufficiently large. The proof of the theorem 
is then complete. 
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